Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



»»ti3-^m%-9:M-P 



„Googlc 



awGoOglc 



awGoOglc 



awGoOglc 



ELEMENTS 



ANALYTICAL GEOMETRY; 



DOCTRINE OF THE CONIC SECTIONS, 



GENERAL THEORY OF CURVES AND SUEFACES 
OF THE SECOND ORDER. 



MATHEMATICAL STUDENTS IN SCHOOLS AND UNIVBIISITIES. 



BY J. r: young, 

■ of "^n ElemeiiiniTf TreoJise oh Algebra^' "EJemmts of Giomelrj," Sft 



REVISED AND CORRECTED BY 
JOHN D. WILLIAMS, 



PHILADELPHIA ; 

BUBLISHED BY E. H. BUTLER & CO. 

1850. 



;at>yGoogle 



awGoOglc 



ADVERTISEMENT 

THE AMERICAN EDITION. 

The work now submilted to the notice of the American public, will, it 
IS hoped, supply in part the want that has liiiig been felt by the heads 
of jnstruetion in this coutttry, of a good elementary treatise, in our own 
language, npon that all important branch of mathematics— the applica- 
tion of analysis to the solution of Geometrical Problems. The Professors 
of several of our public insllTOtions, convinced of the absolnte necessity, 
to the student, of a thorough knowledge of this subject, prior to his en- 
tering upon the study of the Calctilus, and its varied applications, have 
been indaced to place ia the hands of iheir pupils the woriis of the 
French writers in their native longue. Among others, Ihe Sssai de 
Geometne Aitah/H-pie oi Biol, the TheoHe des Cmirbes of Boucharlat, and 
the Applicatiim de l' Analyse S la Geameine of Bourdon, liave been used 
to much advantage. Indeed it may be questioned if the tise of the 
French authors as models be not almost absolutely necessary to the 
writer of a work on this subject ■ for nowhere else can we find that sim- 
ple, and, at the same time elegant and higMy finished analysis, for which 
they are so jus Iv dieting u^hed m the scientific world. 

Mr. Young as will be seen by his preface, has drawn largely from 
these sources and the eminent superiority of his elementary treatiaei 
on the matberaat cal sciencea is mainly to he attributed to the libera.ilT 
of spirit with which easting off' the trammels imposed upon themselves 
by the countrymen of Newton — he has freely availed himself of every 
discovery and improvement in analysis, though such have been chiefly 
made on the French side of the channel 

In the present edition few alterations or additions could have been 
made which would improve the original, with the exception of a care- 
ful correction of the typc^raphical errors— and whether or not the 
Editor has faithfully executed his task, the work itself will show. 

JOHN D. WILLIAMS. 

Naw York, At^ust, 1833. 
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PREFACE. 



The application of alg«bratothe theoiy of curves and aurfecea maj 
be regarded as the fundamental branch of modem analytical science, 
and as the principal instrument, in conjunction with the differential 
and integral calculus, with which the continental mathematicians 
have worked such wonders in almost oveiy department of the 
mathematics. The remarkable contrivance, first introduced by 
Descartes, of representing lines and surfaces by algebraical equations, 
enable us to embody in such an equation every property and 
peculiarity belonging to any curve or surfece, when we kaow 
the law of its description, or any of its distinguishing characteristics ; 
and then, to develope these several properties of the curve or surface, 
we have only to. perform so many easy, and generally obvious, trans- 
formations on the equation which represents it. The superiority of 
this method over the geometrical, both in ease and fertility, immedi- 
ately led to its general adoption among the French mathematicians ; 
and the method of co-ordinates, which the Cartesian geometry involv- 
ed, was afterwards applied to mechanics, and, indeed, to every oflier 
part of mathematical physics, each of which has been improved and 
extended by its introduction.* 

English mathematicians have, however, been singularly slow in 
appreciating these decided advantages ; so slow, indeed, that, till the 
year 1833, when Dr. Lardner pubUahed the first part of his Algebraic 
Gfeometry, the English language possessed not a single book on this 
subject. Besides this work, a trealjse on analytical geometry has 
also emanated &om the Universitj' of Cambridge, which, although a 
work of much originality and abihty, the ingeniaous author has since 
publicly acknowledged to he unsuhed to the purposes of elementary 
instruction Dr. Lardner's book will, no doubt, when completed, pre- 
sent a valuille body of analytical science, accessible, however, tn 
those nly who have a knowledge of the differential and integral 
calculus 

Miola nn in his "Treatise on Pluiions," firal soggested this happy idea. 
w ew a new Ught on ihe entire theory of mBchinica. But, unfortiioately, 

tl 3 3 n pie p nc pie has been neglected by later English authors, and much of 
what onr mathematidana at ptesent know and practise of this method, wo owe 
chie% Co the re-impDrta.tion of it through the medium of modern French works; 
and many, perhaps, who are admiring the facility which is thus thfown into 
mechanical investigations of the greatest difiiculty, are unconecioas that this 
thought had its origin in oor own fend. 

EneyelopaMii MetropolUana, at. MechimUs, p. 5. 
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The present little volume is then an attempt to fill up a chascn 
which seems stiil to exist in our mathematical courses of instruction, 
and Co supply the connecting link between elementary geometry and 
trigonometry, and some of the most interesting applications of the trans' 
cendental analysis. Fot such an undertaking, the French language 
offers copious materials ; and I have, accordii^y, carefully examined 
and freely used the performances of Blot, Lacroix, Boucharlat, Bour- 
don, &c. ; and I shall consider myself particularly fortunate, if it be 
found that I have in any degree imbibed the spirit of these elegant 

A3 regards arrangement, however, I have differed from most othei 
authors, adopting that which appeared to me most likely to facilitate 
the progress of the student, without waiting to consider whether a 
more strictly methodical deposition of parts might not be devised. 
Conformably, too, to this determmation, I have, in one or two cases, 
not hesitated to introduce a geometrical property to supply the place 
of analysis, where such inti^uction appeared of unquestionable ad- 
vantage in shorteniog the process ; instances of this occur at pages 
162 and 163. The total rejection of all geometrica] aid in mwt of 
French books is perhaps carried to an injudicious extent, and seems 
to be, in some cases, the result of caprice or affectation, for such aid is 
obviously allowable, and even adviseable, where simplicity may be at- 
tained by it. As to the arrangement here adopted, it may be briefly 
stated as follows : The volume consists of two principal parts. Ana- 
lytical Geometry of Two Dimensions, and Analytical Geometry of 
rhree Dimensions, The &st part contsuns an introductory section 
on the algebraical solution of geometrical problems, and on the 
geometrical construction of algebraical equations ; then follows, in 
three sections, an examination of the various properties of the lines 
of the second onJer, deduced from the most simple forms of their 
several equations; these three sections, are, therefore, complete in 
themselves, comprehending, in (he compass of one hundred and thirty- 
eight pages, a pretty copious treatise on the Conic Sections. . 

The fourih section enters more at large into the theory of these 
curves, by discussing very fully the most general fonns of their eqna- 
tirais, their, positions in reference to any assumed axes, the determi- 
nation of their varieties, &c. and the use of these researches is iEus- 
trated in Chapter iii. by their applicatitai to a variety of interesting 
problems on geometric loci, TTiis first part terminates with a sup- 
plementary chapter contaimng some very usefol flieOTems, such, for 
instance, are those at pages 211 and 214, the former of which is 
necessary in one very elegant mode of establishing the fundamental 
problem of physical astrtmomy, viz. that the planets move in elBptic 
orbits, having the sun in one of their foci ; and the other problem is 
the foundation of, the method of interpolations, so useful in the con- 
a of tables, and in practical astronomy. 
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Tile second part ia devoted to the consideration of lines ajid sur- 
faces in space, the developement of their properties, and the general 
discussion of their equations. As to the first part, so here, a 
supplementary chapter is appended, containing many curious and in- 
teresting applications of the preceding theory. Most of the problems 
in this chapter have appeared before, some in the Ann ales Math6ma- 
tiques, others in Leyboum's Repository, &c. but the solutions hei^e 
given are for the most part new, and I think improved. 

By way of index to the various topics embraced in the work, 1 
have prefixed to the volume a very copious table of contents, which 
indeed precludes the necessity of extending further these prefatory 
remarks. I therefore ctaiclude with the hope that the little volume 
now submitted to notice, though its pretensions be as humble as die 
f'lrm which it has assumed, may yet prove of some service to the 
mathematical student, in the earlier stages of his progress. 

J. R. YOUNG. 
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PKOBLBM xsv. 
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ANALYTICAL GEOMETRY, 



INTRODUCTION. 



APPLlCATroN OF ALGEBRA TO GEOMETRY. 

CHAPTER 1. 

Article (1.) Algebra has been properly defined as thatbiunch of 
mathematics in which calculationa are performed by symbols. The 
signification givea to these symbols is quite arbitraty, so that, in the 
iwactical apphcation of this science to our inquiries about real quantity, 
it matters not whether fhe subject relate to time or spacer number or 
motion. Whatever in nature can be submitted to calculation may 
always, and generally most commodiously, be treated algebraically; 
and hence Sir Isaac Newton and others have, with great propriety, 
called algebra vmBcrsal arUkmelic. 

In the present introductory chapter we propose to show how alge- 
bra may be applied to the solution of a geometrical problem ; in the 
next chapter will be explained how Geometry may be applied to the 
construction of an algebraical expreadon. 



(9.) Knowing the base and altitude cf a plane triangle, to find the 
side of the square inscribed in it. 

Let ABC be the triangle, and put the altitude Al=a 
= 78, the base BG = 6 = 42, and the side of the in- 
scribed square DG=*. 

Then, because in similar triangles the hasps are as 
fhe altitudes, (see Young's Geometry, p. 94,) we liavcB^ 
EC : DE : : AI : AH, or & : a: : : a : a—x. 

that is ax=^ab — 63^, or o^ 4- 6^~a6, that is x=: — — -;- = 27.3 

Hencs the side of the inscribed square will be a fourth proportional 
to the three lines a-{-b,a and b. 
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(3.) To divide a given straight line in extreme and mean propor- 
tion. {Geom. p. 113^ 

Let AB be the given stiaight line and call F ^_J^ _^ 

iia. SuppoaeFtobethepoint ofdivi6ion,aiidput 
A.F=:x, then a: is to be determined, so that 

«:^::^:«-^ W 

hence we must have i^—o- — ax .-. x^ + ax— a! ' (2), 



o valAies of x, one we perceive is negative, vi 



(3). Ofthese 



and is in absolute magnitnde greater than a, the -whole line ; this value, 
therefore, although it does fulfil the algebraical condition, (1,) cannot 
answer the geometrical conditions of the question, for tlic point of 
division, F, must necessarily taH between the extremities, A, B, of the 
proposed line, that ia, AF, or x^ must be less than AB, < 

other value of x, viz. x: 



^^/(.■+^) 



is leas than a, and therefore properly detetminea the point, F, required 
by the question. The reason why we have been furnished with two 
values of s: instead of one, is that, having had to determine x^ so that 
the condition ( 1 ) might exist, the algebraical proceas very properly led 
us to not only the one value sought by the question, hut to every value 
that could fulfil that condition: and it eiAerwEirds remained for us to 
select that value as a solution to the question which involved no geo- 
metrical absurdity. However, although the negative value of x does 
not come within the geometrical restrictions of the question, yet it 
admits of a geometrical representation. In order to explain this, we 
may remark that a negative quantity in algebra may always be cxm- 
sidered as resulting from the subtraction of a greater quantity from a 
less, thus the negative quantity — qr may be conceived to result from 
subtracting the greater quantity (p+ q) from the less, p, for it may 
always be supplied by the expression y — (7" + 9,) whatever qttantities 
the symbols p and <i represent. Applying these remarks to the case 
in which the symbols denote lines, and taking the present problem as 
an example, we have AF the positive value of x equal to BA — BF, 
and for the negative value, BF must exceed EA, that is, Fmtist be on 
the other side of A, as at F', hence making AP equal to the absolute 
value of the negative root of the equation (2) ; the two roots of that 
equation will be geometrically represented by AF and AF. By la.k- 
ing the negative value of x, the condition (1) becomes 
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AB : AF : : AF : BF 

so ihstt the equation (3) is the complete aohlion to the question thus 
modified, viz. ; Given two poinla A, B, to find on the line AB, or on 
Its prolongation, a point such that its distance &om the point A may 
be a mean proporlaonal between its distance from B bjiU the distance 
between A and B. The one; pMtit F answering these conditions is 
given by the positive value of x, and the other point F', on tlie oppo- 
site side of A, is given hy the negative value ; and in like manner, 
whenever it ia required to determine the distance of a sought point 
from a given point, measured along a fixed straight line, and the solu- 
tion furnishes both positive and negative values, if the positive values 
be taken in one direction from the fixed point, and the negative values 
in the opposite direction, every point so determined will solve the prob- 
lem, and every posable solution will be obtained. 



(4.) From a. given point without a circle, to draw a secant such thai 
the intercepted chord may have a given length. 

Let ACDB he the given circle, and P 
the given point. Draw FAB through the 
centre, and let PCD represent the re- 
quired line. Put PB ^ a, PA = 6,P. 
CD = c, and PC = x, then (Geom. p. 
\06.) 01 Euclid III. 36 Cor. 

PD'PO =PBPA, thatis (a^+c) 3; = a6 (1) 

and, solving this quadratic, we get j; = __|_ /(at -|- —I 

The positive value expresses the length of PC, the negative value gives 
no geometrical solution, although it fulfils the algebraical ccnditioit (1). 



(5,) To divide a ^ven straight line so that the rectangle of the two 
parts may be equivalent to a given square. 

Let AB be the given hne, which call a, put x for one A B 

of the required parts, and c for the side of the given Y P 




, then we have (a — x)x=c^ or x ^ — ± .ii"^ ''^ ) 

Both these values being positive, the line may be divided in two 
points, F, F, as the problem requires. These points are obviously 

equidistant from the extremities of the line. If e exceeds — , the 
value of X is impcffisible. 
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(6.) GivHi ilie perimeter of a right-angled trianglo, and the radius 
of the inscribed circle, to dotermino the triangle. 

Let ABC be the triangle, and D, E, F, the points 
where the inscribed circle touches its sides, then 
{Ge(m.p. 106,) AF = AE, BF = BD, CD = EC 
= radius OD of the circle ; hence, putting the peri- 
meter = p, OE = r, AF = X FB = y, we have 2 w 

-\~ Sy -{- 2r = p, hence y + r^ip — x (1.) 

Now {Geoin.p. 22.) pi- is twice the area of the 
triangle, but (a? + *■) (s + »■) J^ also equal to twiceaZ 

the area therefore {x + r). {y + r) = pr (2) " 

thatisiby substituting fori/ + '■ its value in equation (1.) 

{a; + r). Hp—n:) =pr or ^=— (ip — r) x = —ipr 
.■.^=i(±p-r)±^ lijlp^rr-iprl 
•■y = iip-r)-^=^(ip-r) + '/ U lip~ry-^prl 
Adding)- to each of these expressions, we get 

AC3=4 (ip + r)± V \\ ap-*-)' -^prj 
^G=\{\p-^T)^ ^ \\{\P-tY -\pT\ 
The double sign showing merely that if AO be made equal to any 
one of these values, EC will be equal to the other. 

PROJILBM VI. 

(7.) Given ihe chords of two arcs to find the chord of their sum. 

Let AB, BC, be the given chords, then it is r 

required to determine the chord AC. 

Dmw the diameter BD and join AD, CD, then ^^ 
((5eo!ft.p. 211,) AB-GD + AD'BC = AC'BD, that , 
is, putting BC = a, AB, = 6, AC = c, BD - 2r, ' 
and recollecting that AD = ~J {BD==AB=,) and 
CD = V (BD= - BC%) we have i V {4j-= - «' ) + 
oV (4r=-6s)=:2c»-, or_v(4j-'-a=)+^ V(4r3 - 6«)=c..{l,) 
the expression sought. If the given chords are equal, then the ex- 
in for the chord of the sum is — V (^r^— a=) 




From equation (1) we may determine a when & and c are given ; that 
is, when the chorda of two aics are known, we may find the expres- 
sion for the chord of their difference, 

PROBLEM VII. 

(8.) Given the three sides of a triangle to determine the radius of 
the uircurascribing circle. 
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Let us repreaent the three sides by a, b, c, an^ call the radius sought 
r, then we shall have to determine r from equation (1,) last problem. 

By transposing, we have -^-/(^^ — a'} — c —-_ V(4j"° — ff') 

and by squfiring and transpoaing o" ^ (4j'° — b') ~ b" — c^ 

y — b'i 
— o?b^c 
e expression sought. 



.■. r (a' + c' — i'} = oe V H»^ " 
Squaring again r* («= + e*— 6^)^ = 4o=f= >■* — , 



rwfl' 



(9.) Haring given the three sides of a triangle to determin' 
expression for its surface. 

Put BC = a,AC = b, AB = c, 
perp. AD ^ y, BD == x, then 
DC = « — X, or— ffl + ^, accord- 
ing as the perpendicular fall 
within or without the triangle. " 

by geometry we have y' ~\- 2? = c' . . . , (1.) 
f + [a-x)^=b''....{2.} 
The gecond eqiiatioo is not altered by substituting {x—a for (« — x.) 

Subtracting equation (2) froip equation (1), we have 

— a' 4. 2aa; = e=— 6= .-. x = "" +"'"" — 
' 2a 

Putting this value of s in equation ( 1 ) we get 

»" = -^ -('-"'tj^'") "■•■» = i V 4rfin:^ +'c^T')' ' 

NoWj calling the surfeice of the triangle S, we have 9 = — =— 

therefore, substituting for y the value just found, we have 
S ={ ^\4c^ <? — (a^-f-c* — It'fl (3.) for the expression required.- 
(10.) Since the quantity under the radical is the difference of two 
squares, we may substitute for it the product of the sum, and differ) 
ence of their roots. This sum and difference is {2ac -\- a" ~\- e' —- />' 
and (Sac — a^ — "^ -|- b^) which is the same ta (a + cy — 6" and 
6= — (a — cf and since each of these is also the difference of two 
squares, they may, in hke manner, be replaced by the products. 
(.+ t +i.) o + c- J) and (i + «-»)('-»+«) 
Hence the expression (3) is the same as 
8 = } V ^+"(. + •)("+■ -')(»+<•-«) [b + c-'Tf 
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or putting, for shortness, 2p for the perimeter, 

s = v!p(p-«Hi>-')(p— ')■! 

(11,) Cor. The expression for the radius of a circle circumscrib- 
ing the triangle has been found {Prob. 7) to be 



therefore, putting for the denoininator of this fraction its value 4S, as 

abc 
given by equation (3,) we have r = --g-, 

PROBLEM IX. 

The three sides of a triangle being given, to find the segments 
formed by letting lall a perpeDdicular from a vertical angle upon the 
base, the perpencUcuki itself, the area of the triangle, aad radii of in- 
scribed and circumscribed circles 1 

Let ABC be the given triangle, call EC, a; A 

AC, b; AB, c. If AD is a perpendicular from 
the vertical angle on the base, we have by Prop, 
13 Book 2, Euclid, 

AG" =AB' +BC^— 2BCXED; therefore 
BD= — — ■ — -;= one of the segments formed by the perpendi- 
cular. The other segment DC-BC — ED= °° + ''''~' I. The 
le of BD gives AB'— BD"^ or AD==c=— (^^-i^H?!! y ' 

Let S represent the area of the triangle, and we shall have 8 ^ 
iBC X AD, GonsequenUj S = i V H'^'^ — i^" + <^''— f>''f\ = 
I V(2<i'6=+2(^c'-f. afiV— a*—b* — c'}. But this fmmula maybe 
exhibited in a shape better adapted for logarithmic computation; to 
this end we may observe that the quantity iA^ — (»* + (r — Iff is the 
product of the two factors 2ac+la'~\-c' — 6') and 2nc — (a'+tr' — b\ 
thefirst(o4.c)*— &==(a+c+6) [a+c—b); the second =6«—( a— c)^ 
=(b+a^c) (6— o+c); therefore we shall have S= J V J{a-f-6+c) 

(-,-f 6— c) (a+c—h) (6+c —a.) I Now if we make'^i+^ =p, we 

find a+b~\-c — 2p, a+b—e = 2p—2c, a+c—b=2p—2b, b+c—a 
r='2p — 2a and by substituting these values in the above formula for 
S, and reducing, we finally obtMn 8^= V (p-P — ^P — b.p — e). 

From this we see that to find the area of a triangle whose three 
sides are ^ven, we must find the half-sum of the three sides, subtract 
firom the half-sum successively each of the three sides, which will give 
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three remainders, multiply continually these three remainders anJ thu 
half-sum of the three aides, and lastly extract the square root of thu 
product : this root will be the area of the triangle. 

Let now z represent the radius of the circumscribed circle, and « 
the radius of the inscribed circle, then by Prop. C, Euclid, Book vi. 
BA X AC = a X AD, conseTiuently 

_ B A X AC _ JBCXBAXAC _ \^ 
AD ~ ^ADXBC " S' 

and therefore e, or the radios of the ciiitmscribed circle = — -g- 

Or by writinff for S its value 2 ^ —1-7- — -t-; rrr — > > 

Lastly it appears from Prop. 14, Euclid, Book iv. that if from the 3 
angles of any triangle we draw 3 straight lines to the centre of the 
inscribed circle, we shall divide the tiiaogle into three right-angled 
triangles, the area of which will be respectively represented by 

~, — , — , and therefore S = - ^ ■ u=zpn, and consequently «, 

or the radius of the inscribed circled = — , Or by substituting for S 

FROBLEM X. 

Having given two contiguous sides a, b, of a parallelogram, and 
one of its diagonals, m, to find the other diagonal. Or the adjacent 
sides, a, h, and the diagonal, d, of a paraUelogram, to find the other 
diagonal, .r. 

Let ABCD be a parallelogram 
whose sides AB, AD=o, 6, respec- 

Suppose BD=Jii, and AC— a;. 
Draw AE, DF perp. to BO. Be- 
cause ABCD is a parallelogram, [ 

AD=BC, but AD=EF, li Ji *j a 

,.BC = EFandBE=CF. 
Now AC= AB'+BC^— 2CBBE by Prop. 13. B. 2. EiicUd. And 
BD'^BC'+CD'+aCBCF by Prop. 12. 

.■. by addition AC=+BD^=2AB'4-2BG' 

L e. a'-j-ni'=2a«-f 2^ .-. x= {2tt'-f 26'— m'J ' = AC. 
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Given the altitude (a), the base {!>), and (s) the 
a plane triangle, to find the sides. 

Let ABC be a, triangle wiioEe A 

base BC^6, and altitude a. Let 
DB = X, then AB^ ya' +af; also 
DC=.l>—j: .-. AC= V ^ (b—xf 

Now AB+AC=a 



, E D 

, ^a'-\-lh~xfl^ =-s—la'-\'X^l''. Square both sides, 
And a^^{b—xf^^—2s. ja'+^'J ^+<r'+r' 



Orff 



=*■— 2s K+^J 



Transpose and S" — 2Sk— 8== — 2s {a'+a:''J = 
e both sides, 
And(6= — s=)'— 463;(6'— «')+4iV=4s'«=4-4sV 
Arrange the quantities and divide by 4(3^ — j") 

Then^-6:r = ?V ^- -^ 



And 3; 



W{' 



J = BD, 



Hence AB which = Vj"" + ^°t is found, and AC which :^ 
V ?*'+ (* — 3^Y\ can be determined. If a=zi, i=3, and s=12 

Otherwise, Let S ^ 6 = ^ sum of the aides 
and let a? = J difference. Then AC = S t}- a: 
CD = S — a:. Put AB = * :^ 8 and 
CD = 4 = p. Then AD = V K^ + ^f 
— /? AndDB= vK^ — a^)^— p'i By ^ 
the quest. V KS + ^)' - P" + S V S i^-^T 
-p^ = b. Or ^\iS-\.xf-f\ = h 
— VS(S — a;)'— /i by squaring (S+^)' 

4S:b = 6= — 2SVK8 — ^r — r\ *a^ '3 2SVKS — ^) — 
jj^j = i* — 4S3;; squaring again we have 4i^(S — xf — 4J'^ 
= i' — 8 A=Sa^ 4- 16SV; Or 4i'S' + 46V — UY = i' -f 
168V 

yi^ (^_4S ^ + 4p')\_ h / 4j^ \ 

■•^-^ \ — ^^ziTWT^)- '^"^ y+ i?--T&^} 

= 4 V (1 — i) = 4 V J = I V 5, and consequently AC = 6 -f- 
J,/5andBC = 6 — JV5. 
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e the towa A to be {a) miles from B, and B (i) miles from 
0, andC (c) miles from A, to find where a house, O, must be erected 
squally distant-trom A, B, and C. 

Construction. — Make a triangle ABC whose 
iides AB, BO, and AC, ehallbe equal to 30, 25, 
xnd 20, by (Euc, i. 22.) and about this triangle 
IsBcribe a circle by Euc. iv. 5. then OC, OA, 
jr OB are an equal distance from each other. 

In the triangle ABC, all the sides are 
5iven to find the angle BCD, as AB 30 : EC 
+ AC 45 : : BC — AC 5 : BD — AD = 
7.5. Whence | (7,5 + 30) = 18.75 = BD. Ag^n as 25 ; 18.75 
: : radius : sin. BCD = 48° 35' 25". Produce CO to the cir- 
cumference in F and join BF, then in the right angled triaiigle BCF 
are given the angle BCF = ACD — 48° 35' 25", and AC = 
20 ; Aa rad. i sec, 48° 35' 25', : : AC 20 : CF = 30,2371 ; then 
iCP= 15.1185 = CO distance required; orthus: LetAB = fl-30 
BO - * = 25, CA = c = 20: andmtBD=2:and AD = w; then 

c^ J" 

X -\-y =: cij and x' — y'^ ^= c* — b", by division, x — y = 

by addition 2x = ■■ ■ ■ ■ or w = 



= BD, and by 



.« /^T. ,/a {a' + c^ — hy\ 4375 25 ^„ 

Euc. I. 47, CD = Vl'^— ■ ■ - — s — ^l = V— = — V7 



by Euo. vi. C. 
500 



^V7 



V7 



Diam. X CD = AC X CB; whence Oam. 
— — - "1. 2371578; whence AG or CO or 



= 15 1185789 distanceaought. 

Draw AD perpendicwlai to the 

base and let AE = x. then a : b 

+ c ; : 6 ~ c : BD — DA .-. BD 




= the distance of the house E 
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from each of the angles A, 
_ 30 X 25 X 20 



GEOMETRY, 

If a == 30 imles, b = 
: 15,12 miles. 



' V (1440000 — 455626) . ■Jt ' 

The above is nothing more than having the thiee sides of a uian- 
rle giveft to find ilia radius of the circumscribing circle. See prob, 7. 



PROBLEM XIII, 



If a, b, c be the Uiree aides of the plane triangle; R, r the radii of 
circumscribed and inscribed circles: show that Br = 



«, BC^ 



'i,AC = 



LetAB 
R - NA in figure 2, and r - I^IF 
in figure 1, Then, since NF,NE, 
NG are perpendicular to AB, AC, 
CB respectively, the area of 

. A ANG = ^rc 
The area of A AND = fra 
The area of A BNC = Irb 

Areaof A ABC=(a-i-fi4-c).-^ ^ 

Now, if AD be drawn perpendicular to 
BC in fig. 2; since the angle BNF — | an 
gle BNA = angle BCA, and the right an- 
gle BFN — the right angle ADC, .-. the 
triangles BNF, ADC are similar; hence 
AC ; AD : : BN : BF, Or c : AD : : E : 

— ■ .-, AD=--- Now the area of triangle 
2 2R " 

ABC* = ^SADXBOj 



a + b + c- 



4R 




2(a + 



PBOBLEM XIV. , 

The diagonal of a rectangle ABCD, and the perimeter, or sum of 
all its four sides, being given, to find the sides. 

Let the (^agonal AC = rf, half the perimeter AB + EC = a, and 
the base BC — x ; then wiU the altitude AB —-a — x. 

And by Euc, i. 47. AB^i 4- BC= = AC, we shaU have o= — 
2a,r4- ^^ + j;=— d=, or*2 — ax — -^ Id^ — a'.\ 

Which last equation, being resolved, gives i: = ^ a± ^^{2d'-' 

Where a must be taken greater than d and less than di/3, 

•Thp reader must recollect that the triangle presented by ASC in each figure, 
13 supposed tti I' nf the s ' ' 



asiGoOglc 



ANALVTiOAL : 



Given the three sides of ; 

Let ABC be any triangle whose 
sides AB, AC, BC — a,h,c respec- 
tively. Draw AE perpendicular 
!oB0. 

Then b^ = a^ -\. ^ — 2c. BE, 
(Prop, 13. b. 2. Euchd.) 

. "RF — " 3" ! Al.-^ XT' 




{•±^^)\ 
■■f-=VI {^±^)(^±^~.}.{^^-'-.) 

/o-f|+c_^\ I n,=^}_|_j^ thenemcs the area =— |^° 

"°'^""'"=V!i(i-°)(i-') (t-) ! 

Cor. by help of this problem we can determine the radius of a circle 
inscribed in a triangle in terms of the aides. If the figure were con- 
s&ucted it would readily appear that the 

area of the triang-Ie— (a+i+c)-^, see Prob. 13. 

.■.(.+'+.)i=f=V{|(-|-.)(-|-»)(4-)} 
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ANiLVTlCAL GEOMETRY 



igular octagon ii 



Mibed ir 



:ircle V 



To find the aide of a 
radius is known. 

Let AB be the side of a square jnacribed in 
tho circle AFB, whose centre is E. Draw 
EG perpendicular to AB, then AG ^ GB, and 
the arc AF = arc FB. Join AF -which is the 
side of a regular octagon. Let r=radius EA, ^ 
and»/=AF. Then AB^=2r' .■. AG=^^2r^ 

Now, since the /.AGE is a right angle, 
and AEG half a right angle, -■. GAE is half 
a right angle, and AG— GE=i 4/2)-^ Hence 
FG = »— 1^21^, Baty'=AG" + GF'^^r'+}r — i^^^^i^^ 
**.S2 — v'2j .■.y=r.-Jl2 — V 2 | the value r< ' ' 




To find the side of a regular decagon inscribed 
Suppose AB to be the side of a regular deca- ■** 







gon. Join CA, CB and produce BA to D, mak- 
ing AD=AC. Join DC. Then since the Z 
ACB=TVtb of 'i "^'glit angles or I of two right ^K 
angles .■ . each of the angles CAB, CB A is equal 
to I of two right angles. Also the Z CAD = ^ I 
of two right angles ; now AD= AC, .■, each of j, 
the angles ADC, ACD is equal to ^ of two right 
angles, and .'. the triar:gles BDC, BAG are 
equiangular. Let BO=r, AB=i/. Hence BD : BC : : EC : BA i. e. 
r~\-y:r::r:y ■■■'f + ry—r' Andj— |rj V (5) — I,i as required. 

FEOELEM XVIII, 

Having given the side of a regular decagon inscribed in a circle 
whose radius is known, to find the side of a regular pentagon inscrib- 
ed in the same circle. 

Let AB (see figure to Prob. XVI.) be the side of a regular pen- 
lagon, and AF the side of a regular decagon inscribed in the circle 
AFB. Suppose AF=a, AE=i-, AB:=V- ^^-w CiE= VC^*— i/) 



=21^- 



" " ■ ' " ■ *■ \ci'-^r'\ Nowa^^r( V 6—1) 



by the last problem; /.by substitution, y'~ t^-j-^V (6— -2^5) 

Hence the square of the aide of a regular pentagon inscribed in a 
circle, is equal to the square of the side of a regular decagon, togeihei 
with the square of the radius. 
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ArTALVTlCAL GBOMETRV. 




To find the side of an equilateral triangle inscribed in a circle, 
whose radius is (n), and that of another circumscribed about the same 
circle. 

Suppose ABC ein equilateral triangle 
scribed in the circle ABC. Find the centre 
G, and from G draw GH perpendicular t 
AC, then AH = HC, Prop 3.B..iii EuoUd. 
Produce GH to meet the circumference i 
K ; and join AK. Then because AG, GH I 
are equal to CG, GH, and AH = CH ; \ 
.-, the ZAGH = ZCGH. Now the ZAGC 1: 
is one third of four right angles, .■, AGK = 
one third of two right angles, and each of the 
angles GAK, GKA is one-third of two right angles ; hence the tri- 
angle AGK is equilateral; and since AH is perpendicular to GK, 
.-. GH = HK ; i. e. GH = ^ GA. Now by Prop. 47. i. Euclid, 

G A'' :- Gff -f HA* = -:^4-HA'. Hence HA = AG ^/| 

.-. 2HAor AC = AG. V3 = aV3 = a aide of the inscribed 
triangle. By describing an equilateral triangle about the circle, if 
one of its sides touch the circle in the point K, it may be easily shown 
that AC : a side of the circumscribed triangle : : GH ; GK : : 1 ; 2, 
.■. a side of the equilateral triangle described about the circle;=2o -JS 

PROBLEM XX. 

From the given point C, to draw the straight line CF, which, to- 
gether with ■ two other light lines AE, AF given m position shall 
constitute a triangle AEF of a given magnitude. 

Through C draw CD parallel 
to EA, meeting FA produced in 
D. Draw CB, EG perpendicu- 
lar to DF. Now, because C ii . . „ 

given in position with respect to ^ B A & I" 

EA, AF, .■, CB may be considered as given ; as also AD. Let 
CB — h,AD^ a, AF ^ x, and A = the area of the triangle EAF. 

Then by similar triangles DF : AF : : DC : AE : : BC ; EG 

Or « + =::*:;*: *f =EG' .■- — ^=2A, and b:>? = 2Aa 
, 2A 2Aa ^ , 2A , A= A* + 2Aab 



which 



^A __ ^i A' + 2Att^j _ ^_A± V^A^4-2AaA[ 



!s the point F; join CF, and the area of Tlie triangle AEF = A. 
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In a plain triangle, having given the perpendicular (y) and the 
radii (r, r) of its inscribed and circumscribed circles, to determine 
the triaugie. 

Let- ABC be a triangle whose sides 
AB, EC, AC are respectively equal to x, 
y, s. Also let p = AD, the perpendicu- 
lai- from the vertex. Then by Problem 
XIII. page 28, we have 






py 




{ V' + ^'- 



')Y=\- 



2(1 + 5 + ?') ■ 



_»M 



I »■+«'- 



2,- 



2j ) i r ' 2j I t 2j 

j(24-, + j,)-(j + ,_x)-(,-j + s)(i + j-^)!i 

KS-')-(f-)-(S-0}* 

,,|-z=^(j.i,-2r:r}(M-2»-s)-(^-2r) 

■ '^^-—=p'^?—2.■ar<l. (:c + a) + 4r'M 
/» — 2r 

But * + 2 = £^ — a = ^^-j;, and a:s = 2pB 
.■.-^'_=:py— ^2^ — 2p)-|;/' + SpRy* 
Or — ^ — — BRr'^= \ 2r — j) J.i/^ 

p— 2r ' ^' ^ 

Hence i;° = |— i.j^P" — ^'"i'- — '^J 

.■.y = — :; ; 2])R — 4rR — I-' J —the base 

The other sides are easily found from the equations z-\- s 
=-2 .y, and zz — JpR. 
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ANALYTICAL GEOMETRY. 




Given tlie area of an equilateral triangle, CEF, whose base, EF, 
falls on iho diameter, and its vertex C in the middle of a semicircular 
arc : required the diameter of the circle. 

Let ACE be a semicircle whose diameter is ^ 

AB and centre D. Draw DC perpendicular 
to AB and let ECF be an equilateral triangle 
whose area = a. Suppose DC ;= x. 

Nowa = i:jXEF ,:EF = 2a -i- x Oi 
EC = 2a-=-:c;butEC= VJED' + DCJ A E D P B 
.■.2a-i-3:=^/^(a^^3?) + 2?l 40^4-^= Ha" ~ 3?) + s^l 
and x' = Stt* .■. x = (Sa*)!-. /, 2x the diameter = 2 {3a^)i 

If the area be represented by 100, the diameter of the circle 
= 20Vj V3i=20(3)^ 

PROBLEM XXIII. 

Throug'h a given point P, in a given circle ACBD, to draw a 
chord CD, of a given length. 

Draw the diameter APE ; and put CD = a, 
AP = b, PB — c, and CP ^ a ; then will 
PD = « — X. But, by the property of the 
circle (Euc. m. 35.) CF X PD = AP X PB ; ^-^J^ 
whence x {a — a ) = 6c, or »' — a: 
which equation, being resolved in the usual 
way, gives x = i a ± V H t^ — be); Where 






) values, both of which are p 




The base EC, of any plane triangle ABO,, the 
AB, AC, and the line AD, drawn from the vertex 
the hase, being given, to determine the triangle. 

Put BD or DC = a, AD = b, AB + AC 
= 8, and AS = z; then will AC = s — x. 
(Gfeometry B II.. Prop. 13,) AB' + AC 
= 2BD^ + 2Aiy ; whence a?+{s — xf 
= 2a' + 2i^, or 3r= — ss = o" -4- i' — 4^. 

Which last equation, being resolved aiS in the 
former instances, gives a: — is±V['»'+6' 
— i a*) , for the values of the two sides AB and 
AC of the triangle ; faking the sign + for one of them, and — 
the other, and observing that a^ -\- !? muist be greater than J s". 




The two sides AB, AC, and the line AD, bisecting the vertical an- 
gle of any plane triangle ABO, being given, to find the base BC. 
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34 ANALYTICAL 

Phi AB = a, AC = *, AD = c, and BC = j: ,- then, by E«c. vi. 
3, (See last Problem,) we shaE have AB (a) : AC (b) : : BD : DC. 
And .Gonsequently, by the competition of ratios (Euc. v. 18,) 
a -\- b: a: : X -.BD = lax -^ {a -{- b)l , mi a -\- b : b :: T -.VG 
-\bi: -r{a + b.)\, But, by Euc. vi. 13, DC X BD + AD= 
=::AB X AC; therefore, also, ^abx" ^ {a -\- /,y\ + c'=a(i, or '(A.c* 
— (ffl + b)^ X [ab — c"). From which last equation we have x 
= (a-\-b)^\{ab—e'')-i-abl = BC. 

PROBLEM XXVI. 

Determine a triangle ; having given the base, the line bisecting the 
vertical angle, and the diameter of the circumscribing circle. 

Let ABC be the triangle, r 

and ED the line bisecting the 
vertical angle. 

Draw the diameter FG at 
right angles to the base. If 
BD be produced it will meet 
the circumference in G, be- 
cause equal angles stand on i 



Put ( 



■ BD, 




b for AE or EC, ■: for FG, 
and X for EG. Then (Gcom. ^ 
90 ) a: (c — x) = b^, hence 
X = ^c±V{ic=— i^); for 
this value of x put e ;■ and join 
BF, also let i; represent DG. 

The angle GBF being (Ge- 
om. 52) a right angle, the '~' 

triangles GDE, GPB, are [Geom. 96] similar; :.y:e::c -.a-^-y, 
thatis, m/-t-tf^ = ec, hence 3/=± V jec + ja'( — yi. Put /fortius 
value of J/; and 8 = DC. Then [Geom. 108] «/= 26s~s^,thatis, 
z = b± Vj^ — »/^ Putthis value ofs = g, and ftomB draw BH 

, right an^sto FG. As GD . GB : : DE : BH, that is 



- BH the distar 

3 base, - EP, Join I 
: BP : :/: u, or 
langle ABC. But 
L '!^+?§:\ I 
[whBre p represents PB] ; And BC= V^PC + BP" j = 



of the perpendicular from the middle of tr 
GE:EH(^BP)::GD;DB, that is, As i 
BP =: «e ~^f:= the perpeodiiiular of the ti 

AB=v'JAP + PB"! 



=V(!'+"- 



-T-^)V+p'- 



Mv 



asiGoOglc 



PROBLEM XXVII. 



In a right angled triangle having given the side of its inscribed 
square (12} and the radius of its inscribed circle (7) to determine 
1 lie triangle. 

Put DF = 




+ 



; Anda^ 



Hence C 

CP-4-PA^AC = a; + j/ — 2nandby(47. e. 1.) ■j?+ f=^s^-\- y' 
-\- -fy^ -\~ 2xy ~ ixr —iyr ; Or 2aT + 2yi-= «y + 2r'; Or xy = 
2r {x + y) — 2r' =: S^ -j- Sy; Whence 2ra; + 2ry — 2*^ = Sa; 

substituting the values of rands, we have a;4-y=49and «i;=g88, 
and then we easily find x = 21. and jf = 28. 

Let ABC be the proposed triangle, BFDE the inscribed square, 
OG and OP radii of the inscribed circle at the right angles to AB and 
AC, and BD a diagoneJ of the inscribed square ; also let EQ, be per- 
pendicular to AC from the right angle. Put a for the side of the 
given square, b for the radius of the given circle, and x for the seg- 
ment AQ. of the base AC by the perpend. BQ,, 
Then FG=o— SsinceGB^OG; anda — 4 : a::b -Aab-i-ia- bU 
= BQ. {became GF : BF : : OD : BD : : OP : BQ). Therefore 

(since BD = .,/2(i=), Da = VS^a'^ — -r-^-ry^.J Let this value 

of DQ to be recognized in c, and put d for -^^^ ■ It is as a: ; d ; : rf : 

^=Ca[G,i,m.p. ]. Ands + c:-^' — c::^:d.* 

I-Ience d^: + dc = iP ~ ex. That is x =f.~— = AQ, there- 

d + c 
fore the trioagle is determined. 

* Fof the tciffligles AFD, DEC arc aimiiar ; also the triangle AOB is similar to 
APD, Biid conSequenUy to DEC. Therefore AD : DC : : A'P : DE (= DPI 
. ; AQ. : OB. ' 
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To determine the radii of three equal circles, described in a given 
circle, to loach each other and also the circumference of the given 
circle. 

Let ABC be the given chde, whereof is the centre. Inscribe 
m it the equilateral triangle PGlR (Eucl. iv. 15) ; join Oa; OR, OP ; 
and produce OP till PS equal the half of PR, or of Pft. Draw SE, 
and parallel to SB through the point P draw PM meeting OR, in M ; 
and through M draw ML parallel to RP ; through L, LN parallel to 
Pa J and join MN. 




L, M, N are the centres of three circles that shall touch one an- 
other, and the circumference of the given circle ABC, 

For bisect PQ, in H, and join SH; and paraEel to SH draw PF. 
Because POQ, is an isoceles triangle, and that, LN is parallel to the 
base, PL is equal to Q,N ; And because SH, PF are parallel, (PH, 
LF being also parallel,) and that, SP, PH are equal, PL, LP are 
equal. In the same manner it may be proved that Q,N is equal to NF, 
to NE, to EM, to MB, &c Moreover it is evident that, NF, FL are 
in the same straight line. 

Putting, therefore, o = radius of the given circle, and x = radius 
of one of 3ie inscribed circles ; It is, (became NF = a MN, and, by 



nmilar Iriangks OE = i OM) 


(«-.)•-(— 


Whence x --= — '6a ± ^Ua" 
qvired. 


= 2a ^3 — Sa. 
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ANALYTICAL 



PROBLEM XXIK. 



Given the baae and diffei'eEce of the sides to determine the triangle, 
when, the rectangle of the longest side and difference of the segments 
of the base is eqiial to the square of the shortest side. 

Let 6 = the base, a: = tiie shorter side, d = the difference of the 

sides ; then (byGeom.p. 36.) as 6:29;+ d:: d: j. {u ~\- 2x) — the 

difference of the segments of the base, and by the question, this X by 

the longer side, or j {ol + 2»:). (d + x)=3?; and reduced we have 

S^s! ' d^ , -^ ""■■■" "-'^ 



-2d'^b~2d' ' ^^'b-2d^ (b~ 



When s. parish was inclosed, the allotment of one of the proprietors 
consisted of two pieces of ground ; one of which was in the form of a 
right-angled triangle ; the other was a rectangle, one of the aides of 
which was equal to the hypothenuse of the triangle, the other to half 
the greater side : but, wishing to have his la^d in one piece, he ex- 
changed his allotiiienta for a square piece of ground of equal area, 
one side of which equalled the greater of the aides of the triangle 
which contained the right angle. By this exchange, he found that 
he had saved 10 poles of railing. What are the respective areas qf 
the triangle and rectangle ; and what is the length of each of theh 

Let 2x = the greater side of the triangle, and y = the less ; that, 
is v'j4*^-|-y'? =the hypothenuse; and also the greater aide of the 
rectangle, and x = the less side of the rectangle ; .-.xy = the area of 
thetriangle, and3:V(4^+!/^) = the area of the rectangle ; ,-. 4r*= 
X!/-i-x^f(,ia* + y'), or ix — y = V {i^^ -\- f) ; also 8ic-f 10 = 
2x + y+^/{i:^ + f) + 2x + 2^(4i?-\-y^, or 4i^ + 10=y 
-{-3 V(4i(^-|-!/') ; in which equation substituting the value of v'(42^ 
4-y'').foiind above; .■.4a:+ 10 = jr + 3(4^ — y) = 12x—2y, 
that is by transposition, 2y = 8x — 10, and y = 4x — 5 ; -■ from 
the first equation, 5 =VS4^+ (4x — S}'?, and 25 = 4^^ -f 16s:' 
— 40.1: + 25; by transposition 40a^ = SOi'; that is 3 = a: andy 
= 4r — 5 = 3; the sides of the triangle are 3,4, and 5 ; the sides of 
the rectangle are 2 and 5 ; and the area of the triangle and rectangle 
are 6, and 10 respectively. 

PROBLEM XXXI. 

In an oblique-angled plane triangle ; there is given the difference 
of the ades which includes the angle of 71° 10,' equal to 11, and the 
line that bisects the said angle is equal to 24 ; from whence is re- 
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GEOMETRY. 

quired a theorem that will determine the base and sides of ihe said 
triangle. The figure can be supplied by the reader. 

Let ABC be the triangle, and make CH = CA the shorter side , 
draw AH. and it wiE cut the bisecting line CD at right angles in P; 
make PE' = PD and EH = DH = AD, then wUl the triangles CEH 
and CDB be similar. Put CD = 24 = 6, HB= 11 =d, the trian- 
gle BCD = ACD = 35° 36', whose cosine call q, and let ar = CH = 
CA. Then as rad. ( = 1) : x : : <^ ; g^ = PC ; Hence 2ga; — 6 = 
ECj then by similar triangles 2gaT — b:h :: x-.x -{- d=C'B\ therefore 
= 2gjr — fca; -|- 2dqx — hd, this equation being solved will give 
Y'?3lti'\ _ ^g + ^ . 



=VPr?-)- 



23 



= 25.00218; and hen 



e get AB 



= 36.60737, and EC = 36.00218. 



Given the base, the perpendicular, and the ratio, of the ti 
of a triangle j to find the sides. 

Call the base AB = a; the perpendicular 
CD,=ij and AD=a!; and let the ^venratio 
of AC toCB be that of m ton. ThenBD=«— a:; 
AC^ = CD= + AD* = &' + 3:=, and by [Eu- 
clidi.47). BO' = CD'-|-BD'=6*+a=— 2oa; 
-I- ar* and therefore m' : «= : : ft' + ar" : 6= + 
«' ^- 2(m: + a^. Multiplying extremes and 2 
means, we obtain m=6= + mV — 2m^ax + w'ar' =: n'6'^ + ^^. 
2am' ,„ aW 




That 



, which equation resolved, 



/,r, , , am? 






± vs. 



aV 






f±^!s 




'(»■ - »■)■ 

Let a represent the base, x one of the segments of the base by the 
perpendicular, r thesideof the triangle adjacent to ^, 9 the other side of 
the triangle, b the perpendicular ; and m : n the ratio of r ; s. Then « 
— w is the other segment of the base. Also x" ■]- H' = i", and a^ -\-b^ 
+ «■' — 2arc = s\ ■Butm'in.':; (.r' + &=):(3r'4-6'-|- a^ — 2ax) 
Therefore (m° — n^r'—2am'x = («* — m?) b^~ oW as before. 



To find the ar 
included angle a 



t of a plane tiianglo, when two of its a 
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ANALYTICAI. GEOMETRY, 

Let ABC be the triangle of which the 
area is required; BC, AC, the given sides 
and the given angle ; from A draw AD 
perpendicular to BC, or BC produced ; 
then by trigonometry p. 681. ■£■ 

as R : sin. C r : AC : AD, and therefore AD + 
AO.BC.sin,C 




Hid i AD X EC = - 



= the area of the triangle. 



PROBLEM XXXIV, 

In a light-angled plane triangular 
and the line that bisects the right ai 
content in acres 1 

Put y =«Pi then 3y = Sx" ~ BC, y'' = 
x^'^ ^ CD, andy= = x" = AC. Let fell 
the perpendicular DE and DF ; then it is evi- 
dent (per question) that the £. DCA = the A 
DCB, and the sides FC^CE^ED = DJ" = 



M)- 



V2 



, Put the ^2=™; thenbysi- 



milar triangles, as AF : DF : : AC : BO ; chat 



3^ ; therefore 3tf* = 

pleting the square, &c. 




3 find y = 3.346065, 3^ — 10.03S195 = 
BC, y^ ^ 11.196152 ~ DO and ?/= ~ 37.463053 = BCgnd the 
content = i JBC X AC =\ (\iy'' - 2y> - 188.030715 oh™! 



The a 



3, of a right-angled triangle, whose sides are in arithmetical 
1, being given equal to 216 ; to determine fhe triangle. 
Call the Ieastside3;—y,andlet the common difference be y, then 
the three aides will h^x—y, x, and x '\- y. Now by the nature of a 
righ^angled triangle we h^ve (a; — yY -|- a:= = (s -f- vY • and by 
question the area= I j;(« — j/) = a= =216, From the fonner equa- 
tion we get 2x^ — 2xy -f- 1/' = a? + 2stf + y'^ and by reduction 4i; 
= X, substituting this value for x in the second equation we obtain 
2y X 3y = ffl=, from which y = ^i <t^, and x = 4^^a^, conse- 
quently the 3 sides are 3v'(|a=) = 18; 4V(*o^) = 24; and 
5V(-K) = 30. 
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IN A LYTIC AL GEOMETRY. 



To produce a given stmigM line [a] so thai the rectangle Tinder 
the sivi"n line and the whole line prodijced, may he equal to the 
aquaie of the part produced. 

Let 3;= the part produced, then per question {3:-\-a) a = £' or 
■!^ — aa; = a^-orby completing the square a^ — ax -}~ ia' =^ ^a' anii 
by extracting the root ic — ^a = ^ V(5), ors = ^o(V6 + J) = the 
l>ai'[ reqviired. 



Find the side of an equilateral and equiangular dodecagon 
c!e whose radius = r. 

Let EBF denote the given circle, and apply 
the radius from A to C then AC =: the side of a 
ce^ar hexagon inscribed in' the circle {Legend- 
re's Geometry Art. 271.) bisect the are AC in B, j 
and join BC, and BC is the side of the regular 
dodecagon sought ; Join BO and it bisects AC 
perpend ieularly, (Legendre Art. 106.) Join OC, 
then since DC = ^OC and 0C= = OD^ -]- DC 
(Ugendre 186.) .■. 0C= = jOC=-f OD' or 0D=H0CV3) and 
BD=:OC— OD = iOC(2 — V3) ., (since OC^r,) DC ^ Ir, 
DB = ii-(2— V3) and BC^^DC' + ED''-. 1-^(2— V3.) .-. BC 
= r^/(2~ v'S) = the hne sought. 




There is a triangular piece of ground whose area =: 625 square 
yards, and two of the sides measure 30 and 42 yards respectively find 
the remaining side. 

Letp = the perpendicular to the side 42 from its opposite angle, 
then ^^p X42J = thearea = 525 (Legendre art, 176.) .■.p = 26 
yards, and 30^— 26* = 5^X11 or 5 v'll= the segment of the side 
42 adjacent to the angle formed by the given sides, and 42 — (SVH) 
= the remaining segment of the side 42, this segment and p ai-e the 
legs of a right "angled triangle, of which the side sought is the hypo- 
ihenuse, hence if k = the side sought, there results the equation, 
3S^(42_6 ^11)5 -f-pi' = (42_6 Vll)'^-25'^2=(666 — 
105Vll)and3;=2 V(666-- 105 Vll) — 35.66 yards nearly- 

NoTE,— It is evident that there is another triangle which answers 
this question, whose remaining side being denoted , by i/ will be found 
by the equation ^1 = 2 V J666-|-105 VU ?, in this case the perpen- 
dicular {;> ) falls without the triangle. See Prob. vuj. p. 23. 
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GEOMETRY. 41 

PROBLEM XXXJX. 

The four rides of a field, whose diagonals are equal to each otheri 
t'j:e25, 33, 31, and 19 poles respectively : what is the area. 

Since the sums of the squares of the oppo- 
site sides of the trapezium ABCO are equal 
(by the question), the diagonals will cut each 
other at right angles in D ; so that putting EC 
= 25=o, BA=35 =b, OA = 31 = c, and CO 
= 19 = rf, and AC = BO = x, we shall have 
■T : 6 + a :: b— a : AD — CD = {/r' — a') 4- 
X- and j::6-|-c ::6— c: BD — 0D = (6= — 




c^) H- x ; -whence AD = -^ -\ „ , and BD 

from which equation 2x* — jo'-j-c'*? X ^^ -\- Sft^ — "^S*-{- 



2x 
,£ + < .. 
■ c^ f = 0, this solved gives x^ -^ (a* + c*) ± ■</\/i'<P~ 



(c= _ ay I = fe7.^\nd the area = i2? = 1 (37.9)' as required. 

PROBLEM XL. 

In a right-angled triangle, there are given the ratio of the sides aa 
3 to 4, and the difference between the area of its inscribed circle and 
insciihed square = 20.2825. Required the area and sides of the 
triangle. 

Let 20.2825 = o, 3^^ = the perpendicular, 4x = the base, and 5x 
= the hypothenuse ; also 2x = circle's diameter ; Put y = the side 
of the inscribed square : therefore 4x — y = the base minus the side 
of the inscribed square, and by similar triangle we have as 4i : Sa: : ; 
4x — y '. y\ ■'■ 4^ = 12ic' — 3ot;, or 7xy = 12a*. therefore y = 

y^; and by the question — r- = a; and a: = 10, and the sides 

are 30, 40 and 60, respectively. 



There is a triangular field, whose content is known to l*e = 15 
acres, 2 roods, and 16 perches ; the perimeter 78 chains ; and one of 
the angles 126° 52' 12". It is required to find the sides of the field 
, sepamtelj, by a general theorem, that may be of use to the practical 
surveyor. 

Pot a = area of the triangle = 166 square chains, i* = the sum of 
all the sides = 78 chains, and s and q for the ^ne and cosine of h-lf 

the sum of the unknown angles respectively ; also let — = <; then 

K the cosine of half the difference of the said unknown angles = 
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—J. Jt_'_ — . 9911223 — T 38' 25", which bdnff added to and 

subtracted from the half sum, gives 34° 12' 19", and 18° 55' 29" for 

the two unknown angles. Now the longest side AC = — -- — 

= 37ohains; consequently AB ^r 26, and BC= 15. Orif itbpput 

s 2u( 
equal to the cotangent of half the ^ven Z. ABC, then will — 

= HC ^= 37 chains as before. This question may likewise be solved 
by finding the radius of the inscribed circle, wliioh is equal to the 
area divided by the perimeter. 



There is a triangular garden, die length of whose'sides (ue 200, 
198, and 178 yards. Now there is a i£al so placed in the garden, 
that, if walks be made froin each of the three angles to the dial, they 
will exactly divide the said gariten into three equal parts : from 
whence is required the length of each walk. 

Let ABD be the proposed angular garden, in' wtach having the 
sidesgivenlfind(byplanetrig.p. ), the angle BADASS" 7' 48" 
(whose sine call s and cosine c), the perpendicular Od = 62.8, and 
Ch = 53^. Now i =: Cd = 52.8, CA = 53J, a: and i/ = sine 
and cosine of Z CAti ; then sy — ex =■ sine Z CAft, and as 



b::l ; — =AC; alsoaj 



::stf- 



= Ck=i.d ; 



box -\- dx - 



, that ii 



' ba-\- d 

=. 496875, the natural tangent of the angle CAD 
= 26° 25' 18", fere; from hence is found CD — 
107.5638; AC = 118.6587, and EC = 106.3425, 
the length of each walk as required. 




In any right-angled triangle, the area (= 294), and the difference 
between the hypothenuse and perpendicular (— 14), being given ; to 
find all the other parts of a triangle by a simple equation. 

Given AB — AC = 14 = o, and BO X a 

AC "= 388 = b, put x and j/ for the sine and 
cosine of the z. at B; then(Bytrigon. p. ) 



I have 1 - 



: —— - BC, and 1 - 
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Jlz 






sequently — ■ — '^ = ^, the tangent of half the angle BAG ; ,■, the 
side AC = 21, BC = 28, and BA = 35. 

FROSLXM XLIV. 

Iq a plane triangle ABC, there is given the sides AC and BC 
equal to 24 and 30 poles respectively; and supposing a circle in- 
scribed in the same, so as to touch all its mdes, a luie drawn ftoia the 
ang-le C, to the centre thereof is found to measure 12 poles. Fmd, 
the base of the triangle by a simple equation. 

Let AC = 5 = 24, BO = d - 30, CO = m 
= 12, AC + BC^Jt = 54and AB = y; then 



:y::q 



AD = 



, ^y 



.,and::d:DB = 



;CD=m+^; Hence 

= (jn^ — ^ j'', which reduced gives 




- (^ -"^> 



dq + rr 



= 38, the base as required. 



ii+~> 



Having the perpendiculars let tall from each angle of a 
the opposite sides given, to find the opposite sides and area 

Here is given the perpendiculai- BE=100— m, 
AF=98— n, CD=96=a; let a;=AB, then ax 
.=twice the triangle's area, therefore 

AC=— iand BC=— ; per (trig. p. ) x : 

X x = DB — AD: hence DB= ( i +^—-^^ X ^, but ^ 
' \ 2n^ 2mv » 

■ 1 ;: DB : cosine z.B= —4-— ~ = .5349834, the cosine of 

57° 39' 27" = A B; hence AB = 115.9951, BC = 112.4443, 
AC -110,1953, and the area = 5509,765. 

Otherwise algebraically. 
Put BE = 6 =21, AF = c = 20, CD = d = 19, AB = a^, AD = 
z, then by similar triangle (Euclid r. 47.) equating the different pro- 
cessea, completing the square, &c. we get 

" V \2bVf + 2l?M* + %hV^-~WI^c^) =^*'^*- 
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PROBLEM XLVI. 

From the vertex A of a triangle, ciraw a straight line meeting the 
base produced in D, so that the rectangle BD.DC =; AD'. 

Let ABC be the given triangle, whose base is EC, A 

and let AB be greater than AC, then make the angle A 

CAD = ABG and produce BCto intersect AD in D, / \ 

then is AD tie line which was to be drawn. For / \ 
since the angle D is common to the triangle ADB, _ / 1 \ 
ADC, and because the angle B— CAD the remaining C D 

anglea of those triangles, are equal, (Legendre 74.} Hence the pro- 
portion CD : AD : : AD : ED (Legendre 202.) Or BD.CD=AD' 
as required, CD is ea.sily calculated, for put a ~ AB, e = AC, li =: 
CB, then because the triangle ABD, ADC are similar there results 
the pi-oporlion AB? : AC : : BD^ : AD^ = BD.CD, or AB' : AC : : 
DB : CD and by division of proportion AB^— AC : AC : : BC : CD, 

Oi' in symbols we have a* — <? : c^ :• h : CD, ,'. CD =-5 ^'^'^^ 

Note, that BD = EC + CD =■ J + -^-^= -J^-^ = 
the wliolc side produced, 

THEOREM SLVn, 

In any quadrilateral figure whose diagonals intersect at right an- 
gles, if S,D bo respectively the sum and difference of two opposite 
sides, and S, d the sum and diSerence of the other sides, then S -|- li 
; s-(-D : :« — D; S — d. Required the proof 

Let ABCD denote any quadrilateral whose 
diagonals AC, BD intersect at right angles in 
F and suppose that AD is greater tlian AB 
then A D' = AE'+DE^ and AB'== AE=+BE^ 
and by aubtraction AEP — AB^— DE' — BE', 
in the same manner DC'— CB^ = DE=— BE', ,-. AD'^— AB' = 
DC— EC. PutAD + BC=S,AD — BC=D,thenAD=(S-fD) 
-^2andBC={S— D)-H2i also put DC+AB=a, DC — AE=^(i, 
■then as before DC=(« + d)-H 2, AB= (s—dj-r- 2, by substituting 
ihese values in the equation AD' — AB"— DC — CB= it becomes 
(a + Df~-(s—d)'-(s + (if—(S — Df, or by reduction S'4-D= 
-s' + «PorS'-(P=.>=— D',or(S + <!).(8 — d) = (» + D).(s— D) 
which gives 8 4- d: s + D : ; s — D : S — d as required. 

PROBLEM XLVIII. 

Having given the perimeter (p) of a rhombi:^, and the sum (s) 0! 
its two dmgonals, to find the diagonals 

Since a rhombus is a paralleiogram whose sides are all equal, we 
have i-;)^ to one of the sides, put a;=one of the diagonals then s^i 
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=i;he other; hence (Legendre 195.) (s— 3;f + a'=4 (|y)=, or by re- 
duction 2x'—2sx-l^ — ^aM'J?-'ST = i(f-~4^)-.-hyqu^^- 

hence a^x^ 2~72V^^^ V(/ — 2*^) Jasiequired. 



Given the area («') of a right angled triangle, whose sides ai-e in 
geometrical progression to find the sides. 

Let X, y he the two legs if 7 s, then -^ \ if -}- y? ] = the. hjpothe- 
niise and {pffe qaentkm.) ^/\i^-^3^l^.y•.^.y^.xov x^\y^ -\-x'' i = 
tf and sv'')/' -|- a:* = ^ also xy = 2£t', 

that is a^f/* =: 4o*, andy* = — j-, hence 4a' -|- 2^ = — j~ or 3^ 
-|-4aV= iea'and by quadratics ic' + ga'^ V J20a'j = 2a(5)^ ot 
r=« V (2 V5 — 2)1 then 2/=-^=^-^-^^^^= « ( 2 V 5 + 2 H 

as required. 

2u' 
Otherwise, call the perpendicular x, then the base will be — , and 

the hypothenuse. v' ( ^ H 5- 1 ■ And by the question — : 3: y. w: 

/ , , 4«'\ TT i 2o= / „ , 4a'\ 

^ V ^ "T —J J ■ Hence x' = — V I * + -^ 1 1 ^"" squaring we 

4^ / 4t*^ \ 
iiavethe final equation, x'' ^—^tx''-\- -j I. caa? — 4aV = IGc^, 

30iBpieting the square and extracting the square root we have, 
j:' = a* 3 2 4- v' 20 5, and a; = o ( 2 + V 20)^ as before. 



Having given the base (S) of a fdane triangle, its area (a**) and the 

ratio of the two sides as ta'n. Required the values of these sides. 

Draw a perpendicular from the vertical angle to the base then 

— ~ the perpendicular, let x = the lesser segment of the base, then 

J I j3 — }-3^ J = the lesser of the remaining sides, and / { -^ 

4a' 
-f- [ ft — xfl =the greater ; heace the proportion m': n",'.-j^-{-3^'. 
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-Tj + (i — xf which gives a^ — —3- — j=- 
mis quaiirslic solyed gives k, and thence the si 



«f»me known. 



Having ^ven the base (4), the area '(#), and (c) the difference of 
the two sides, to find the sides and the perpendicular altitude of the 
triangle. 

By using the same notation, &c., as in the last question the 



20= 



(4o* , 



perpendicular = -^, the lesser side = A \~ -\- a^'S and the 
greater.-^ { ~ + {h—xf } .'. (per question.) ^ { -J -j-^^ } +r 



and 4k? — 463; = 

; 16a' + a'(&'— 






i'^j — ^c = the lesser si 



^c=the greater side 



4iV— 4iV + 4(;=to — 
—- — (*'— cY^- 

If" {}? — <?) 
as required. 

PROBLEM LIl. 

Having the lengths of three perpendiculars, EF, EG, EH, di 
from a certain point E, within an equilateral triangle ABC, I 
three sides, to determine the sides. 

Draw the perpendicular AD, and having . 

joined EA, EB, and EC, put EP = a, EG=i, 
EH = c, and BD (which is -^30)= a;. Then, 
since AE, EC, or CA, are each = 2:r, we shall 
have, hy Euc. i, 47, AD = V (AB'— BD') 
= ^(4:c*_r=)= V3ar' = T V 3. 

And because the area of any plane triangle ^ 

is equal to half the rectangle of its base and B 
perpendicular, it foUows that 

A ABC = ABC X AD = 3: X a: V3 ^ 
AEEC = iECxEFi^ 




DP 



^ar'VS 
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ANALVTICAI. GEOMETRY. 47 

A AEG = JAG xEG^xXb =bx, 
A AEB = |AB X eh = 3D X c =cx. 

But the last three triangles BFG, AEC, AEB, are together equal 
to the whole triangle ABC ; whence x' ^ 3 = ok + fca; + ca:. 

And consequently, if each side of this equation be divided by x, we 
shallhaTe3:V3 = o4-6 + c, ora;=(o-)-6 + c)-f-V3. 

Which is, therefore half the length of either of the tiiree equal sides 
of the triangle, 

GoR. Since, frora what is above shown, AD ia =x-yf^,\tfo^Qi>tiB, 
that the sum of all the perpendiculars, drawn ftom any point in an 
equilateral triangle to each of ita aides, is equal to the whole perpendi- 
cular of the triangle. 



Having given the lengths of two lines AE, DC, drawn from t 
acute angles of a righ^angled triangle ABC, to the middle uf t 
opposite sides, it is required to determine the triangle. 

Put CD = a, AE = 6, BD or ^AB = w, 
and BE or ifiC =y ; then, since (Euc. i - 47,) 
BD'^ + BC = CD^ and BE* -f AB^ = AE=, 
we shall have 2?-^4y^ = o?, and i/' -|- iar* = 6^. 

Whence, taking the second of these equa- 
tions from four times the fet, there will arise 

And, in like manner, taking the first of the s 
four limes the second, there wiE arise ISx' =. AV - 

— 0?)-T-15. 

Which values of a? and y are half the lengths of the base and per- 
pendicular of the triangle, observing that b must be less than 2 a and 
greater than ^ a. 




^, or £ = V(4*' 



Having given the ratio of the two aides of a plane triangle ABC, 
and the segments of the base, made by a perpendicular falling from 
the vertical angle, to deiermibe the triangle. 

Put BD = a, DA = b, BC = a?, t^ 

AC = y, and the ratio of the sides 
as m to n. 

Then, since by the question, BC 
:AG::m:»,andby(Geom. p- 36) 
CB'— AG*=BD'— DA^ we shall 
h&,vex!:y::«t:n,a,rul^ — if'=a' — b'. i 

But, by the first of these expresaiona, ax = my, crc y ^= nx ~m] 
whence, if this be substituted for y in the second, there will arise, 
aj* — («« -H »»') :t» = «» — 6», or K — n') a* = m" (a= ~ tf*) . 
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And consequently, by division and extracting the square root, we 

shall have ai = ni V —^ , and j/ = » V — a" "a j which are the 

values of the two sides EC, AC, of the triangle, as was rcquir&l, 

PROBLEM LV. 

Given the hypothenuse of a right-angled triangle ABC, and the 
aides of ila inscribed square DE, to find the other two sides of the 
triangla 

PutAB = ft,,DForDE = s, AC = a:, and 
CB = y ; then, by similar triangles, we shall 
have AC {x) : CB {y) : : AF (x—s) : FD (s). 
And consequently, by multiplying the means 
and extremes, a^ — sy = sx, ora)/ = *(a + 
y), (1). 

But since, by Euc. i. 47, AC= + CB'= AB=, 
we shall hkewise have, x' + y' = h' . . (2). 
Whence, if twice equation (1) be added to the equation (2), there will 
^i^eu^ + 2xy + f = k'' + 2,{x + y), or {x + yf-2s{x+y) 
= h\ Which equation, being resolved after the manner of a quadratic, 
SiVf^x-\-y = s± ^/[h?-\-f), oiy = a — a;± V (''■*+*')- Hence, 
if this value be substituted for y in equation (1), there will arise 

s^)\x = — fijsi y[fe' + s')J. And consequently, by resolvmg this 
last equation, we shall have 3; = ^Js± ^(A' + s')! ± VH^" — i^ 

|*V(^*4-*')|; which are the values of the perpendicular AC and 
base BC, as was required. 

PKOBLEM LVl, 

Find the radius of that circle in which the side of a regular penta- 
gon is 1. 

Let »■ = the radius, then V (*^ — ^) — the perpendicular from the 
centre of '^e circumscribed chcle to the side of the pentagon. 
Hence VU + C'' — ^('^ — \)T\ = the side of the inscribed deca- 
gon, but (Legemh-e273.) r: -J ji + (r— V {r'—i) f\:: VSi-4 

^(i»~\)f\=x,ihe,Dr:T:\x:T — xa^^ = r'—rx and a^ + ri 

=:i + (r— V(r= — ^))'^i + /^-2rV!»-=_i|+''' — iand 
by reduction r (1 + V 5) =* VC*^™ J ) o' r' {Z-\--J b)^Sr'-~% 
^ „ 2 5+V5 ,/6+v'5v . , 

HcsteafyGoOgle 



NILYTICAL GEOMETRY, 



Given the lengths of two chords, cutting each other at right aa- 
glea in a circle, and the distance of the point of their intersection from 
the centre, to determine the diameter of the circle. 

Let AB, CD he two chords within the c 
cle ABD, cutting each other at right angles 
in F. Take the centre E, and di-aw EG, 
EH respectively perpendicular to CD, AB. ) 
Then CD, AB are teected in, the points G, / 
H. Join EB, ED, EF. Let AB ^a,"" 
^ 6, EF = m, and :r - EB or ED. Then \ 

EB= = EEC + HB=, or a^ = EH' + -^ 



Also ED^ = EG^ + GD', or x 



= Hr+ 




. . 2x, or the diameter = v'|2»Ji' + i(a^+6')}. 

PROBLEM tVIII. 

Given the ratio of the two sides, together with both the segments 
of the base, made by a perpendicular from the vertical angle ; to de- 
termine the sides of the triangle. 

Put a and 6 for the two segments of the base, x for the side adja- 
cent to o, and y for the other side of the triangle ; and m : m, the ratio x 



y. Then, (si: 



; y) it follows that y - 



-11'=-^— I)'. That is, 



— I, Andy - 



X. But 

—mW. 
{ which 



e to be determined. 



Given the difference of the segments of the base made by a line 
bisecting the vertical angle, the difference of the sides, and the tlif- 
ference of their squares, to construct the triangle. 

Let a, h, and c,be the three differences as per quest,, then c-^b = 
the sum of the sides, and Itf' + cj -j- 26, and |c— 6'|-f-2A are the 
two sidfs : It : a : : the greater aide : the greater 



■ X «, and -^ X « — the less, hence the base = 
we have theorems for all the sides. 



"2i''* 
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Given the area, or measure of the space, of a rectangle, inscribed 
in a g^ven triangle ; to determine the sides of the rectangle 

If a he put for the perpendicular, and b for thehaseof the triangle; 
c for the area of the rectangle ; and x for the length of the rectangle 
pardlel to the base of the triangle, it will he as 6 : a : i x ; oa -4- fc the 
diiferenoe of the altitudes of the rectangle and triangle 



Therefore the altitude of the rectangle : 



the length of the rectangle ; consequently 



o he deterroined. 



= the breadth ; which v 



The base of a right-angled triangle being given = 24, and the 
diiference between the perpendicular and hypothenuse ^ 12; required 
the other sides. 

Put 24 = ffl, 12 = d, and the perpendicular = «; then the hypo- 
thenuse = a; + rf, and hy 47 Euchd, Book i. we have a'-i-^ = 

a^ ^ 

(x -j- df, that is a' + a;'' =■ a^ -}- ^^x -^- (? and x = -~- - , and 

w-^ d = — ^T^j Suhatituling for a and d their values we find ttie 
pei-pendicular = 18, and hypothenuse = 30. 



The area of a certain isosceles triangular field 
a half; find the sides and angles, when the 
circle ia equal half the field. 

Put 1 360 = 2a, = the area of the triangle 
in perches ; 29.424 = '>, = the dia. of the in- 
scribed circle ; draw GF parallel to EC, and 
„„ , 4« . T, 4a — bx 
put a; = BC ; then — — AE; .-. 

4a 
= AO ; and by similar triangles, as — : .- - 




out of fractions, and reduced, 



= 6*; which brought 

- 92.44^ = — 80033.28. 
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CEOMETKY. 



By Gonver^gsinesKis found =38,3296 =BC, and 70.666 = AE- 
Then (by trig. p. )ZA=-16° 16', and ZB- ^C =74M4'. 



To determine a right aiigled triangle ; having given the hypothe- 
nuse, and the radius of the inscribed circle. 

Construct a right angled f^ 
triangle, and inscribe in it a 
circle; also draw right lines 
from the centre to the points of 
contact, and to the two acute 
angles, as in the figure 
ABCDEFG. 

Put X for the base (AB), y 
for the perpendicular (BG) 
and let a represent the given- 
radius [DG, DE, or DF), 6^1 
lhehypothenuse(AC.) ITien, [ 
because GB and DF are \ 
equal, y — a is the espressiong . 
for CG; and a: — a = AF. 
Also CE and CG are equal [Euclid, I. 26] ; and AF is equal to AE. 
B«tAE+CE = AC;thati3,(j/ — o) + {a;— n) = b,Qxx-\-y = 
2a -\- h. Now ^ -\-y'' =V \ compEiring, therefore, the double of this 
equation, with the square of the preceding, ^ — 2a^ -j_ j^^ = 6= — 
— 40^. Hence x — y .= -J J6* — 4a(i — 4a',J cotisequently a; 
+ ^h± JV{6'—4a6—4o'), and «;=«-(- ^6 irpi^ (J*_4a6-. 




4a& 



To find the side of an equilateral triangle, inscribed in a circle, 
■whose diameter is A ; and that of another circumscribed about the 

Let AFGC be the given circle, and ABC Jj; 

the required inscribed equilateral triangle, ' 

'Join A and the centre E ; also join CE, 
and produce it to D. Then by (Euc. iv. 2.} 
the angle D is a right angle, and the trian- 
gles ADE and ADC are similar. But AD 
= ^AC, therefore also DE = -^ AE. i 

Let then AE — radius = ^d ; and consequently ED = ^AE = 
-irf; also put AB = x, or =AD =Ja;. Then by (Euc, i, 47,) ^x" 
=j(P_,^(F = ^^; Whence a;= ^/ JiP = ^(I V 3, the aide of 
the inscribed triangle. Again produce CD to F, and AE both ways 
to G and H ; and draw HI, IK, perpendicular to EF and EG, 

Then it is obvious &om the proposition above referred to, and {Euc 
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IV, 3.) that EP = -JHE, and EIF = iHI. Let now HI (the side 
of the circumscribed triangle) = y and we shall have HE^ — Ei" 
+ HF' ; and since EF = ^d, HE = d, and the above becomes (P = 
id' -\- Jj/^i or y' ■■=■ 3(f, or J = tt V 3, the side of the circumscribing 
iriaiigle. (See Prob. xix. p. 31.) 

PROBLEM LXV. 

To describe a circle through two given points A, B, that shall 
touch a right hne CD given in posidon. 

Join AB ; and through O, the assumed , _ 

centre of the required circle, draw FE per- 
pendicular to AB ; which will bisect it in E 
(Euc. HI. 3).' Alao join OB; and draw EH, 
OG, perpendicular to CD; the latter of 
which will fell on the point of contact G 

(Euc. III. 18). Hence, since, A, E, B, H, ^_^ 

F, are given points, put EB = n, EF = A, C F GH D 

EH =e, and E0=3r; which will give OF = b—x. Then, be- 
cause the triangle OEB is right angled at E, we shall have OB' = 
Eff + EB', or OB = V(^ + '^). But, by similar triangles, 
FE ; EH :;F0: OGorOB, ori;e: :!. — a;:OB; whence, also, 




OB: 



: (6 _ x). Andcc 



if these two values of OB be 



put equal to each other, there will arise, V {3p-i-a^)=-j--{b — x). 

Or, by squaring each side of this equation, and simplifying the re- 
sult, {b'' — c')il' + 2he'x^bHc^'~a'). 
Which last equation, when resolved in the usual manner, gives, 

^ = ~ ^:^ + ^ V { (fca_ - ^ a+ ^117= } ' ^or *e distance of 
the centre O from the chord AB ; where 6 must evidently be greater 
than c, and c greater than a. 



The three lines AO, BO, CO, drawn from the angular points of a 
plane triangle ABC, to the centre of its inscribed circle, being given, 
to find the radius of the circle, and the sides of the triangle. 

Let O be the centre of the circle, and on ^ 

AO produced, let fell the perpendicular CD ; 
and draw OE, OP, OG, to the points of con- 
tact E, F, G. Then, because the three an- 
gles of the triangle ABC are, together, equal 
to two right angles, (Euc. i. 32.) the sum of 
their halves OAC + OCA + OBE will be fl" 
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equal to one right angle. But the sum of the two former of these, 
OAC + OCA, is equal to the external angle DOC ; whence the 
sum of DOC + QBE, as also of DOC + OCD, is equal to a ripiht 
angle ; and consequently, QBE — OCD, Let therefore, AO = a, 
BO = 6, CO = <T, and the radius OE, OF, or OG = x. Then, since 
the triangles BOE, GOD, arc similar; BO : OE : : CO i OD, or 

b:w::c:OT>; which gives OD ^ ^, and CD = V (c^ ^), or 

-^•J[h^ — 0?). Also, because the triangle A OC, is obtuse angled 
at O, we shall have (Euc, ii. 12.) AC= = AC + CO* + 2A0 
X OD ; 0, AC = V (.• + e- + ?=I), 0, V ^.^^+^''"'). 
But the triangles ACD, AOF, being similar, AC : CD ; : AO : OF. 
or V (*i^^'-l+?^) : 1. V (V— ^)::a:x. Whence, molti- 



the means and extremes, and squaring the result, there will 
,a? \ b{a^ + c=) -f 2acx\ = a^c^l^ — 'J'). Or, by collecting the 
together, and dividing by the coefficient of the highest power of 



plying 

, / ab , ac , bc\ , ahe 
a;, we have the equation, a^ + l-r — \- ■:rT-\-7—t^ = -^ 
\%c 2b %af 2 

From which last equation 3: may be determined, and thence the side 
of the triangle. 

PROBLEM LXVII. 

From one of the extremities A, of the diameter of a given semi- 
circle ADB, to draw a right line AE, so that the part DE, inter- 
cepted by the circumference arid a perpendicular, drawn ftom the 
Other extremity, shall be of a given length. 

Let the diameter AB = d, DE = a,, and AE 
= X ; and join BD. Then, because the angle 
ADB is a right angle, (Euc, in. 3L) the tr' 
gles ABE, ABD, are similar. And 1 
quently, by comparing their hke sides, i 
have AE : AB : ; AB 1 AD, or x : 
x~ a. Whence, multiplying the means 
tremes of these proportionals, there will arise " 
x" — ax = tP. Whidi equation, being resolved after the usual man 
ner, gives k= 10+ v' (K + 'P)' 

PROBLEM LXVIir. 

A gentleman has a triangular piece of land, whose sides are in the 
proportion of 3, 4, and 5, and the area of it is equal to the cube of 
one-fifth part of the base ; required the sides and area in numbers. 
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The given proportion denotes a right-angled triangle ; let tl 
3^ be the base, then 4x and 5x -will be the hypothenuse aod perpen- 
dicular, and, by the question, the cube of three-fifths of the base 
= fl^r = iS3* X4.-CJ, whence j; X 3 = 83i = the base, 111^=: 
theperp, and 139f = the hypoth. the area'being 4629if If4ibe 
called the base, then the three sides will be, 35Jf , 46J, aiid 58Jf , area 
828Jf| ; but 18, 24, and 30, area 216, if the hjpolh. be base. And 
had the triangle been oblique, an equation might have been formed 
and the sides found, with the same ease. 



To find the area and the sides of a rectangle of which the perimc- 
(et and the diagonal are given. 

Let ABCD be the proposed rectangle call D. , C 

the perimeter p, and the diagonal ED, d. I 

Let AB = X, AD = y, and we shall have A 1 ■ B 

3!-]-y~ ^p. and a* + J'' — "'- Squaring the first equation, we 
obtain i? -\- 2a^ -{-Tf'= lp\ and therefore (x' + 2xy -^f^) — (^'-1-y) 
:= 2xy = ip^ — tt*. Consequently sy, or the area — ^fp — ^a^, ajid 



Having given the segments of the 
base, made bj a perpendicular falling 
firom the vertical angle, and hkewise the 
ratio of the two aides, to determine the 
triangle; ». e. to determine the actual , 
value of the sid^ of the triangle. B 

In this problem, BD, DC are given; .'.letBD = a,DC=S. Like- 
wise the ro(io of EA ; AC is ^ven: but since the actual values of AB, 
AGareunkaown,letBA— a:,and AC^y.aiidletthemtioofBA : AC 
be that of m ; w. Now BA : AC :: x : y:: m : n .-. tix = my and y = 

—X. Also AD==AB'— BD'=K^— a', But AD'=AC*— CD* = y' 

-~t%.: s^—t^ = f—lr^, And by substitution 2»— a" = ~ . x'—b^ 
X by m% and m V — ni W = n V — m'i^ By trans. jfli'' — >i''Ja^ 
= ™' IdF — 6'J .-. x =m / I -"a" ^ } = *e value of AB. 

By a sbnilar process y - n.^ | '^fE^n^ \ - ^'^^ ^'^^""^ ^^ ^'^' 
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PROBLBH LXXL 

Given all the three sides of the triangle, to find the radio 
inscribed circle. 

Conceiving the figure t' 

constructed (in the accom- 
panying diagram} draw 
lilies from the centre to each 
of tfie angles, and to the 
points of contact. Produce 
either of the lines joining 
the angular points and 
centre (as BO) indefinitely 
through the opposite side, 
and on it produced let fall a perpendicular (aa AG} from that angular 
point from which the perpendicular faJIs -witliout the triangle. 

Put a for Ad, b for dB, and c for C/. Also k for Od ^ Oc = Of. 




■ -.c :x. Tlierefore 



And AG : OG ; : C/ : q/; whence ax + bx 



PROBLEM I 



To determine a right-angled triangle ; having given the hypothe- 
nuse, and the difference of two lines drawn firom the two acute angles 
to the centre of the inscrihed circle. 

In the annexed 
fig. let CD be the 
greater, and AD 
the less of the two 
lines of which the 
difference is given, 
and let DH be a 
production of CD, 
and AH perpendi- 
cular to CH, AH is 
equal to HD, be- 
cause the angle ADH is equal to the sum of the angles ACD, CAD, 
together equal to half a right angle, and the angle at H a right-angle. 

If a be put for AC the hypothenuse, x for CD, y for AD, b hi the 
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difference of a; and y, *■ for DH, and s for AH, Then (Gfeom. p. 34) 
r~s = y-i-y2. But 3? 4- y* + Srs: ^ o' = I* + 2^ + xy^i. 

Now substiluting j: — fifor i/, and c for thei/3,h will bea^ — 2bx 
-L-i' + ^^a-car'— c6x=:<r', that \a,(2~\-c) x'—{2 + c) Aa^ + fc" 

fflS ^ 1 



2+c 



2+0 
- jb. Consequently the radius of the m 
scribed circle is known, and the tnasigle detervmed. For put 

— ib = AD. And let DE, Df, Dg, be three radii at right angles H 
the sides of the triangle ; iLkowise put w for Ag, and z for Cg. ^ — w 
= m" ~n^. Also s-j-wt = o; and by divisions — lu = , 



that is, s=— 
And Ds = i/ 



(«' + ™ 



20 



> = the radius of the inscrili- 



Giiyen the perpendicular, base, and sum of the sides of an obtuse 
angled plane triangle ABC, to detenaine the two sides of the triangle. 

Let the perpendicular AD = jj, the base 
BC = 6, the sum of AB and AC = s, and A 

their difference = x. Then, since half the 
difference of any two quantities added to 
half their sum, gives the greater, and, 
when subtracted, the less, we shall have, 
AB =^(s-\-w), and AC = Us—w). 

But, by (Euc. i. 47,) Ciy= AC— AE^, 
or CD= V \i{»—^T—p''\ ; •■■ by Geom. 
p.37)AB= = BG' + AC^+2BCXCD: whence i ( s + :.)= ^ 

— p*j And if each of the sides of this last equation be squared, 
there will arise, by transposition and simplifying the result, (s^ — i').;' 

= i»(si'_S'i)_4iy,ora; = &V(l— /_ f^J - Whence, by ad- 
dition and subtraction, we shall have, AB ^ ^s -|- ^4 V (1 — 'J' jji' 




and AC = 



ia-i6V(l-^ 



.8 required. 
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THEOREM LXXIV. 

If two chords in a circle intersect each other at right angles 

sum of the squares described upoa the four segments, is equal t( 

square described upon the diameter. 

Let ADC be a circle ; and let the fwo choi'da 

AB, CD cut each other at right angles ii 

Find the centre G; join GC, GB; and draw-^ 

GK, GH perpendicular lo AB, CD. Then / 

AK = KB and CH = HD. (Euc, in- 3.)1 

Now because AB ia divided equally in K and \ 

unequally in E, .'. AE'' + EB' = 2AK' + 

2KE= (Euc. II. 9.) Also DE* + EC^: 

2DH= + 2HEl .■.byaddit!onAE^ + EE^ + 

DE' + Eff=2AK= + 2KE' + 2DIP+ 2HE'' 
=2(BK'+KG''} + 2(GH= + Ch') 
=2BG= + 2GC' 
=4 GC== (diameter)'. 




Upon a given sliaight line as an hypothenuse, describe a right-an- 
gled triangle which shall have its three sides m continued proportion. 

Let AD be the given straight line ; upon it 
describe a semicrrcle ABD. Let AD = a, AC 
= x. ThenAD:BD::BD:DC, (Euc. vi. 
8.) But by the question, AD ; EU : : BD : AB, i 
.■.AB=DC. Hence^ ^ax=^a — xl .-.«*= L 
ffi' — 2ax+K',oi3? — 3ax = — «*, CompleteA. v; jf 

the square, and a^ — 3iw-f S«' = i"'' Or x — f a = ± ^[a V 5) 
.■.x = ^\Sa±a-\/6l =^ffl. J3± ^/6\ which determines the point C. 
Draw BC perpendicular to AD, join EA, AD, and the triangle ABD 
will have its aides in geometric progression 



Having given the perimeter of a right-angled triangle ABC, and 
the perpendicular CD, felling from the right angle on the hypothe- 
niise, to determine the triangle. 

Put p = perimeter, CD = o, AC = x, and a 

BC=:i/; then AB = p— (a; + if). But, by 
right-angled hiangles (Euc. i. 47,) AC°-|- 
BO— AB^; whence 3? -|-y'=p' — 2p(^-4~y) 
-{-x^~\-23y-^i/'. Or, by transposing the terms 
and dividing by 2, j»(a;4-^) — ip'^^'y- ■ (!)■ 

And einee, by similar triangles, AB : BC : : , 
AC : CD, we shall also have, by multiplying ■' 
the means and extremes, AB XCD = BC X AC, ovap — a{x-\-y) 
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:= '.cy. . . . (2). Wheace,bj comparingequalion (1) withequaMii 
(2), there will arise (a+p) X i^ + y) = ap + ip'. 
pi^ + iP) .,..^P('' + iP) ^ 
^ a+p. • ^ a+p 

And if these values be now substituted for a: -j- 3/ and y in equation 
(2), the result, when simplified and reduced, will give (ni+p)3;' — 
p{a~\-^p] % = — \a^. Fromwhichlast equation, and the value of 
^ above found, we shall have, 

And if the sum of these two sides be taken from p, the result will 



give AB=p — (a; + y)=: 



Which expressions a: 



,ther 



2(0 +p) 
fore, respectively equal to the values of the three sides ofthe wiangle. 

PROBLEM LXXTII, 

To find the side of a regular pentagon, inscribed in a circle, whose 
diameter is d. 

It appears, from (Euc. iv. 10,) that the aide of g 

an equilateral and equiangular decagon inscribed 
in a circle, is found by dividing the radius of the 
circle into extreme and mean ratio, the greater 
part of which is the side of the decagon. 

Hence calling the radius OB = r, and the 
greater part OD = x, we must have r(r — x) — 
7?,oTx'-\~rx = r'; whencex= — ^r-\-^-j&i^, 
(,i-x = ^r{—\ + -J5), ThatLa,BC or AB in 
theabovefigure =^r(— 1 + V6) Produce BO to E, and join 
EC; thenby(Eue. i.47,)E{:?=EB=— BC==r={4- + ^V5),o>-EC 
=r^ (4-1-^^6), Again,asEB:EC::EC:ED=r(f 4-iV5}, 
and EB-.BC : :BC ■.^ED = r{i — i^/5), whence DC = V(EDX 
DB}= V^f^(f + i-/5}(^-W5)?=i'-V(10-3%/6.)orAC = 
lii V J 1 — 2 V 5'| ■ the side of the pentagon required. 




'1 ijiet ABCD be the given semicircle : AB, 
its dianieter ; G, its G%tra.;-and,CDFE, the 
litji^iVed square. Th%,'smce DP = CE, 
w6,liA,v|.FG = G^;Let therefore AB = (J 
or CG i^ Id; alsffi^E^r, and consequent- 
ly GE = 1*; then by (Euc. 1. 47,) CG^ =^ 
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GE=4-e!ES orcp'+Ja? = i#. Whence baf' =^^,orx = d.^i= 

Otherwise, let ADCE be a semicircle whose diameter AB = a. 
Suppose CDFE to be a square inscribed in tlie semicircle. FinJ G, 
the centre of the circle, and join GC. Let GE = x. Then AE.BE 
-CEHy(Euo.iii.35.) Or (AG-1-GE}.(GB— GE) = OE=f e. 

Now since FECD is a square, CD=DF=FE = FG + GE=2j^, 
■.■±a'— 3^=4x^,3? -{-43^ = ia% orex^-laV^^Vj^iri .•.2x= 
2aVjaVS — "Vj^S =«V)i-S = a side of the square. 

PROBLEM LXXIX 

The lengths of three lines drawn from the three angles of a piano 
iriangle to the middle of the opposite sides, being 18, 24, and 30, re 
spectively : it is required to find the sides. 

Let ABO be the required triangle, and AF, BE, ^ 

and CD, the three given lines bisecting the three 
sides CE, AC, and AB, Make AF ^ «, BE = b, 
CD = c, also CB = x,AG = y, and AB = z. 

Now it is a well known propeitj of triangles, that 
" double the square of a line drawn froro any angle of j^^ 
a triangle to the opposite side, together with double 
the sqLiare of half that side, is equd to the sum of the squares of the 
other two sides;" that is 2a^+ ix^ = f'}-x',2ly' + ^f = x^-\-3^ 
and2e''+J^ = i^H-2/', Or ^ + s* — i>=: So', a*— ^3= + s'= 
26", and ar* + y* — \3? = 2c\ From whence, by taking the former 
of these equations from twice the sum of the two latter, there comes 
out 4~' + ^ = 2(26« + 2t' — «^)- .■.x=^^/[2li' + 2c^~a^) 
In like manner Jf = iv' (2a* -f 2c'— i^), and a = | V(2a'+2J'— c*); 
Where, by substitnling the given values of a, 6, and c, viz. a — 18- 
6 = 24, c = 30, we have x = 34.176, y = 28.844, and 2=20, which 
are the sides required. 



Given the base (194) of a plane triangle, tbe line that bisects Ihe 
vertical angle (66), and the diameter (200) of the circumscribing 
circle, to find the other two sides. 

Let ABO be the proposed triangle, AB its -^^ 

base = 194 = b; IK the diameter of the cir- 
cumscribing circle ■= 200 =^ d, drawn parallel . / 
to AB ; and DC the bisecting hne := 66 = a. ^p 
Then we shall have HI = GK = ii (IK— AB) i^ 
=3. .■.AH = GB=V(IGfXGK,) = /197 ' 
X 3 == VS91 = c- Eet now CD be piodi. 
to meet the circle in E ; Then, because CD 
bisects the angle ACB, it wiU bisect tlie arc 
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AEB, and therefore the perpendicular ELM will pass through the 
centre L; .■. EM = 100+ ^ 519 = e is also known, as is also 
MN = 100— V 519.=/ Now let DE = x; then, since the two 
triangles ENC and MDE are similar, we have ME : DE : : CE : iS'E , 
ore:3;: -.a-^-xid; whence i? -\- ax = de, ot x = — }a + V (i"' 
+ de), which thus becomes known; and consequently the rectangle 
CD X DE, or a X \—^a + V (K + de)\=:ris also known. 

But this lattei- rectangle CD X DE = AD X DB ; therefore 
AD X DB, and AD + DB, are both known. Assume now, AD- y, 
and BD = s, then we have « -1- a =. 6, j/a = r, whence is readily 
found, ;;= ^6 + 1 ^ (6*_4/)=™,ands=J6 — |V {lf^~4r')=n. 
Again, calling AC = v, and EC = «, and we have v lu-.-.m-.n, or 
u — ion -^ « ; also w( = a' + mii. Suhstituting um-i-n for v in the 
second equation, gives ma" -j-n^ a''-\-mn. , ^^^ ,- j 

WhenceM = V( ). .-.1!=^^= V{ — )> the 

sides required. The numerical vahiea of which may be found by 
sulffitituting those of a, b, and d, in the original equations. 



It is required to draw a right line BFE from one of the angles B of 
a given square BD, so that the part FE, intercepted by DE and DC, 
shah be of a given length. 

Bisect FE hi G, and put AB or EC = o, . 

FG or GE = ft, and BG ^ a- ; then will BE ^^ 

^ .r + & and BF = X — i. But since, by 

right-angled triangles, AE= = BE*— A"' 

we shah have AE = -J \{'£-\-hY — «' 

And because the triangles BCF, EAB, i 

similar, BF : BC : : BE ; AE, or a( a: + * ) = 

(x — h) V J {x-\-bf—a^ \. By squaring » 

each side of this equation, and arranging the terms in order, there 

will arise y*—2{^-\-i^)x'= ^{2a^— 6=). Which equation, being 

resolved after the manner of a quadratic, will give x=: Ja' + 6* ± 

a V (** + 46") \ And consequently, by adding 6 to, or subtracting 

it from, this last expression, we shall have S'E-= ^\a^-\-b^± 

«V(e' + 4i^)i+S,orBF = V|«' + 6'±«V(«' + 4.V')| — ft. 

Which values, by determinmg the point E, or F, will satisfy the 
problem. Where it may be observed, that the point G lies in the 
circumference of a circle, described fiom the centre D, with the 
radius FG, or half the given Ime. 




In a plane triangle, there is given a base (50), the area (79fl), and 
the tfifference of the sides (10) to find the sides and the peipendicu- 
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Let ABC be the proposed triangle, of whicii the liaae AB is giver 

= 50 -26, 

Then since the area is also given — 796, the per- 
(lendicular =^ 'y/ ^= p is also known. Miike ii 
BE - half base = b, and CD = p, and ED=:x; 
(hen BD = S + ^' a"-d AD = 6 — i^ : B C= 

V ip' + (b -i-xf\,^.nd AC =■/ if + (b — :^fl. 
Whence, calling the given diiference = 10 = a'- — j^ ^ 
d, we liavev'Fp" + (4 + J')'i— rf= V Ip'-j- 
{b — xf\, whicii equation, squared, gives jj^ + ((i + 3;)' — 2(JvS;'° 
-|- (6 -f" afl -|- d* ^ p* + (i — xf ; and this, by reduction, becomes 
46a; 4- <P = 2d V Jf" -|- (6 + xf^. And tiiia, again squared, pro- 
duces 165V -|-8&<Pa- ■Jrdf = itPx{f->rl^+2bx+^); Or lGb\r^ 
+ d* = 4tP X (6* + p") + idV. 

Whence a- — V ( t^tj — j-s )■ Wliere, by substituting the 

numeral values for b, p, and d, tho answers for the sides will be found. 



In a right-angled triangle given the hvpothenuse 30, and the dif- 
ference between the base and perpendicular = 6 ; required those two 

Lot the hypothenuse = 30 = a, and the given difference = b ; and 
call the base -c, then the perpendicular = x — b. Now by Euclid, 

I. 47.,) ^" + (3; — bf ^ a', whence x* — hz— ~ — , complet- 
ing the square and extracting the root x ^ -J {^a^ — ^l^) -(- ^b. 
Substituting for a and b their values, a: = 24, = the base, and the 
perpendicular x — & = 34 — 6 = 18. 



Given the three sides AB, BC, CD, of a trapezium ABCD, ir 
scribed in a semicircle, to find the diameter, or remaining aide AD. 

Let AB = a, BC = b, CD ^ c, and AD = „ _ 

X ; then, by (Euc. vi. Prop. D)- AC X BD = 
AD X BC + AB X CD = 6a^ + ae. But 
ABD, ACD, being right angles, {Euc. in. 31 ) , 
we shaU have AC = V (AD^ — DC=), 
^(^ — 0=), and BD- V[AD' — AB'), 
V(x^ — a'). Whence, by substituting these two values in the former 
expressions, there will arise -J {x" — c^) X 1/ (^^ — <«') =: is+ ac. 
Or, by squaring each side, and reducing the result, 3^ — (a* -\-b^ -\~ 
c'j X = 2abc. From which last equation the value of x may be 
found, aa in the kst problem, (p. 62.) 
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TROBLEH LXXXT. 

Given the porpendicular (24), the line bisecting' the base (40), and 
the line biseciiDg the verticaJ angle (25), to determine the triangle. 

Let ABC be Che proposed triangle, and „ 

make the perpendicular CD = 24 =p, CE 
the line bisecting the angle ACB =: 25 = 6, 
and CF, the line bisecting the base, = 40 =: c. 
Then (Euo. i. 47.) ED = VCCE* — CD") 
= 7 = m, Also PD = V (FC - CD') = 32 

— n; And in order tosimplify, let EF:^^. Also . - ■ - ■- 

let half the base AF = FB = j:; tlicn AE :^ ** F ED B 

X+q,'E:B=x — q; AD:=a: + n,DB =:c — n; 

HenceAC=vK^ + «)'+J>1.BC = vSf^ -")' + ?'!■ And 
ftom (Euc. VI. 3.), we have AC : BC : : AE : EB, or V K^ + " )' 
+ p^. ^/Hx — nf+fl-.x-^-q-.x — q; Whence {{x + nf 
+fiX(n~qT=\{x-nfl-\-p'x{^ + q)% Which by mulli- 
plyiiig, cancelling, &c. becomes nit(i° -f" r) ~ qx^{^-i-n^~^p^- 
Where^=g?^'^-^^%r2^=2v g"'~"^'+< 

the base of the triangle ; which, by substituting the proper numeral 
values of q, «, and p, gives ^f "v' I'*; ftom which and the given line? 
the other two sides are readily obtained. 




Given the hypothenuse (10) of a right angled triangle, and the 
difference of two lines drawn from its extremilies to the centre of the 
inscribed circle (2), to determine the base and perpendicular. 

Let ABC be the proposed right angled trian- C 

gle, and O the centre of its inscribed circle ; and 
let CO ~ AO = 2 = (i, atid AC = 10 = h. 

Produce CO to D, and let fell upon it the 
perpendicular AD ; which put = x. Then, 
since CO and AO, bisect the two angles, C 
and A, and these two aogles together are equal 
lo a right angle, it follows that the two angles if 

OAC and OCA = half a right angle. But the outward ^ of any 
triangle, being equal to the two inward opposite Z.s, ,iAOB = 
Z OAC + AOCA. Whence also AOD = half a right angle, and 
since D is a right angle, DAO is also = half a right angle. 

Therefore DO — AD = x, and AO = ^23!^ = a; ^2 ; and con- 
sequently CO = a: -/2+(;, and CD =s +3: ^2 + ^= (l-f-V2):i: 
+ [(. Now AD= + DC = AC% or x'+^l+-J2) x + d\' 
= ft=, or^l-1- (1 +-J2fl ^ + 2rf(l +V2)a; = A''~tP, or (4 -j- 
2 V2) ^-f 2^ (I 4- v'2) .r = ft.' — rf', or 
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' - - I+¥7i^ * ^^ ^ <T+ 275' +4Ti;72 ' • 

By reducing these surds to rational denominations, we have x = — 

(2~V2)(ft+rf)(A — djj =3.10880255= AD = DO. Hence 
OA = 3!V2 = 4.39608645 = m. OC = 6.39608645 = n. That. 
is AO = in, and OC = » ; now to find the aegmente AG and GC, 
{hy Geometry, p, 360.) we have As h : n+m::n—m:€G— 
GA = (»+^ X («— _^)^ jjj||. CG + GA = A. Hence CG := J-A 

OG ^ V JOC'-CG'S = V { »t^ - (ife+ '^^i^^^^)' } 
= 1.98822509, CG = ^A-f ^^-^^1^"^^™) = 6.07921729, & 

GA = 3.92078271 ; conaequently, AB = AG + OG = S.9090078, 
BC = CG + OG = 8.06744238, 

Note, The answers given in Bonnycastle's Algebra appear to 
be -wrong, (from which this is taken.) 

Proof. The sum of the squares of those numbers above is 
99.9999997 which should be just 100, yiz, the square of the hypothe- 
Duse 10, the error beingyj^^^j^jj ; 

Otherwise, 

Let X and y denote the base and perpendicular, then as is well 
known i(3:-{-y~—a) = theradiusof the inscribed circle, (Simpson's 
Algebra, Lemma, Page 345, Published by Carey & Sons, Philadel- 
phia,) or (Young's GeOToetry, just published by Carey & Lea,) put 
^[x-\-y — o)-=rtben V K^ — r)^ + 1*5 = the line drawn from the 
extremity of the base to the centre of the inscribed circle; and 
^ J (jj — ry -^r'^ = the line from the centre to the extremity of the 
perpendicular. Hence supposing a;7y (per ques.) Vj*^ — 2rx-^2i''l 
= 6+ y \f—2ry-\~^l,ot3r'—2rx=li' + 2b V lf—2ry + 
2r^ l-\.y^~2ni,oi 3? — y''+2r{y— x)~/i'=i2b^/ \y^—2ry+2r'L 
orrestormg the value of r, o(a^ — y) — b" =:2bi/^l(a, — a:)*+y'| 
_ax—b^—2b^/ J a^—ax] 
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or by reduction, {a? — z*)' - 2a=(j + fi}= + [z + 4)' = 0, 
or(»'-z')>-2(o'_^)(»+6)'+(j+i)'=2^(j + S)>,oib7 
Bxtmctuig the equate root we have a" — z° — (zH-6)'=2(z4-^) V2,or 
«• — 4' = 2z" + 2Sz + 2(2 + i)V2=(24- V2) X («"+»'); 

„..K - vi(4-2va).(j-ff) + i'i-i' . 



-(»+t)' 



become known. 



Otherwise, GeomelvicaJly. Let CH denote the given difference 
of the lines drawn from the acute angles to the centre of the inscribed 
circle, then draw the indefinite line AH so as to make the angle 
AHO=jP, {where P=:two right-angles) then with C as a centre and 
the given hypotenuse as radius, describe an arc cutting AH in 
A, and join AC, then draw BC tlirough C so as to make the angle 
BCO= AGO and let fall the perpendicular AB from A to BC, then 
ABC is the triangle sought. 

For, draw AO bisectingthe angle BAG and meeting CH produced 
in 0, then evidenily O is the centre of the inscribed circle ; but since 
B ^ a right-aiigle=^P, A+C ia also=iP .-. OAC+ OCA= 
i(A+C)=-^P, and AOC=P— iP=|P .■- in the triangle AOH we 
have AHO+HAO:=iP, but AHO^^P .■. HAO=aP and the 
triangle AOH is isosceles, and CH^the given difference of the line 
CO and AO as required. — See calculation, p, 286. 

PROBLEM LXVI, 

Having given the sides of a quadrilateral which has two of its op- 
posite angles equal \ determine its area. 

Let ABCD denote the quadrilateral whose four sides are given, 
wid which has the angle B = D ; join AC and draw the perpendi- 
culars AF, AF' to DC, EC, The triangles ADF, ABF' are evi- 
dently similar, hence AD : AB : : DF : BF' : : AE : AF .■. BF= 
AB.DF-hAD, and AF'=AP.AB -^ AD, hence if A=the area we 
^AapC+_AB^BC^^^ PutAB^«,BC=J,CD = ., 

; thenwehave|x*-^=A(l), 

aiso AC^ = AD*" 4- DC'— 2DC.DF, and A0= =AB^ + BC' — 

2BC,BF' .-. a'-^b'^—2h. BF = (F -]- c' — 2c», 

or (since BF^^), a'-f i' . ^ - ^ ^ ■=(P+c''~2ex. hence we have 

x=~ ~ C -r — }_}__ , p_ ^ ^^ — ^5j becomes kuown, and 

thence A becomes known by (1). 
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Having given the base of a, plane mangle = 2a, the perpendicu- 
lar = o, and the sum of the cubea of its other two sides equal to three 
times the cube of the hase ; to determine the sides* 

Leix-\-d,x — d, denote the sides, then (a;-^- dY{x — d}^=3 X 
(2a)'=:24aSorby reduction a:' + ^^'''=12 (1), also by the common 
rule for the area of a triangle when the three sides are given, (Hutton's 
Mathematics vol. 1, p. 406), we have VS(^ — "") ' {^ — tl^j— the 
area of the triangle, but ^(o X 2a)=o.^ (Hutlon p. 403), = the area, 
hence results the equation (ar" — (^) ■ (a" — (f) = a*, (2); by (2) 

^^^~^ — 3"" which substituted in (1) gives a:^-|-2aV — 120^3^* — 

6a*x + 12a* = 0, this equation is satisfied by putting x = 2([, hence 
„ 2a*— aV Za' 6i^ , a 

X — rf — «(2 — ^\/6) are the sides sought. 

Remark, that the solution of question 51 page 46, might have been 
much simplified by the method used in the solution of this question. 
For by denoting the sides by x-\-^c, x — ^cwe have the area of the 
tliaDgle— ^J(a^ — ^6*) ■ (JJ' — ic^)|=tt' (per question) a.nd a?= 

-^-—5 + il^, or x:^J I p^ 3 + r J ' lience the sides come out the 

same as in the solution cited. 

Questions* of this kind may be made as follows : Let the base of a 
triangle be = ft j the sum of the other two sides = m6, and the sum of 
their cubes = nft' ; Then the difference of the aides will be = 
b'\/{{in — m^) -4- 3m.) ; where (4» — m') -f-3ni may be any positive 
number with the following limitations : Since, from the nature of the 
question, m must always be greater than unity, it follows that m must 
be greater than }, and because 6^ X (i*"' + lift") is the greatest limit 
of the sum of the cubea of the sides, it is evident that 11 must be less 
than im' + Jm'. 

The two least whole numbers for m and n (unity excepted) that will 
answer the question: Let m— 2, andn=3; then the difference of the 
Mdes will be 26 -=- \/ 6, and the sides ihemselvea b-\-h ~- ^& and 
b — 6 -^ i/ 6, and the perpendicular = ^6 as given by the question. 
For by {Trig. p. ) b : 2b : : h -^ ^ G :4b-i- ^ 6 = twice the 
distance of the perpendioalar from the middle of the base: hence the 
greater segment = ■^i + 2* -e- \/ 6; therefore (b-\-b-i-^^f — 
(^&-4-26 4- v' 6)' = ib'' the square of the perpendicular. In this 
manner, when the values of m and n are chosen within the above 
limits, liie perpendicular, and thence the area may be determined. 

If IB = 3, dien the least whole number for k will be 7 ; and the 
three sides of the triangle will be b and l^b, and l|i, and the trian-. 
gle is right angled. 
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Let EC be the given base = 2«; take a line M 
a mean proportional between EC and ^RC; on BO 
describe a triangle such, that the aide AB = BC 
-f- M, atvd AC = BC — M, and the thing is done. 

For let fell the perpendieular. It iiS well known 
ihatAB»+AC= = 2BC= + 6M?XBC; and by 
conetruction, 6M^ = BC^ therefore AB' + AC 
= 3Bl/, one of the conditions. Again, BC : AB 
4- AC (2BC) : : AB — ACJ2M) i 4M, hence 
BK = JBC + 2M; and (by Euc. i. 47,) AK' ^ 
AB'~-BK' = (BC+m/— (^BC+2M)'==fBC=— SM'^iBC^ 
or AK = ^BC = a, the given perpendicular. 

+Let the given base BC be bisected, in G by the perpendicular NM ; 
upon which take GE = ^GB, GH = GC, HL = 2GB = EC ; upon 
the diameter LE describe a circle culling HA parallel to BC in A, 
the vertex of the required triangle ABO. 

For it is evident that GL = f BC, GE = ^BC, HE = |BC, and 
HA or GK=BC V * (V Euc. vi. 13.). Also BK=BCX(i+ V|), 
and CK = BCx{v'5- — 0- Therefore BA''^ BC^ X (J + V^ 
(Euc. I. 47,) and BA = ^BC X (2 + V §). In like manner, AC^ 
^BC X (2— V I)- Whence the whole is manifest, for (2 -j- V|)' 
+ (9— V|)=^8 = 3. 

Co*-. J. GK = BA — AC. C01-.2. BA + AC = 2BC. 

Cor. 3. If CO, be perpendicular to BC, the cubes on BQ, and Q.C 
are' together equal to seven times the cube on BC. Also BQ, + Q.C 
= 3BC, and Ba — Q,C = ^BC. 

tDfaw BC = the given base, which bisect in G ; make GK = 
BC ^/%, and at K erect the perpendicular KA = BG; join AB, AC, 
and ABC will be the required triangle. 

For (by Euc. i. 47,) AB^ = BK' + AK= = BC + 2BG X GK 
+ GK' + BG^ = BO'X(S+ VD'Or AB = BCV (i + K^i)= 
BO X (1+ Vi). Also, AC* = CK' + KA^ = BG^ — 2BG X 
GK+GK' + BG== BC X (I— Vf), or AC = BC X {' — V^)- 
Now it is obvious that if AB , and AC be each cubed and added to- 
gether, all the terms except the first and third in each will destroy 
each other, viz. AB' + AC = BC X (2 + 1) ^ 3BC^ 

Let ABC be the proposed triangle, m 
which BO = 2a, and AD :=^ a, ED=j^. . A 

Then BD = a + x, and ED = a—x, 
(ft—{x—a) we have AB = V(2a'+2oa; 
-!-«=), AE = V (2^— 2(fcr + x'). And 



{2(r'+2ar + 3i') = + 



(Sft" — 2a:c + jr')^ = 24a=. Let 2o' 
20^ + 1^= - — - 
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Thetim^-}-w-=24(^. And by squaring, m=-|-»' + 2m'^«*=676«' 
Or4mV=(676a° — m^ — n^f. Where, substituting the above values 
ofniandn, the equation reduces to this ; viz. x=a^^. Whence BD 
.— (l-f-vf)", and ED=(1— VIK Which, being negative, 
shows that the perpendicular Ms on the base produced. Therefore 
AB=a V ( '/ + iV6), and AE^aVV— 1^6). And this, 
by extracting the roots, gives AB = o( 2 -I- ^ V^ )i AE = a [ 2 — 
■J V6), -which are the two sides required. See page 40. 




Having g^ven the base of a plane triangle (15), its area, (46), and 
the ratio of ita other two sides as 2 to 3, it is required to determine 
the lengths of these two sides. 

Let ABC be the proposed triangle. Let AB 

= a, CD = — = 6, and AD = x, therefore 

BD= a — j:; alsothe ratio AC ; CB : : 3 : 2, 
orm:M; then AC = l>'+x\ and BC ^ 6^ 

Whence, we have m'd^ + iti'ct — 2m'^aa; -f- j»V -A- 
= w'6^4.»V, or {n^~rf) x*— 2m=<M; = («»— m') * 
therefore, by solving this quadratic and subatituling the vaiuea of a, b, 
m, and n, the numeral value of x may be determined, and hence those 
AC aEd BC. 



Given one angle, a side adjacent to the saia angle, and the differ- 
ence of the other two sides, to determine the triangle. 

Put o = AB ; d = the diiference of the sides 
AC, BC ; c = cosine z. A; and a^ = AC; then 
BC = » ± d, and (by Geom. ) AB^- AC^ 

— 2c.AB. AC = EC, that is a'-^a? — 2acx= 
3^±2da; + (P; therefore 3;=l(o.=— (P)^[2(ic± 
2(i)=AC. 



Given OQe side, the difFerence between the square of the other side, 
and the square of the base, and the difference of the segments of the 
base, made by a perpendicular from the vertical angle, of a plain tri- 
angle, to determine the triangle. 

Put o = the given sides & — the difference of the squares of the 
other two, d = the difference of the segments, a = the base, and y = 
the other side; theny' — (r' = ±(l(;(by Euc. m. 36,) and ^ — 1/°= 
±i^,frora which equations we get ^^^dx = a^±b^^ an equation 
which exhibits the four cases of this problem. 
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O/mrvalion I. — Since by the conditiona of the question, d can nevra 
be greater than i, it is evident that the least value of ar' — dx=a^ — h' 
ia j or that, in this case, b must not be given greater than a. 

Ohservalion U. — Since x'-['dx can never be leas tlian 2ef, this is 
the least value of a" — 1° in that case, 

PROBLEM XCII, 

A gentleman has a garden in the form of an equilateral triangle, 
the aides whereof are each 50 feet i at each comer of the garden 
stands a tower ; theheight of A is 30 feet, that ofB 34 feel, aad that 
of C 28 feet. At what distance from the bottom of each of these 
towers must a ladder be placed that it may just reach the top of each 
tower, and what will be the length of the ladder, the ground of the 
garden being horizontal ? 

Observation. — Had the height of A been 38, B 42, and C 45, 
and the distance from A to B = 50i B to C — 40, and from C to A 
= 47 feet, the operation would have been more difficult — The length 
of a ladder iu this ct^e would have been 49'B52, 
(uid hence, the distances would have been found 
as in my key to Hufton's Mathematics. 

Admit P to be the point sought, from which 
let fidl the perpendiculars PG and PF, and pro- 
duce PF to K j let AD BE, and CH represent d^ 
the three towers, then the angles DAP, EBP, 
and HCP will each be right angles, and lines 
drawn from D to P, from E to P, or from H to ** 
P will be equal to each other, and equal to the 
length of the ladder. ^— — - ^f -' 

AD = a, BE = b, CH = c, AB = t! AC ^ e, BC =/, AF ^ x. 
AG =:y, PF = z, GP i^ V. First, we have AE" -f- FF - (AP)", 
and BF= + PP' = BP; But AD^ + AP = BE^ + BF: hence 
AD^ + AF^ + FF = BE=+BP' + FF, that is AD'+AF^ = B iJ" 
+ BF: let AF = a;,BF = d— a:; hence a' + x^ = b'' 4- (P — ^dx 
^ 6' + ti'- ' 




2d 



^AF. 



-f- ^, then a; =: - 

Proceeding exactly by the same process, we shall find AG. For 
AG" + GP'= AF, and GC^+GF-PC ; But AI^4- AF='JH= 
+ PC=, hence AD= + AG" + GF = Off + GC"-(-'GF, that is 
AD" + AG' = CH" + GC'; Let AG = jr, GC=e — j,, hence,'^''-i- 
f = c* + »/' — 2^ + e", from which i/ = (c' + e' —«')-;- 2e ^ AG 

Again, because the 3 sides of the A ABC are given, the segments. 
AI and IB are found thus, AB;AO + BC;:AC — BC;AI— IB; 

Then ^AB + ^(AI— IB) =Al=^d + ^f-= ^^2d~ ~' P"' 

this quantity = r, then V(AG'—AP)=V(e'—'*)=IC. 
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Now because FK is parallel to IC, the angle AKF := angle ACT ; 
and the angles AFK, AIC and KGP are J angles : these triangles 
are similar AI : IC : : AF:FK, r ■.^{^—■^)::cc:{x~r)y. 
^ {e'—r'y, put this quantity = s. Again AI i AC : : AF i AK ; or 
r:e::x:{ex-i-r). Now AG = t;, therefore AK — AG = (e.r-^r) 
~y = GK, and KP =FK — PF := s— z. But AF + EF< = 
AG' + GP, viz. 3^+!:? = f + v\ and GP' + GK'^KP, viz. 
c* 4- [(ex 4- r) — 1/]* = s" — 2s8 + s*, fiom the first of these equations 
v'—3r-\-z' — )/^; and from the second It* = s' — asz-fz" — [_{ex-~r) 
— yj. Hence i^ + z^—f =:a'' — 2se + :^ — liex -^r) — ijf; 
ami z = ((^ + / — ^- r(e^ -H r) —yf) ^ 2s. 

And lastly, because AF^ + PP^ = Al«, and that V (AP + AD') 
= the length of the ladder, it follows, that V { AP + FP + AD") = 
the length sought. Now AF = a, FP = 2, and AD — it, all of 
which quantities are known. If d = 50, e = 47, /^ 40 ; « = 38, 
6=42, and c = 45, then will AF = « = 28,2; AG = y= 29,68036 ; 
AI=r = 31.09; FK = s- 31.971366, GK = (ea; -M") — ^ = 
12.96032180, FP = a = 14.7033573; And V (AF' + FP4- AD^) 
= .^ [a^.^s2 + o')=r V 2455.4287158914 1^49.65228 the length 
of the ladder. 

PROBLEM XCIII. 

Given the four sides of a quadrilateral figure, two of which are 
parallel ; determine ii^ area. (See Diagram to Problem 97, p. 73.) 

Let A BOB denote the quadrilateral having AB parallel to CD 
and its four sides given ; suppcse DC^AB then through A draw 
AE parallel to DC meeting DC in E, then AE = BC, AB 
= E0 (Geom, p. 84.) .-. the three sides AD, DE=DC— AB, 
AE=BCof the triangle ADE are aU known and thence its alti- 
tude AF=th9 latitude of its quadrilateral is easily found by known 
methods, and consequently we find the area of the quadiilateraJ 
=^AF X (AB + DC) becomes known as required. 
PROBLEM xciv. 

A quadrilateral figure has two of its sides paraEel ; determine its 
area, when its altitude, one of the parallel sides and the two adjacent 
angles are given. 

(See fig. last question.) Let ABCD be the quadrilatei-al, in 
wluch the side AB, CD are parallel, and CD together with the an- 
gles at C, D and the altitude AF are known ; ^en by making the 
same construction as m the last question we have the triangle ADE 
whose angles are all known, for ^e angle D is ^ven, and the angle 
AED=:BCE (Geom. p. .) .', the remaining angle is easily found ; 
also the perpendicular is known, hence the sides of the triangle are 
easily found by (trig. p. .) Hence the sides AB = CD — DE 
becomes known, and then the area =^AF. (AB -|- GD) becomes 
known also. 
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The lengths of two lines that bisect the acute angles of a right 
angled plane ttiangle being 40 and 50 respectively, it is required to 
determine the three sides of the triangle. ^ 

Let A13C be the propped triangle, AE =; a. 
and DC = h, the two given lines. Also let a. 
and y represent the sine and cosine ABC re 
spectively : then by [trig. p. .) we have 

/^ + 2/_,„, HAP .„A /l + *-..« 
^__„ _ ,,,. BAE, and^ -^ - co.. ^^^—^^^g 

BCD. Also * : 6 : : V^^ : - V— ^ = AC, and y.a: : 

v4:!':«v4:"^=AC:mence^V^J^=i5v4iy or 

1 -J- ■""-.. , . , ^ 2tan\A. 

Again by trig. p. , siw. A* = jj- -/-j^Ta ' =^ 

" 1 + ton'xA ' 



2tan\A. 
'. A = -—;— — ^-r- : Putting, therefore, ian BAE — f, and Eubati- 



tuting ^ = _-^, and y =^^, We have --^^=~-^^, or 
i(l _|_ () (1 _ (S) = 2ai v2, or i' 4- i=4. {3+1":^^) f = 1. 

Wiich is a cubic equation, whence the value of ( may be deter- 
mined : viz. the tangent of the angle BAE \ and hence, also, the an- 
gles BDC and BEA become known, and consequently the sides AB 
= 35.80737, BC — 47.40728 and AC = 59.41143, as, required. 

t Make AE=a, CD=&, s = sine of Z.AFD = CPE = 45°, y= 
tang. z. EAB or EAC, I -^ a- — its cosine, and y ~ a; of course 
=^its sine; also (1 — 'f)-i-2y — t<mg.A.CB,iiiiA.(s-\'sy)-^x = 
sin. D = COS. DCB or DCA, Now, (by trig, p ,) as 1 ; a : ; 
- : -^ AB, and 1 : 6 : : '-^^ ■ '^L+^H = QB. Hence tang. 

a 1 1 — y' 
^ACB — .— X — — = —, from whence by a cubic equation 

6s 1 + 1/ 2j 

the angles are found and consequently the sides as before. 

Otherwise, let ABC be the right angled triangle, AE, CD the two 
given lines bisecting the two acute angles and intersectmg one iino- 
dier in F. Draw LFG perpendiculai to AE and KFH perpendi- 
cular to CD; andjoin EG, KD. (ByGeom.p. .) Thateachofthe 
angles at F is equal to half a right angle, and conaequently that FL 
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= FG = FE, and FK ^ FH ::= FD. Put AE = o, CD ^ i, FL 

= PG = FE^3:, and FK = FH = FD-=)/; then AF = a — ^r 
CF —6 — j/,EG = j:V2, and DK = j;V2. By similar trian- 
gles, AF . FD : : AE : EG, and CF : FL : : CD : DK, which give 
these two equations, viz. ay = {a — x).x-^2, and te = (6 — y) 
X J/V2 ; ftom the former y ^: {a~x) , x^2 -h- a, wliich suhstitnted 
in the latter, gives, (a — k)^ . Saiv'S ~ (a — 2a) . aft, a cubic equa- 
tion by which x will he found as before, 

PROBLEM xcvi. 

Given the triangle ABC, AB=24, and BC=37.44; together 
with the segment of the base, DE = 16,80 ; made by the two linea 
BD and BE drawn from the vertioal angle to the base ; the angle 
ABE = CBD — 90°. To determine the triangle 

Let ABC represent the triangle, BE and BD 
the perpendicular to BA and BC, and ED the 
given distance, instead of the number on the 
question it will be more convenient to take the 
numbers 50, 78, and 35, or 5, 7,8 and 3.5, which 
are in the same ratio with the others. | 

Let AB ^ 5 = a, BC = 7.8 =6, ED = 3.6 
= c, andBF = a. Then AF = ■^\h^—^\, 
CF = V S "' — «= ; by similar triangles CF i FB 



PB'^ 
: PR : FE, or, EP =77?r= 



CF~V|«— ^S' 






G 


. 


H 
c 








J 




L D'l 




E- 



■ ^\h-- 



butEF4-FD = ED c 



^\\,^ -^\^ ^\a^ — -^\- 



Which is made rational by putting ar*: 



,;!ll+9")-'"(i-»')' , 



,,1+.!^ 



and ^(6* — 



■= 3,5. then we have 



duction we get the final equati( 
* In numbers, abeing equal to 5, 6 : 

~r — — „-T- + —, TT — 3.6, by a few trials we easily 

VS60.84— ^f'I ^ Vj26 — ar'j ' -^ •' 

find r = 3, Hence 5 : 24 : : 3 : 14,4 = BF. 

Whence AF ^vj"" — a^J = 19-2, FC = vS*' — ^S= 34,56; 

consequently, 19.2 + 34.56 = 53.76 = the b^e AC ; and EF = 



= 6 ; and FD = 



= 10, 



- 18, and the area = AC X ^BF 



i. Hence BD = 
387.072 feet. 
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Let AB = c' ; BC = a; DE = fc ; the angle A = ip, C=(p'. Draw 
the perpendicular BF to the base AC ; then it is evident that it will fall 
within the iriangte DBE, and that the angle EEF = A = ip ; also, 
that the angle DBP = C = ip'; but BF = AB X sia. A = c' sin. ip ; 
andEF=BFX tan.FIiE=c'sm. >ptanip;and DF = c' ain. (p tan. 
(p .-. e' mn. pX (tan. tp -\- tan. ip') = ft (1) j also c' sin. (p =a sin. (p' 
(2) ; it is easy by (3) to eliminate tan. ip' ^ from (1) whence. there 
would be had an equation in terms of (p and known quantities ; but 

appears to me better to use (1) and (2) as they stand, bj aasitming 

(2) a certain value for f and then by (2) calculate tp' substitute 
,hese values of 9, ip' in (l)ai»dif theysatify it, 9 wae rightly assumed, 
if not then by the usual methods of trial and error <p, can be found to 
any degree of accuracy desired ; and thence every thing else becomes 
known also ; remenibering always that the sines and tangents are to 
be taken to the raditis (1) ; also that each of the angles, ip, ip' must 
be leas than 90", and indeed it is evident that their sum cannot ex- 
ceed 90° supposing the point D . E not to lie in AC produced. 

Again put DF = x, BF = y ; the right-angled triangle DBC gives 
^ = CB=-Bn or^ = a'~y\ .: y* + Af = <^^ (3) ; .-, f 
— iAx '^ ^ia^ -^ x') — x'S; similarly by the right-angled triangle 
ABi,y'+ (b~x)y ^c'^ib—xf (1); ■■■ y'=iHb-^)^/H':'' 
_|_ ^b—xfl — (6 — xYl ; put these values of jf" equal to each other 
and there results the equation :iv} 4a* -(- a^ j — 3^ = (ft — x) X 
^/l'ic'^ + (b~x)''l — (b~xf(&); j; can be found by (5) by the 
usual methods and ^e problem will be solved as before. 

By constructing the curve whose equation is (3) and the curve 
whose equation is (4) we shaU find the vortex B of the triangle ABC 
at their intersection ; remembering that in these equations 3^ is to be 
reckoned on DE from D towards E, and that y is to be drawn tluough 
the extre mity of a at right angles to DE above it. The point B can 
also be found by polar equations j for put DB = r, BE — r' ; then 
r tan BDC = i-cot. p' = o, or r— a tan. ip', (6); r' = c' tan. <f (7); con- 
struct then (6) and (7), and the vortex B will be given by their inter- 
section as before. It appears to me, however, that the solution by ■ 1 ) 
and (2) will be more easy in practice than any of the other methods 
which I have mentioned. 

= 78 = ft, ED =^ 35 = e 
[-BC::BC— AB:FC— 

AF, or FC — AF ^ ^~'^ , and AF + FC ^ a:. Hence FC = 
"^4— ^' or, ^—, and AF = ""'"" BF' = AB'— AF= = 
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J«a_»'J^ 4A°— (j^ - 



4a? 



nf 



Aga 



CF~2a^X|^ + ti AF 2a^' X J^' 
but EF + FD = - «'h^^» i ^ 



1 CF:BF::BF:FE 

i3?a^ — \x^ — nj* 



whence - 



4£a^ —(x'—n)" _ 



, Or 






- + 



2xX\^ + ni^2xX\^—n. 



By clearing 



it of ftactions is^d^ - ^-\- 2/n^ — »V = ca^ — cw". 

Or /^ + ct' — (2» + 40') x'+ n' x—cn'' = ; 
in number «•+ 35 ;c*— 17168 3? + 12845056 »— 449576960 = 0. 

By rulegiyeninYoung's Algebra, p. 212, juat published by Carey 
and Lea, Pliiladelphia, we fiad s =112; Therefore 50i24::113 



; 53.76 =AC and AP = 



= 40, and CF = 72, BF = 3 



Whence EF = 12.5 and FD = 22,5; consequently EB =32.6, 
24 + 32.5 .. „ -,r.T._„j24 X 37.5 _ 



BD = 37.5 and 

and the area=387.072 feet. 



:15.6— EBand- 
s before. 




A triangular field ABC whose sides are given, is to be divided into 
two parts in the ratio of 2 : 1, by a fence passing across from a given 
point D, in AC to BC. Determine its length. 

Let ABC denote the tri- 
angular field whose sides 
are all given, D the given 
paint in AC, and suppose 
thai AD is not greater 
than DO il is evident that 
the division line will meet 
BC at some point between ■j)'~ 
B and C. Join BD, and 
throu2;h A draw AE parallel to BD meeting BC produced in E, join 
DS then the triangle DEB=the triangle ABB, for they have the 
same base DB and the same altitude (By Gieom. p, ) hence the tri- 
angle ABC=the triangle DEC, then take EF : CF: : 2 : 1 ; join DF, 
which represents the fence both in length and direction ; for the tri- 
angle DEF, DFC having the same altitude are as EF : FC ; : 2 : 1, 
but the triangle EDF=:lhe quadrilateral ABFD ; hence the quadri- 
lateral ABFD ; triangle DFC ; : 2 : 1, as was required. 

The calculation is easy, for since the three sides of the triangle 
10 
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ABC are given, the ar^le C is easily found. Also, since DB is paral- 
lel to AE. we have CD : AD : : CB ; EB (Legendre 196.) Hence 
EB is found .-. EF ^fEC is found also, or FC=|EC is found; then 
in the triangle DFC we have the two sides CD and CF and their 
contained angle C, whence BFia easily found by (trig, p, 11^0,) also 
tlie anirle FDC becomes known, whence DF is found both in length 
and direction. 

Remark. If AB is greater than DC the same conslruclion will 
hold provided the point F does not fall further from C than the mint 
B ; but should F lie beyond B, then draw the division line from D to 
AB in a similar mannerto what has been done above, and the position 
and length of the fence become known as before. It -m9.y also 
, be observed that the above process wiU serve if two parts of ihe 
piece are in the general proportion of ra ; », where m and w are any 
two given numbers. 



Having given the sides, a =: 6, i ^= 4, c ^ 5, and d =r. 3, of a Ira- 
pezium, inscribed in a circle, to determine the di^neter of the circle,* 

Let ACE denote the circle, AB DC A 

the inscribed trapezium; draw the 
diameter AE, join EC, EB, the 
gles ACE, ABE, being each u 
semicircle are right angles, (Geom _ 
52.) .■. CE= ./JAE'— AC=^, 
EB = V" SAE''^AB'J,(Geo!ii p. 
35.) Join CB, then AB ■ CE + J. 
AC ■ EB - AE ■ CB {Geom. p. 233)^ 
put AB = a, AC = b, CD =: c, DB 
= d, AE = 2r, dien the equation be- 
comes n^lir^-b^+^^l'^'^-'^'l 

= 2r • CB, in like manner we have, 



:r-CB, .■.«/j4/-6'S-l-6, 







same manner we find ftv' J4r''-— c^j rV 



'^ \ir'-ll'i=d^\i,'-^'l-c ^ \4r'-b\ i^,)' 

By squaring (1) and reducing we have 2(ff'-f i —c — ■«)''^— 

X^J4»^ — a^i(3), and by squaring we have (2), 46 r" — 6 c — 

l^VS V_ifx V J4r'-V| -f W-<^;^, and iedt,c.^ 
2 ( o'-p 6«- ^- (P ) r^ = «6 V \ if— c^ ! X V j 4^- 



dc' V f4^-<r' \ X V H-^-b'l (4),elinunating V ?^-'P^ X 
^U>__c*J,by(3),&{4),wehave2(ai— c(()X(«''+6'^'— '^r 



c=<f)XVS4'^— "'^x^S^'"' — *'S' 
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(IT by rejecting the factor ab — cd, 2{<^ + ^' — <^° — *^)'^ — [ni-|-c(:()ai 
= _(oi4,cd)Xv'S4»*— ""iX Vjir"— i'J(6)bysq«aring(6) 
4(„'_|.6!'_c=_d')V — 4afi(ai-i-erf}-(0'4. 6= — c= — <P)i^4- 
o'*'(aS + cd)« = {aS+e<J)=X(4t^— «*) X {4»^— S') = («S + C(/)' 
Xtier*— 4r'{a'+S'')+<^f),or4(«=+tf'— c'— (?)¥— 4oi(a6+cd) 

Or([a^ + 6= — c^— -i')*— 4(a6-|-cd)'}r'=Jfflifa= + 6'— c" — d?} 
— (oi + c(J) X(«^ + fi')X («6+cd) =— Saft(c' + (P) + c£!(«'+6') f 
X !«(' + cd[ or there reeults J4(a64-cd)^— {o' + 4'— c*— tPf j,a 
= a=*(c+(f')4-cd(o'+6°)f X(o&+cd) conBequently we have 

- lA[ab + .dY-{a^ + H'-c^-^Y\ * "'^ ^" 
/< \ab-\-cd\ X j ac + Mj X H + fr-^ j ( ,^. . .. 
V i \x\ahlcd\^-w4h^~^—Pf \ ' ^''- ^^ 
wehave4X|fl&+'i«if=— Ja* + y— c»— d^J'=Sa'^-6'+2a&— 
c^_rf^+2crf^XSc=+tP+2c(i~o=— t'+a^tj^Ka+i)"— 

(c~(i)=j xK=+dr~('«-i)=l = !«+&+«— dJX(«+6+d-<^) 

XCa + c + d— 6)X(& + cH-d— a);puta + i-|-c-|-d=2s, then 
a + 6^c~<i^2(s — d),«+& + (i~c=2[s — c), a + c+d— 6 
— 2[« — 6), and h-\-c-\-d — o=2(s— a), consequently we have 
^ ^ 1 » j (a6+.d)X(«^ + M)X(.d-ffe)_ > 

4V I (s-a)x(s— ;»)X{s— c)X(s-d) )^ ' ^ 

Cor. If d=0 the trapezium hecomeg a triangle and (7) reduces to 

r=-X , ~^ — > =^ the radius of the circle 

4^ V((»-«)X(s-i}X(s— c)Xs) 
which will circumscribe the triangle, 

* Put the angle CDB = a: by {trig. p. 100), a'^ + J' — 2ofi. ewi. a^ 
= EC = c" + <P-2cd. COS. {180° — a;) =: c' + d« + 2cd. cos. x 

Hence eos. ^ ^ "4^ fi^^^^^' The area of DCB = ab. sin. x = 

2{ab + cd) 
CB. DG But BC = V {"^ + f — 2o6. cos. ^) = m. Hence DG 
_a(^sm^ By (Euc. vi, C) a6 =D X DG{thediameterof tbecir- 

cumscribing cucle, at =■. —— X Di ■'■ D=-; — =m. cos. c. x. 



In a given circle inscribe an equilateral triangle ; and within this 
triangle describe a circle, &c. ; then if r = radius of the fet circle, 
find the sum of the areas of all the circles and all the triangles ad in- 
finitum. 

It ia easy to see that the radius of the first circle is twice that of 
the second, the second twice that of the third, and so on indefinitely, 
.' the radii are r, \t, ^, \r, and so on. Put j)=3.14159265 &c. 
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then the areas of the circles are pr°, Ipr', tVJ"^i ^P'^, &c., {Geoni. 
p. 291.) hence p*'^ + |pr'+&c.=pr*Cl-|-i + tV + &c, ad mfi- 
nitum) =; the sum of the circles required. Put this suin=;3j now l-\-^ 
+ tV + ^c, is a decreasing geometrical progression whose ratio of 
decreaae;=^, hence by the common rule for finding the sum of such 
a series we have J + i + tV + ^c. = l-r-l — i= l-i-| = j, 
.■.s =jpi*=:the sum of all the circles, aa required. 

It is also evident that the sides of the first triangle are twice those 
of the second, and so on aa before. By putting 0=6 = c and s = ^a 
in the cor. to the solution of problem 98, there results r=o-~ V3 and 
a =r V 3 =the expression for the side of the equilateral triangle inscrib- 
ed in the circle whose radius^r ; by the common rule for the area of 
the equilateral triangle we have (tt''v3)-r4— the area of the first tri- 
angle, and 5(ia)'|XW3='hat of the second and j(f»)'iXJV3= 
that of the ihhd, and so on. Let s' denote the sum of these areas and 

Ifa=10 feet, then s=57.735 square feet very nearly. 

Remark. If vrithin any toiangle we inscribe another by joining the 
middle of its sides, and within this second triangle we inscribe 
another by similar means, and so on, the sum of the triangles so form- 
ed together with fiie first is easily found in an analagous manner to 
the methods used in the above solution. For let s denote the area (rf 
the first triangle, then it is evident that is is the area of the second, 
f^s that of the third and so on, let s denote the sum of these areas 
continued ad infinitum; tben3'~s(l -(- J + j'j-(-&c.) ad infinitum, 



If from any point TVithin an equilatei-al triangle perpendiculars be 
drawn to the three sides, their sum is equal to a perpendicular drawn 
from one of the anglte on the opposite side. Required proof 

From the [wint within the triangle draw straight lines to all the an- 
gles of the triangle, and they will evidently divide it into three trian- 
gles, whose bases are all equal to each other, being each one of the 
sides of the equilateral triangle. Let o=:One of the sides of the equi- 
lateral triangle, p=the altitude of the triangle, then {Gemt. p. 176.) 
if A=its area we have A^^ap; also let x, y, s denote the perpendi- 
culars from the point within to the sides of the triangle, then i(£sk + 
niy-f-oz) = the sum of the three triangles into which the triangle was 
divided=A.'.-Ja(a;-l-y-f e)=iop,anda; + y + s = paswastobe 
proved. 



Given the four sides of a quadi-Jlateral inscribed in a circle, to find 
the diagonals. 
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Let ABDC (see fig. to prob. 98.) be the inscribed qQadrikteral, 
having AD, CB for its diagonals, put AB=o, AC=b, CD=:c, Bl) 
=d, CB=x, AD=y. Now (Geom. p. ) :iy'=ae-\-bd, (1), also 

{Gemt. p. ) ab -\- cd : ad-\- he : : 1/ : cc, (2), m ab + cd : ad+ljc 



=V{- 



■ ~ — — ^ which are the diagonala. 



(i + 4e 



If a, b, c, d, be the four aides of a quadrilateral, inscribed in a circle 
and s — a-{-b-\-c-\-d, it is required to prove that the aiea 

-vK^*~«) a«-*) a*-*^) a*-<i)? 

Let ABDC (see fig. to prob. 98.) be the quadrilateral inecribed in 
the circle ACE, from the angle A draw the perpendiculars AF, AG 
to the sides CD, BD, respectively, let A denote the area of the trape- 
zium, then i(AF'CD) = the area of the triangle ACD and ^(AGBD) 
that of the triangle ABD, {Geom. p. 176.) but these triangles make 
up the trapezium .-. A=^(AF ■ CD + AG ■ BD.) Now the two an- 
glesACF, ABD when added make two right angles {Gemn. p. 130) 
also ABD + ABG =two right angles (Geom. p. 28,) .-.the angle 
ACF=ABG, and ACE being acute AED is obtuse, and the perpen- 
dicular AG falls without the triangle ABD ; hence {Geom. p. 191, 
192.) AD' ^ AC^ + CD'~2CD-CF, and AW = AB' + BD'-f 
2BD ■ EG, whence AB= + BD' + 2BD ■ BG ^ AC + CD= ~ 
2CD'CF,orBD-BG4-CD-CF = ^(AC' + CD=— AB'— BC) 
(1), put AB = a, AC = b, CD = c, BD=d, and (1) becomes BGx 
d + CFXc = i{lf'-irc^—a^--d%{2). Nowsinceihe angles at 
F and G are right they are equal {Geom. p. 27.), and since ACF = 
ABG the triangles ACF, ABG are equiangular, {Geom. p. 74.), 
.-. similar and AC ; CF : : AB ; EG, AC ; AB : : AF : AG {Geom. p. 

CF V a AF V n 

202.), or BG = OF ■ AB -h AC = /^ &AG =:±lii--, hence 



. -^ ^.„-r— ; .".. -- v^; s-- ^ " 2(ci + ad)~' 
but CF= V(AC' — AF')=V(6'—Ar^), hence v(l — ^") = 

2{cb + ad) ' ' ( 2(bc-\-ad) i 

4{bc + ad)'~{b'' + c' — d^—d'f „ AF_ 
4{bc + adf ' 6 ~ 

^-! ■■ ^ ., , „ -^, tins va ue when riubsfituted 

2(6c+cd) 
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ANALYTICAL GEOMETRY. 

_ VJ4(&c + tHi)° — (fc' + c'— a 



Now i{bc + adf — {b^-{'C^~t^—d?f==(lr'+<?'\-2bc — a^ — <P 
+2<«d)-K + d' + 2«d— &'— c' + 26c)-=(S6 + ci^— Ja — «iP) 

d-^b~cl-^a + d + c^b\=(s[nees=a+b-!rc+d)=ls—2ai 
5s — 2&I ■ Js — 2c\-^s — 2d|, hence (4) tiecomea by substitution 
A=V({i«—a)'(is—6)-(is—c)-{is — <i) as required. 

Otherwise. It has been proved {Ge<nn.p. ) that the pyodtict 
of the three sides of any plane triangle ^= its surfece multiplied by 
twice the diajnet«r of its citcumsciibed circle; hence (supposing the 
same notation as in problems 98, 101, and the present problem,) 
AC ■ CD ■ AD=the area of the triangle AOD X ir and AB-BD-AD 
=tlie area of the triangle ABDX4r or (since the area of the two 
triangles=tlie area of the trapezium = A), by addition (AC-CD + 
AB ■ BD) X AD = {be + ad) X AD=4Ar, or substituting the va- 

!ue of AD=j=7 { ^ "^+^^y;; +^ } as fotmd in prob. 101. 

we have A= -^ {{ab + e^) X (ac+f><^ X(ad+bc] ) -i-ir = {hy 
(7) found in the solution of problem 98.) (V(S — a)'{S— ft)'(S — c) 
(S — d) ) which agrees with the result found above, for S— J». 

Cor. If one of the sides {as (d) for example = 0,) the trapezium 
becomes a triangle and the area = v' JS(8 — a)-(S— 6)-(S — c)J 
which agrees with the common rule for the area of a triangle when 
the three sides are given. 

PROBLEM cm. 

Find the side of a square inscribed in a circular seg;ment, which is 
contained by a chord, and one third part of tlie whole circumference. 

Let PAft denote the given circle, apply the ra- 
dius from A to B, then from B to C, and join AC, „ n „ 
and the arc ABC=one third of the circumference 
{Geom. p. ). LetEDFG be the inscribed ■ 
square having DE parallel to AC, draw the radi- 
us OB perpendicular to AC and it will be perpen- / 
dicular to DE (Geom. j). 65.) hence (supposing 
that OB meeta DE in s, and AC in y,} y and a 
are the middle points of AC, and DE; again be- 
cause the chord AB=the radius AO and that Ay 
is perpendicular to BO, BO is bisected in y, {Geom. p. 47) or Oy = 
OB-i-2. Join OE and let r=the radius OB and e6=j(s=«, then 
Ea=^ar, Oy=ir, Oz=^r+x, then since by ihe right aiigled triangle 
OzE we have OE'=0£'+Ea' .-. by sufcslitution i^r+x)''-]-ix'= 
r* or by reducti<ai fa^-J-ra^s:!)^, or a^+^ra^— f r", wtiich by quadra- 
tics we have r=^i-(V19 — 2) = .47178r nearly, If»-= 100, then 
«=47.178 feet as required. 
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(104.) Having given the area and its four aides respectively of a 
trapenimn, to detemiine the length of the greatest diagonal. 

Put AB=(t, BC=6, CD=c, AD =d, angle BAD = .r, angle BCD —y, 
and the double area = e. Then by Young's trigonometry, page 47, 
Amer. Edition, tfi + <P — 2adi:os x =vv^ = 6« -j- e" — 26c cosy, 
fliei-efore 2ad co3 a — 26c cos y = a^-'fd^ — b^ — c^. 

Again, double the area of the triangle bad = ad ein x, and double 
the areaof the triangle BCD = tcsiny; therefore, putting 2r =a'+ 
(P — t'— c*, wehaveodsinai-l-Aesiny^eand ad cos « — fee cosy 
= r. Hence a^(P s'm^ x= {e — be sin yf, and a^ (X&'^x = (r + 
6c cos y}^, therefore by addition, and remarking that 
ain^.r + cos%=l, and sin ^ + ooe ^=1, n*^ = (e — be sin i/)^+ 
(r -L. 6c cos «)* = e^ — 8eic sin if + r* + 2rbc cos y + 6^c^, 
_ _ aH' — l^c^—e^ — t^ _ 

or, rcosi/ esinj/- ^^^ -in. 

Whence r cos y — m = e sin jf ; 
or;»^cos=!/ — 2rm cosy + m''=e^ sin =), = *= — e=cos\ 
therefore {r' + ^1 cos ^y — 2r m cos y = e^ — «i', and, dividing by 
r" + e* and completing the square, 

and the diagonal bd = V C"' 4- '^'^ — ^fic cos y). 
Or since (be sin y)' = (e — nd sin xf 

and (ftc cos y)'' = {r — ad cos x)^, we have as before 
a=(P~6V + e^+,^ 

e sin I + r cos iT = --t = n, 

' J 2ad 

therefore cos x = ~3~X"^^ ^ S*" V b'^ + ^^ — *»") + "^^ 
and the diagonal bd is tiien = V (<»' + ff — 2«(i cos a:). 

Here it may be remarked, that when the value of e is such as to 
make either m* or n* greater than i^ -\- e*, the part under the radical 
becomes negative, and consequently the problem does not then admit 
of a solution. Therefore the limit of possibility, or the case in which 
the area is the greatest possible, will be when m" and n' are each 
equal to r* + e*. The values of m and n are then equal, hut have a 
different sign, and the above expressions for cos y and cos x give 



IS J = - 



'' + e' V(r^ + e')' 

fore cos y is ^ — cos x, and consequently the one angle is the sup- 
plement of tile other, and the trapezium is inscribed in acircle. Again 
a?d= — bV —e' — r^ i^d'~ bV 4- t^+r'; 

because i» = — n, ~ = ■■ j 

2/)c 2ad 

therefore by reduction e°=(aci+6c)' — r', or e= ,/\{ad~{- be)'' — r'l 
Hence, when the four sides are given, if the double area be greater 
than ^ \ad + bcf — r^i the problem is impossible. 
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The common rule for finding the area of a trapezium capable of 
being inscribed in a circle, when the four sides are koown, may be 
deduced immediately from the above expression for e, by considering 
that (nii+ftcja—rS is = {ad + be +r) {ad + be —r)= { {2ad + 
2bc + a^ -\-f^ — b^—c^) (2ad+ 21.0 — a^ — d^ + bs + c'^) = 
^{a + d+c—b){a + d~c+b){b + c+a-d)(b+c+d-a). 

(105.) A dodecaedron is a solid composed of twelve regular pen- 
tagonal pyramids, whose vertices meet iu the centre of tl^e circum- 
scribing sphere, and the bases of the pyramids form the superlices of 
the dodecaedron. Now suppose a dodecaedron having the side (A 
each pentagon composing the superficies thereof 8 inohes, and sup- 
po:*ing every two of its composing pyramids to be hollowed out in 
the form of the greatest hemispbere, cylinder, cube, cone, triangular 
pyramid, and square pyramid : What wil! the remainder of the dode- 
caedron weigh after having been holiowed or scooped out as above 
described, supposing each cubic foot of the matter of which it is 
composed to weigh 601b ? 

The dodeceadron weighs, after all the twelve cavities are cut out, 
1746.6646016 inches = 1.0108013 feet = solidity remaining; which 
at 601b, a foot, weighs 60,6480771b. 

(106.) In gauging a spheroidical ale cask, I found the diameter 
of one head to measure 18.1 inches, that of the other 16, the bung 
diameter 20, and the distance between the two heads 20.6 inches ; 
also, by Ihe cask lying a little obliquely, I observed that the liquor 
just rose to, or touched the upper extremities of the two heads. 
Having noted these dimensions, I was informed that there were in 
the cask a ball of iron weighing 60lb. another ball of lead weighing 
901b. and a cube box, a foot square. What quantity of liquor was 
in the cask ? inches. 

The spheroid's greatest distance from bung to head . 12,054 

The lesser distance 8.547 

The content of the caskin ale gallons , 20,763 

The iron ball equal to cubic inches . , 217.048 

The leaden ball 219.717 

The cask's vacuity 117.814 

The box emerged 1723,000 

The sum, cubic inches 2277.579 

which are equal to ale gallons 8.076 
which deducted from the whole content leaves 12.687 
ale gallons, the true quantity of liquor remaining in the cask. 
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CHAPTER U. 

COHSTRrCTlON OF ALQEBaAICAL EXPRESSIONS. 

(13.) Having, in the preceding chapter, given several examples of 
the algebraicaJ method of solving problems of geometry, it will be 
proper now to show how the algebraical may be converted into geo- 
metrical solutions. We shall commence with the construction of 
rational expressions. The simplest of these are such as denote lines; 
they are necessarily of one dimension, and are called linear expres- 
sions ; they may always be reduced to one or other of the forms 

x=a—b + c — d-\-Sic. a; ii; — , a^ — — , in which a, b,c, &c. 

represent lines of known length, or rather they express the number of 
linear units contained in these known lengths. 

The construclion of the first of these expressions, when put under 
the form K= o + c+, &e. - (fi + £i+, &c.) is obvious. All that 
is necessary is to draw a line equal to the sum of the lines, a, c, &c 
and to take from it another, equal to the sum of the lines, b, d, &c 
the remainder being the line represented by s:. 

The construction of x = — is reduced to the finding, geometri- 
cally, a fourth proportional to the three given lines, c, a, b, for the 
above expression reduces to the proportion c : a :: b : x. 

The expression a? = — requires us to find a third proportional to two 

given hoes, c, a, since c : a : : a : x. 

(14.) Let us now proceed to jnore complicated expre=iRion^ 
2alc ^ 
had to construct the expression re = ^—j- then, 

g it into factors, in order to apply the foregoing element 
ary consuuctions, wehave a; =-^X-- The first fictor repre- 
sents a fourth proportional to the three lines Sd, 2o, and o , hence, 
constructing (iea line and calling it m, the proposed expression be- 
comes x = — , which represents a fourth proportional to the three 

known lines, e, m, and c. 

11 
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2. Let 3; 

\mder the form, x = 

struct the fourth proportional ~ to the three lines, 3^ 2a, and a. 
Calling the line thus found m, the proposed expression becomes, 

x = ~- X -,.X -^X -1 aiid we have now to construct the fourth pro- 

^ J f g 
portional, -=-, to the three lines rf, m, and a. Calling it «, we have 

X = —f,- X 7X— Constructing in like manner the fourth propor- 

'b m"b 

tional, —f-, and calling it m", x becomes, a: = — j— X - and thi? is 

constructed, as in the last exaEnple, so that the line x will be con- 
structed after finding five fourth proportionals. And it is obvious that 
in every such expression the conetcuction will require the aid of as 
many fourth proportionals as are equal to the sum of the exponents of 
the letters in the denominator. 

After these example the construction of such compotmd expres- 
sions ssx = — ~\---j--\- 'l^ % j, &c. can present no difB- 

culty. 

(16.) -Beforeproceedingfurther, it should be remarked, that every 
algebraical expression, admitting of geometrical construction, must 
ha,ve its terms all of the same dimension, that ie, each term must be 
either of one dimension, and thus represent a line ; or, secondly, each 
must be of two dimensions, and so represent a surface ; or, lastly, each 
must have three dimensions, and denote a sohd. It is plain that if 
this uniformity of dimension does not belong to all the component terms 
of an algebraical expression, that such an expression involves a geo- 
metrical absurdity, for we can in nowise combine a line with a sur- 
fece, or a surfece with a solid. Neverthel^s, it often happens that 
an expression really admitting of construction does appear under this 
unstritable form, but such a result can arise only from the linear unit 
having been represented in the calculation by the tmmeroi unit, 1, 
thus causmg every term into which it entered as a factor to appear of 
lower dimensions than the other terms. Whenever, therefore, for con- 
venience of calculation, the linear unit is so represented, the result 
should be made homogeneous, by jntroducing it and its powers into 
the defective terms. Thus, if we happened to have such a result as 
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X = ah, then calling I the linear umt, we should change it into the 

homogeneous equation lx-= oi .■. x= -=-, showing that the line x is 

a fourth proportional to the lines I, a, and 6. 

In like manner, if the result were x = abc, we should change it into 

Pj: — abc, whence x = -^ ~ "F ^ T"' ^^'^^ expression we have 

already seen how to construct. 

1. Let now the expression to be constructed be a compound frac 

lion, such as j; = Tin i ~~q~' ^ admit of geometrical representa- 
tion, both numerator and denominator of this fraction must he homo- 
geneous ; and to represent a line, a:, the terms in the numerator must 
be one dimension higher than those in the denominator ; so that intro- 
ducing the linear unit, I, the expression to be constructed must be 

_ a°-4-3i6e — P « . • _ a? + 3lbc— Pi*__a^ , ^hc la 
^- lb + 2k + 3P ^^^^^''^~ l[b + 2o + Bl)~ m'^H P 
where k is put for the sum of the hiies b -\-2c-\-Sl] hence the pro- 
blem is reduced to the construction of simple fractional expressions, 
such as have been considered in art. (14.) 

2, As another example of this kind, let there be proposed the ex- 

2a^—»Jb + b''c ^^. -^ ^ ^ 

pression 3; = — j a j. ] i s ~ ■'■ '^^ "^ "^ constructed as, the pre- 
ceding, if we can represent the denominator as a single product, and 
this we may do, by putting 6" = va, or by determining v so that 

6= , , , . ^ 2a' — 3aH + 5=c 
(I = — I for then the expression becomes x = —j—^ — -— =; 

a a (a — 26 -j- 11) 

-_ ^ _|_ __ whore k ie put for the Unc « — 26 + v. 

abcd + efgk ^ 



3. Agai. 



nator to a single product, put qr = dju .-. i> = — is a known line, and 

the denominator becomes m {np-^-vs), it remains then to reduce 

np -|- «s to a single product. Put, then, vs = wn r. w ^ — is a 

known line, and the proposed expression, becomes finally 

abed 4- efeft "''cd , efa-h , , . . ^ ., , 

X = — ■ — is— =. U -' - s . - where fcis put for the» -\-w. 

m« [p -|~ w) JtiMB wimft 
(16.) We now proceed to consider m-oiionoi expressions. These 
mayalways be reduced to one or other of the following sunple forms, 
v\z,x='/ah,x= ^}\a' ■\-b% a:= vSb'' — &^|, we shall, therefore, 
begin by constiucting these elementary expressions. 
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From th.e first, x — ^ab, we deduce 3^=: ab .■. a : x : : x : h, there- 
fore X is determined, by finding, geomeliically, a mean proportional 
between the given lines, a, b, (Geom. p. 136.) 

From the second expression, x = ■\/\a'-\-h!'l,'we have x'=a^-\- b\ 
so that a^ B the hj^jothenuae of a right angled triangle, of which the 
sides are a and b. (Geom. p. 68.) 

The last espreaaion, a; :=./ja^ — iy'\, when put under the form 
X = -j\{a~\-b) (a — 6)j, represents ameanproportional between the 
two lines a-^b and « — b. 

(1.) Asafirstexample, letj; = Vja^ — 6^+<^ — rf'+e'— &C-I 
be proposed. Put m^v)"" — ''^Ji and conslruct this line; then 
m* = o3 _ i',anda^ = ^/im^ + c'' — i? + e= — &c.; Put now m - 
^/\m?-{-c'i, and construct the line «; then, since «' = m°+ c', and 

Thia series of constructions being continued we shall at length 
have but two squares under the radical, and the construction of this 
laat expression will be the line sought. In the same way may any 
numerical surd be accurately represented by a. line firat assuming 
some fixed length for unity, for any number may be decomposed into 
squarenumbers,thusV7=i/j2'-f 2'— Ij; v'U = VS3'+1+ 1| 
aiidi/13=Vj3' + 9''J; V43 = v/j6^+3'— 1 — l.| 

2. Letlhe expression to be constructed be 3! = V{''^+ 3Sc. 5 Put 
Sbc =1 1? :. 11 = .y/Ahcis a known line, and th.e expression is reduced 
V:>x = 'jW -{-'»^.\ Or the same expression may be constructed by 
putting 36c = ait .: x = V}o ((» + «)f .-. a; is a mean proportional 
between a and a-l- m. 

—Sa\\ then, putting — = m and de = on, we 

have 37= •j\a{w, — n)\ ,■. a: is a mean between a and m — n. 

4. As a last example, let * = W \ ^^r \ i ^'^^ put- 

(»-(-S-2. + »)) ,_ 



. Le.. + 7fJ 



ting it under the form x ■=-J \ 



- ^ — i,„ , „„, „..w.. f , and, calling these m and ™, 

we shall have, lastly, to construct x — -Jwia. 

We shall leave the student to point out the-constructions of the fol- 
lowing expressions, viz. 

. = ^+^fl±Jl\. .= v!»-/s + .» + -!. 
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SECTION II. 



ON THE POINT AND THE STRAIGHT LINE. 

(1.) Iq the preceding section we have endeavoured to show the use 
of algebraj when, combined with geomeiiy, in the solution of problema. 
In the remaining part of the present treatise we shall proceed in a 
maimer more stricdy tmaiyticsS, dispenging with the tiuths of geo- 
metcy, except a few of the simplest kind, and depending upon ana- 
lytical expressions, as well for the establishment of theorems, as for 
llie solution of problems; that is, as well for the determination of the 
form and properties, as of the magnitude of geometrical quaality. It 
is this extended appUcaiion of tlie principles of analysis that, strictly 
speakmg, constitutes the science of Anaj-ttical Geombtry. 

On the Equation of a Point 

(2.) Let AX, AY, be two assumed straight lines, intersecting, ia 
any angle, at A ; and let P be a point in the same plane, whose po- 
sition it is required to deterEoine relatively to these assumed Unes. 

Let the lines PC, PB, be drawn respectively y 
parallel to the lines AX, AY; then, if the lengths / b 

of the former be known, it is obvious that the / / 
portion of the proposed point will be easily detor- / L 

mined. It will be situated at the intersection of C/ ■¥■ ft 

two lines, CCl, BR, drawn, the one parallel to / / 

AX, from a point, C, in AY, the distance of which ^ B ^ 

from A is the given length, BP, and the other parallel to AY, from a 
point, Bj in AX, the distance of which &om A is the given length, CP. 

The two lines AX, AY, in reference to which the position of the 
point is to be determined, are called axes, and their point of intersec- 
lioQ, A, is called their origin. The distance, AB, is denominated the 
abscissa of the point ; P, and BP, or its equal, AC, is called the or- 
dinale of the same point ; hence the axis AX is distinguished from 
the axis AY by the name axis of absdaaas, the latter being called 
axis of ordinaUs. 

The abscissa and ordinate of a point, when spoken of together, are, 
for the sake of brevity, called the coordinales of the point, and, for a 
like reason, the two axes are referred to as axes of coordinates. An 
abscissa is generally denoted by the letter x, and an ordinate by the 
letter y; and often, for shortness, the axis of abscissas is called the 
axis ofx, and the axis of ordinates the osis of y. 
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We have juat seen that a point becomes detemiinahle when its 
coordioatea, :c and J, are known ; it follows, iherefuie, that, in order 
lo this determination, we need only have the ivt o equations 

x=a, y=b, 
in which a and b arc giYen. These equations are, therefore, called 
the equations of a point. 

(3.) It is of importance to remark, that not only the absolute values 
of a aiid b must be given, in order to fix the position of a point, but 
also (he signs of these quantities. If the axes are produced through 
the oiigm to X' and Y', it ia obvious that the abscissas reckoned in 
Ihe direction AX' ought not to have the same ajgu as those taken in 
the opposite direction, AX, nor should the ordinates taken in the di- 
rection AY' have the same sign as those taken in the opposite direc- 
tion, AY j for, if there were no distinction in this respect, the position of 
a point, aa determined by its equations, would be ambiguous. Thus 
tile equations of the point P would equally y 

belong to the points P", P", P"', provided the i 

absolute lengths' of the coordinates of each _, / 

were respectively equal to those of P. ^" "'—■-' ■ — 
this ambiguity is, " ■ ■ ^ n 

loting the axes ii 




garding the a' 

gin, A, as positive, tS 

negative. In like manner, considering the * 

ordinates above the origin as positive, those below it will be negative. 

We thus have for the point P the equations x^a, y=^b, for the 
point P', x = — a,y=b, for the point P", x = — a,y = — b, 
and for the point V", w = tt,y = — 6. 

If the point be situated on the axe AX, the equation y^=b becomes 
y = o,so that the equations x = a,y = o, characterise a point on the 
axis of abscissas, at the distance a from the origin. 

If the point be on the axe AY, then a; = o becomes x: = o, hence the 
equations x = o,y = b, characterise a point on the axis of ordinates, 
at the distance, 6, ftom the origin. 

And lastly, if the point be common to both axes, that is, if it be at 
the origin, its position will be expressed by the equations. 

A point is said to be given when its coordinates are given, and, in- 
stead of referring to it as the point whose coordinates are x, »/, it is 
more briefly and more usually designated as the point {x, y.) 

On Ike Eijuation ofilie Straight Line. 

(4.) Let it now be required to determine the equation of a straight 
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Kae, or, m other words, to find an analytical expression by which it 
may be characterized. 

Let MN be any straight line, and, in the same plane with it, let 
two straight lines AX, AY, be talien for axes of coordinates, and, 
for greater simplicity, let their ori^n. A, be upon the proposed line. 

From any two points, D, B, in AB, let DC, 
BE, parallel to AY, be drawn, then will AC, 
CD, be the coordinates of the point D, and AE, 
EB, the coordinates of the point B, and they form 
this proportion, viz. AC : CD :: AE : EB 

'"'AC~AE 

hence each abscissas is to its ordinate in the same constant ratio for 
every point taken in the proposed line. If, ilierefore, we represent 
this ratio by a, which will obviously be an abstract number, ' there 
will always esiat this relation between any ordinate and its abscissa, 
viz. the former equal to a times the latter; thus CD^a AC, BE=a 
AE, &c, that is, agreeably to the notation already established, we 
shall have for every point in the line MN the relation 

.y=aw .... (I,) 
intimating, that whatever abscissa we take, a times that abscissa 
will be the value of the corresponding ordinate. Knowing, therefore, 
the constant a, we may, by giving arbitrary values to x, determine 
as many points in llie line as we please, and, consequenlly, the hne 
itself; equation 1 is hence caiieilhe equation of the straight line^ MN. 
(S.) If the axes of coordinates are rectangular, then the ratio 

__ or a espreases the tangent of the angle DAC, which the proposed 

line makes with the axis of abscissas. 

If this angle is obtuse, the tangent will be negative ; hence, if AN 
[next fig.) be the position of the proposed line, in reference to the rec- 
tangular axes, AX, AY, the equation is tf= — ax .... (2.) 
where it must be observed that the sign — appHes only to the number 
a, and not to x, the abadssa, for the sign of this depends upon its 
direction from A, the abscissas of every point in the proposed line, 
which is below AS, being positive, while for every point in the por- 
tion above the abscissa is negative. Thus the abscissa AC, of the 
pwnt P, is positive, for it is to the right of A ; but pj ~ 
the abscissa, AC, of the point P' being on the op- \P 
poaite dhection, is negative. As regards the ordi- |\ 
nates, it is plain, both from equation (2), and from c'\ 
the diagram, that to positive abscissas belong nega- 
tive ordinates, and to negative abscissae, positive 
OTdinates, 
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(6.) When the axes ofiefereoce ace oblique, the coefficient a may 
still be represented by trigonometrical quantities, 



^1 ora, is thesameaa?5l_z__!l; therefore, since the angle 



,„ si n. DAC . 
i-ADC' 

ADC is equal to the angle YAD, if we represent the angle NAX, 
which the proposed line makes with the axis of x by a, and the in- 
clination, YAS, of the axes themselves by /3, we shall have 

sin- DAC _ sin, g 

sin. ADC ~sin. (^S— o.) 



and for the equation of the line AN, 



;i3— .) 



In this equation the coefficient of x will obvious- 
ly be negative, when a y 0, that is, when AN 
takes the position in the annexed diagram to the 
left of the axis of y. We see, therefore, that, 
whether the axes be rectangular or oblique, the co- 
efficieDt of x, in the eqtiation of a straight line pass- J 
ing through their origin, will be positive, if the portion of this hne 
situated above the axis of a; lie to the right of the axis of y, but the 
same coeffident will be negative, if it lie to the left. 

(7.) The equation to the straight line, wjiich has just been exhi- 
bited, appUes oDly when the line passes through their, origin. Let us 
now suppose that this restriction is removed, and Ihat the proposed, 
line takes the position LM, cutting the axes in 
CandB. 

Let AN be parallel to LM, and fi-om any point, 
P, in the latter, let the ordinate, PDE, he drawn. 
Then, since AB=DP, it follows that any ordin- 
ate, PE, is equal to AB, plus the ordinate ED, /" A.f 
of that point, D, in AN, which has the same ab-^ / 
scissa, AE, as the point P. Now this latter ordinate is always ex- 
pressed by the equation y^ax, as we have already seen ; consequent- 
ly, If we put b for AB, the ordinate of the proposed Ime at the origin, 
we shall have for every point in LM this relation between the coordi- 
nates, viz. y ^ax-\-b, this, therefore, is the equation of the straight 
line in general. 

With regard to the sign of o, its changes have already been exa- 
mined; and as to the sign of the ordinate 6, we know that it will be 
positive so long as LM cuts AY above the origin, and negative when 
the intersection is below it. It may, however, be satisfeictbry to the 
stndent to have here exhibited Ihefoimofthe equation, for every pos- 
sible position of the proposed line. 
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1. Let the line, LM take the position shown in 
the annexed diagram, cutting ths axis of x to left of 
the origin, and the axis of y above it, then a and 
h are both positive, and the eqiiation is 

j = + o, + 4. 

2. Nest, let the proposed line cut the axes on 
the opposite aides of the origin, as here represented, 
then a wlE Blill be positive, but b will be negative ; 
the equation, therefore, in this position of the 

3. Thirdly, lot the line cut the axis of y above, 
Eind the axis of xto the right of the origin, then a 
becomes negative, and b positive, in this case, there- 
fore the equation is 

y= — ax + b. 




4, Lastly, let the axis of y be cut below, and the 
axis of X to the lefl of the origin, then both a and b 
will be negative, so that the equation " 



'\ 



.y 



It thus appears that when both axes are intersected, the proposed 
line may taJte four different positions analytically represented by four 
distinct equations. 

There remain two other positions to be considered, viz, those in 
which the hne is parallel to one of the axes. If it be parallel to the 
axis of abscissas, as it cannot then form an angle y 

therewith a = 0, and therefore (6) a = 0, so that / 

this position is characterized by the equation l / -^ 

i; = Oi + 6, or y — + 6, / 
uitimating that, whatever abscissa be Jaken, the a7 ^ 

value of the ordinate remains the same, / ^ 



e for a 



When the hne is parallel to the axis of ordinates, subs' 

in the general equation, its equal — , putting e for M. 

AC, the distance of the intersection, with the axis 
X from the origin, b representing, as usual, the . 



distance of the intersection with the axis of y, in the ^ij 
present case infinite, we thus have 
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which, since b ia infinite, is the same as x:=0 y ^ c, oc xt= :^ c, 
an. equation which indicates that whatever be the ordinate, the ab- 
scissas are constantly equal to c. From the preceding' discusajon it 
follows, that the general equation y =:a^-\-b comprehends in it all 
those that can charaoterize straight lines, whatever be their position 
in reference to two assumed axes, any how inclined to each other, 
each particular position beii^ denoted by the particular values given 
to a and b. .As these quantities remain the same, while the ceoi-din- 
ates X and y vary in value for every point in the same line, the former 
are called c<m»(o«(«, and the latter variabUs. 

Since two constants enter into the general equation of a atmight 
line, as many particular values as are given to them, so many particu- 
lar lines will be represented. They may, therefore, take such values 
as will render the line whose equation is expressed, subject to certain 
proposed conditions, provided such conditions are possibk. Thus we 
may suppose such raiu^ given to the constants, that the line repre- 
sented must of necessity pass through two given points, or only one 
of the constants may be fixed, and of such value^ that all the lines re- 
presented by the equation shall pass through a proposed point. We 
have aheady seen, that, if the origin of the axes were the proposed 
point, the constant, 6, must take the jmrticular value 6 = 0, the equa- 
tion y^r.ax representing all lines subject to this condition. Let us 
now proceed to a few determinations of this kind, and, as we are at 
liberty to assume any angle of inclination for the axes of reference, 
we shall, m general, for greater simpUcity, assume them rectangular, 
excepting only in a few cases, lo be hereafter pointed out, where ob- 
lique axes may be more advantageously employed. 



(8.) Tofind the equation of a straight line passing through a giv- 
on point. 

Let us denote the coordinates of the given point by a;' and y ; then, 
since the gen ei'al equation for everypoinl in the required line is 

y = a3:-\-b (1), 

it follows that for the particular point in question we must have the 
relation ^J ^03! ~\-b :.h-=y' — a^ . . . (2), hence, substituting this 
value of 6 in (1,) we have 

3— j' = a {x—x), asy~a {x—x) -{- y", 
which is the equation sought, and characterizes every straight line 
thatcan be drawn through the point {x, y). By comparing this witj. 
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ihe general equation of the stiaight line, we find that the ordinate at 
the origin is y' — ax. 

If the given point were on the axis of a;, then y' = 0, and the equa- 
tion would be y ^^a{x — x'). 

If it were on the axis of ij, then a;' ^ and the equation would 
become y — y := ax, or j = as + i/'. 

FHOBLEM II. 

(9.) To find the equation to the straight hne, which passes through 
two given points. 

Represenling the given pomts by {x/ if',) and [x", y",) we have 
to subject the equation y — y' ^ " (.k — x') of a line passing through 
one of the points to the additional condition y' — y" — a{x/ — x"), 
which equation as x', a/', y', y", are all given, determines for a the 

particular value a=-^-— -„; substituting, therefore, this value of n in 

the former equation, the analytical representation of the required line is 

y^y' =^ ~ - —f-,{3: — a/), in which equation all are constants, except 

X and y, the variable abscissa and ordinate of the line. 

By writing the equation thus, y:^---— -^,3; +--^ — ^— which, 



3as simple than the former, its identity with the equatioo 
y=ax-{-b,ii:a the particular case in question, is more distinctly seen, 
as it shows at once the value of the tangent a, and of the ordinate h at 
the origiii. Ti^ for inatance, the coordinates of one of the given points 
[x', y',) be 4 and 6, and those of the other pomt («", y",) 3 and 5, then 
the equation of the line passing through them is y 1= Ix -(- 2 ; there- 
fore 1 being the trigonometrical tangent of the angle made by the line 
with the axis of x, this angle must be 45°, and the ordinate at the 
origin ia 2. 

lf{x', /,) is on the axis of x, y' ^ 0, and the equation is 

If it is on the axis of y, then aT* =;= 0, and the equation is 

And lastly, if it be on both axes, that is, at the origin, then x' = Oj 
y' =■ 0, and the equation becomes y — ^,*. 



(10.) To find the equation of the straight line which passes 
ihroiigh a given point, and is also parallel to a given straight line. 

' g as before the given point by (a/, y'), we have for every 
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line passing through it the general equation y — y' = a{x — i/), and 
among these lines we are required lo distinguish tiat which is paral- 
lel to the given line, oi', in other words, tlmt which makes a given 
angle with the axis of abscissas; putting a' for the tangent of this 
angle, the equation of the hne sought wUl be )/ — y' = a'{x — x'). 

PROBLEM IV. 

To determine the point where, two given straight lines intersect. 

Referring both lines to the same axis, let their equations be j/ = tw 
+ b,y = a'a!-^b,' then, since at the point of intersection the ordinate 
is the same for both bnes, we must have for this particular point ax 
-f. 6 = a'x -\- I/, whence we obtain for the coor&iates of the inter- 
section X = --^ and y = ■ ^7- 

If we suppose a = a', ihe expressions for x and y. become infinite, 
as they evidently ought to do ; since the lines, being in that case pa- 
rallel, can meet only at an infinite distance. 

If b=V, then s = 0, and y — 7-,- 6 — i, showing that the ordi- 
nate at the origin belongs to the point of intersection. 



(11.) To find the expression for the angle of intersection of two 
given straight lines. 

Let the two lines be A'B and CD, P being their 
point of intersection; then it is required to find an ex- 
pression for the angle A'PC. 

Let the equations of A'B and CD be respectively, 
■y ^ ax-\-b, and y ^ a'x + b' ; then a will be the 
tangent of the angle PA'X, and a' the tangent of the *^ . 
angle PCX, the lines being referred to the rectangular ^A1A.C 
axes, AX, AY. Now the angle A'PC is equal to the difference of 
the angles PCX, PA'X ; hence, calling'the tangent of this difference 

V, we have {Trig. p. ) v~ OT^" *" * ~T+«a' *''*^°"^Sly 
as the angle is to the left or right of A'P. 

If the angle of intersection be a right angle, its tangent must be in- 
finite, which the expression for d becomes, only when 1 -\- ma' is ;* 
this condition, therefore, is necessary, in order that the proposed lines 
may be perpendicular to each other; so that, in this case, we must 

have aa' = — 1, or o = ;-. 

+ Or, aince the catangent of a right angle is 0, and that thecotangpnt of an angle 
i^! the reciprocal of the tangent, we muat have — ,or ■ — =^0 .-. 1 -j-aa' = 0. 
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It follows irom this, that, if y = a'% -\- h' be the equation of a given 
straight line, then will y= j-a?-}-Sbe the equation of a line per- 
pendicular to it. These perpendiculars may be innumerable. If we 
fix one of them by the condition that it may pass through a given 
point, (a:', ^,) then (Pi-ofi. 1) it will be characterized by the equation 

When {x', j/'i) is on the axis of abscissas, y" = 0, and the equation is 

When it is on the axis of ordinatea, then a:' = 0, and, therefore, the 
equation is j/ — »/' = j3:. And when the given point is at the 

origin x' and t/', being both 0, the equation is, y == j x 

(12.) If we, wish for the sine or cosine of the angle of inclination of 
two lines, instead of the tangent, they may be obtained thus. By 
trigcaiometry sm. (a, — a') ^ sin. a. cos. a' — sm, of cos. a, in which 
formula, if cc, a, represent the angles, whose tangents are a, a', we 



hence by substitution, 



""■ <"-"'>= v(r+7'HT+Jij 

In like manner, from the expression 

COS. (a — 0.') = COS. 0, cos. a.' -f- 
W+1 



i.(a-«') = 



PROBLEM VI. 



(13.) To find the equation of the straight line which passes 
through a given point, and which makes a given angle with a given 
straight line. 

Let the given line be represented by the equation, y = «ar + 5 ; 
then, because fhe required line passes through a given point, {a:',y')) 
its equation will take the form ^ — '^'^=a'{% — 3^)\ and we have to 
determine a, so that these hues may intersect in a given angle. Put 
v fw the tangent of this angle, then {art. 11) 

\—ao 
H2 
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hence liie equation of the line sought is 

Two lines, therefore, may be drawn through the given point, fulfill- 
ing the required c«iditiMi ; the caie forming the proposed angle, to the 
left, and the other forming it to flie right, of the given Hne, conformably 
to the two expressions for its tangent, v. 

'I5i(is, in the annexed diagrama, the equiL- 
tion of PC forming the given angle to the left 
of the given line, AB, is 

y— 2/'=^J;(^— ^); 

but the equation of PC, forming an equal 
angle to the right, is 1/ — j/= _ {x — af). 




(14.) To find the analytical expression for the distance of f 
given points. 

Let the given points be M, (x, y',) and N, (x", y".) i : 
Draw Mp parallel to AX ; then the axes being rec- 
tangular, the distance, MN, wiUbe »/ \Mp''-^Np'\; 
biit Mp ^^ x" — iip', and Np=:y" — y', therefore the 
expression for the distance, D, is 

If one of the points, as (x', y ), is at the origin, then x ^ 0, and 
j' = ; therefore, D = V K'° + V""- 

The expression for D would have been much less simple, if we had 
chosen oblique axes of coordinatas ; for, if the angle MpN had been 
oblique, we should have had (IWg, p. ,)* 

i\lN = V SMp" + Np'— 2Mp • Np -COS. Mp Nf; 
or, putting A for M'pN we have cos. MpN = — cos. A, 
.■.D = vS(^'-^T+(!'"-!/'r + 2(*"--^){!/"-/}cos,Af, 

If (^i y',) is at the ori^, D = V S ^'^ + y'" + ^x" f cos. A \ . 

PROBLEM VIII, 

(15.) To find the analytical expression for the distance of a point 
from a line. 

Let N be the point, and BC the line, then it is re- -j- 
qmred to. find the length of the perpendiculEir NM. "l n 

If the coordinates of M be represented by x, y, and 
those of N by a/, y', we have by the preceding pro- 
blem MN = ^\{3/—xf+{y'—iif] in which the 
values of a/ — x and y' — y, must be deterlnined b; ' 
means of the equations to the lines BC, MN. 



* The Ttigonometry usually refetfed to, is that of Df. Gregory. 
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Taking for the equation of the former y = «a? 4- 6 . . . (1,) that 

of the latter will be (arf. ll,)y—y'=^ {x—x') .... (2.) 

In order to obtain from these equations the values sought, in the 
simplest maimer, put equation (1) under this form: 

y-y' = a{x~:^)-y'+6ix' + b (3.) 

by subtracting y' from one side, and ifs equal, y'-\-ax' — ai/, from 
the other, in Older that the equations (2) and (3^ may both contain 
the unknowns x — 3/ and t; — y', then the determmation of the vahies 
of these becomes easy. Subtract (2) from (3) and the result is 

= (o-| — ) {x — x') — y'-i-ax'-\-b, 

and by substitution in equation (3) 

These expressions for iK — st^axidy — y', by chan^g the signs 
prefixed to them, represent x' — w and y' — y; but, as these latter 
enter into the expression for MN only in me second power, it is indif- 
ferent what signs are prefixed ; we have, therefore, by substitution, 
1>TT.T_ V('^'+^)(!/'— '^' — ^)' - ?/' — '"^ — ^ 

If the pomt N be at the ori^n, then a;' — and 1/ = ; therefore 

™= vFTT) 

expresses the distance of the proposed line from the origin. 

If the proposed line pass through the origin, then 6—0, and th« 

value of the perpendicular upon it from (/, y',) is P ^ /fsZLTT't 

(16.) By means of this last expression, we can immediately arrive 
independently of any trigonometrical property, at the values of the 
sme and cosina of the angle formed by the intersection of two given 
straight lines. 

For let AM, AM', through the origin, A, be pa-T 
rallel to any two given intersecting straight lines, 
thus forming an angle at A, equal to the angle of 
intersection. Take any pomt, M', on one of the 
lines, and, representing its coordinates by (a/, y',) 
(he value of the perpendicular ftom this point to the-^ 

Other line will be M'M — ^ "~" — - , a being the tangent of the ang 

V(« +1) 
MAX, Now, if we represent the tangent of the angle M'AX by a 
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we shall have at the point M', «', = a'x' ; hence, by substitution 

wm. = ~- -— 

Now M'M is the sine, and AM the cosine, of the. angle M'AM w 
radius AM', whose length is expressed by the equation 

hence, calling this radius R, we have n' = — ^--— ~- 

.■. M'M = ^^'^'~^J . = sme /. A; 

and, subtiacting the square of this from R', and then takmg the 
square root, we get AM = ^? Jl^ = cosme Z A : 

\' vi(«'+i)(<." + i)5 

and these expressions are identical with those given at (12), where 
the radius, R, of the tables iiaunity. 

The preceding problems contain every useful particular relative to 
the straight line. They should be attentively studied by the student, 
who before closing this chapter, should be fully prepared to state the 
condlions under which any straight line is drawn, when Its equation 
is given, or on the contrary, when the conditions are given to write 
the equation. We shall now devote a short chapter to the solution 
of a few problems, in which the principles here established will find 
their application. 



T THE STEAIGKT tlNE IS 



(17.) It is required to determine whether the perpendiculars drawn 
(iom the vertices to the opposite sides of a triangle meet in a point. 

Let the perpendiculars, AF, BE, CD, from the 
Tertices to the opposite sides of the triangle, be 
drawn and assume AB, AT, for rectangular axes 
of reference. Let (^, y') represent the given point, 
C, !vnd for AB put c. 

Then the equation of AC, passing through the A. 

y' 

origin and the given point, C, is j = — , a^ ; and the equation of BC 
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passing through the two given points, B,0, the foimer (c, 0) being 
on tlie axes of x, is y =~^ (^ — «)■ 

Now BE, AF, being tespeotivdy perpendicular to AC, BC, and 
passing each through a given point on the axes of Xj their equations 
are, ofBE, 4- = — — fa^— c): and of AF, y = — ^-^- «■ 

Al the point where these intersect, the ordinates must be equal, so 
that at this point - (x~c)= —-x, whence, 3! = ^/; that is, a-, 

the abscissa of the intersection of BE, AF, is equal to «', the abscissa 
of the point C ; hence, the perpendicular, CD, passes through that 
bierseotion. 

PROBLEM II. 

(18.) It is required to determine whether perpendiculars from the 
middle of each side of a triangle meet in a point. 

Let M, M', M", mark the middle points of the 
sides of the triangle ABC. Let P be the pcant 
where two of the perpendiculars, MP, M'P, meet, 
and, as hefoie, take the rectangular axes, AB, AY. 
Represent the point <J by (a/, y'), and the base, AB, 
bye; theo the point M' will be (^c, 0), and the a 
points M", M, havii^ their oidinates parallel to the 
ordinate d C, will obviously be {i a/, \ y'), and ( ^ c + ^x", ^y'), re- 
spectively, for the triangles AM" m', M'Mm will be equal 

Now the equation of AC, passing through the origin and the point, 
(3/, y',) is J = ^x, and that of BC, through the pomts (e, 0) and 



Now PM", PM, being respectively perpendicular to these, a ■ ', 'it 
the same time, passing the o!ie through the given, point M'', and the 
other thtoiigh the given point M, we have for the equation of PM", 



Now, if these two lines meet in the perpendicular from M', they 
must necessarily have a common ordinate for the abscissa, A M', or 
|-c, otherwise the ordinates will be different. Substituting this value 

of X, in the equation, for PM", we find y = iV-j „ • ; •- and, 

13 V 
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making the same substitution in the equation for PM, there reaulta 

The two ordinates are, therefore, identical, and thus the three per- 
pendiculars meet in a pomt. 



(19.) It is required to determine whether the straight lines drawn 
from the vertices of a triangle to bisect the opposite sides, meet in a 
point 

Let the lines, CM, ^M', AM", bisect the opposite 
sides of the triangle, CAB; and, let us, in this east 
employ the obhque axes, GM, MB. Smce AM' ii 
half AC, a parallel to CM, from the point M', will jjV 
bisect AM, and be equal to half CM. In hke man- r- 
ner, a parallel to CM, from the point M", will biseotj^^ 
MB, and be also equal to half CM, so that the coor- in. 

dinates of the points M', M", are numerically equal. 

Now, ,if (i/, 0) represent the point B, ( — a/, 0)(will represent the 
point A ; and, if (a:", y") denote the point M"', ( — x", y") will de- 
note the point M'; hence the equation of X.M", passing through the 

points ( — x', 0) and {x", y"), isy =— / , {x-\-3/); and the equa- 
tion of BM', passing through the points {x', 0,) and ( — z", ij'\) is. 

Now, in order that these lines may intersect on the axis, MC, the 
ordinates of both at the origin must be the same, and this they evi- 
dently are, for the ordinate corresponding lo a? = is, in both equa^ 

tions, y = ■- ,/ -7-,- ^ = PM. 

Cor. Since x" = ^, and y" — ^CM, it follows that 

PM = *™a/=^CM. 

PROBLEM IV, 

(20,) To determine whether the lines bisecting the three angles (rf 
a triangle meet in a point. 

Let AF, CD, BE, bisect the three angles of the 
triangle CAB ; and, as before, let the oblique lines, 
CD,DB, be, taken for axes of reference; then — DA 
will be the abscissa of the point A, and DE will be 
the abscissa of the point B ; consequently the equa- 
tion of AFwiUbe y = a(a: -f AD) (1.); 

andthecquationofEE,y = «'(3^— DB) . . . (2). " 
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Now it appears &oin (art. 6,) that, as the axes aie oblique, the 
, , .„. sin. FAB sin-iA sin. ^A 

sin. (CDB — FAB) sin.|(A + C) cos. ^B 
sin. J-B' 

In like manner, the value of a' will be o' = =-r hence, when 

COS. lA 
j = 0, the equations (1) and (2) become, by these substitutions, 

^ = ™^^g-AD . . . (3),andy^^^DB...(4);anditnow 

remains to inquire whether these two expressions for y are identical. 

For AD, in equation (3,) substitute its equal, viz. AD =-.— — DB, 

and the equation becomes, y = — — ^- ' . ' DB, which is identical 
with equation (4.) {Trig. p. )* Hence the three lines meet in 



(21 .) To express the area of a triangle in terms of the coordinates 
of two of its angular points. 

Let the triangle, BAG, be proposed ; and lety, 
the rectanguW axes originate at the point A; let 
3/, y', be the coordinates of B, and x", y", the co- 
ordinates of C ; then, we have for the equation of 
BC, passing through both these points, 

and for the length of the perpendicular AD, upon this hne, ftom the 

ougm, we have {art. 15), the expre^ion P = . ^ 

Mibstitutuig here for a and b, their values as exhibited in the foregoing 

y' — y"j ^_ x" y" y' 3/' 

= 3,'^^' ~ —3/-~x" " 

P becomes, after reduction, P = — ., . ..^ i-rr—, — ^ttst"! 
V J (*-^ )'+(!/'- y )l ' 

Now the denommator of this fraction expresses the distance, of the 
point (x", y"), from the point (a', y",) that is, it denotes the lineBC ; 
so that BO X P = — (a/j/"— yV); consequently i jBC X Pj 
~ — ¥ I ^'y" — ^ ^"\ ~ ^""^ of the triangle. 

The foregoing exercises on the equation of the straight line may 
suffice for the present ; further applications will repeatedly occur in the 
succeeding chapters. 

~ ' sin B~ -:- * 

• For, at art. 13, p. 43, we have sin. J B =- ~^> and cos. JA 



equation, Ml. a = -■'7 — 7^/ 6 — ^-^-, — T7, — ^"'^ ^^ 



W "■■" iSTfk 
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(22.) At the commencement of the present section it was shown 
that a straight line, whatever its position, might be represented by a 
simple, indeterminate equation; and it will be proper, before we pro- 
ceed to the circle, to show, conversely, that every simple indetermin- 
ate equation conlaining two variables is the analytical representation 
of some straight line. 

' Let JAy = Na^ + P be any simple indeterminate cquatiOa, contain- 
ing the'two variable quantities, x and y, then wehave 

N P ' ' N P 

^ ~ M * "*" N ' "^ Pitting for simplicity A for j^, and B for^ 

■ y = Ax + B .... (1). 
Now, draw any two straight lines, X'AX y 

XAT', intersecting at A, and make AB = F 

AC =-7", and through the points C, B, draw tl 

straight line CBL, which will be the geometrical i^'-^^ 
representation of the projwsed equation. For the -^ 

AY, is y = -^ X -\- AQ . . . (2); but by the construction , p = 

B -=- -J- = A, also AB = B, therefore the equations (1) and (2) are 

identical, each, therefore, is the analytical representation of the line 
CBL. 

(23.) The line which any equation represents, or in which the 
variable point {x, y) is always found, is called the locus of that equa- 
tion, or of the point [x, y). Hence the locus of a sunple equation con- 
taining two variables is a straight line. 

When the equation is given, and it is required to consuuct the 
locus, it will be sufficient to determine two points in it, since the locus 
will be the straight line passing through them. Now the two points 
most easily found are those whei-e the locus intersects the axes. The 
abscissa of the one point will be furnished by the proposed equation, 
by meiking therein y = 0, and the ordinate of the other, by making 
x = 0. 

Let, for example, the locus of the equation 2y = Sx — 5 be required. 

Making y = 0, there results for a; the value 3! 
and, making j; = 0, we have y = — f ; therefore hav- 
ing assumed the axes AX, AY, on the former take 
AC = I ; and, on the latter, take AB = | ; then (he„ 
straight line, BCL, drawn through the points B, C, will* 
be the locus sought. 

This method of determining the locus can, however, ' 
be applied only when the equation is of the form y~ax-\-b; for, if 
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it were of the form y ^=03:, then 6 being 0, the locua would pass 
through ihe origin, so that ils intersecUon with the axes would furnish 
bijt one point ; another, therefore, must be found, before we can deter- 
mine the line ; for this purpose, we may give to x any particular va- 
lue, andlhis,with the resulting value of y, will be the coordiimtes of 
another point. 

It is obvious that of ypo n he locus of the indeterminate 
equation y'=«ic -4" fi, h d xhibit a geometrical solution ; 

and, as an infinite numb ft po nts may be taken, the locus 
Buppjiea all the infinit lu ns f tl: equation. If, therefore, any 
other indeterminate eq ti n u- eptible of solutions that belong 
also to the former equ 1 if h loci of both equations were to 

be constructed on the same axes, these common solutions would be 
geometricaJly represented by so many points being common to both 
loci 



CHAPTER III. 



(24,) Let )■ represent the radius of a circle, the centre of which is 
0. In the same plane as the cicrle, assume any rectangular axes, 
AX, AY j and let it be required to determine the equation of its cir- 
cumference, or the analytical representation thereof, in reference to 
the assumed axes. 

Let the coordinates AB, OB. of the centre, be repre- ^| 
seated by a, ; whib the coordinates of any point, P, I 
in the circumference, are denoted by the variables x, 
y ] then, drawing the radius, OP, and Om, parallel to 
the axis of x, we shall have Om = x — a, and Pni = j 
J — /3 ; consequently, since Om^ -^'Pni' ^ 0P\ weT\ 
have(a:— a)''-f(i/— ^f = 1^ or a?— 2M-|-a'' + j(^— 2^3 + ^' 
= r* . . . (1), which is the equation sought, and obviously subsists 
for every point, P or (a;, 1;,) taken in the curve. For brevity, the 
equation is usually called the equation of the circle, the circumference, 
however, and rtot the enclosed surface, is to be understood. 
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If the origin of the axes be assumed on the c 
cumfeience, as at A, in theiaimexed diagram, the 
equation will be more simple je form j for then, if fl 
AO be drawn, we shall have AB»+ BO' = A0=, I 
that is. a'' + 0' = r'; so that equation (1) reduces j^^ 
to ar* — Sffis; -f j' — 2^y = 0, 
OTx'+y'—'2{ax-\-^y)=^0, .... (2), the equation of the circle, 
when the origin is on the ciicumfereiice. 



in this case, Ihe axis of x pass through the 
e, then a.^:r, and ^ = 0, and equation (2) be- 
'Ax'-Jrf — 2rx=0,oif=i2r — x)w. . (3), 



But, if the aaia of y pass through the centre, 
then « = 0, and 13 — r, and equation (2) takes 
the form 



ai'-{-f—2ry = . 



. (4). 




When the axes originate at the centre, the form ^J.,P 
of the equation is still more simple ; for, as in thisy'^FTX 
case, both a, and /3 are 0, equation (1) becomes/ \ 

t' + f^r' . . . . (5), aEd this fomi, on accountl ** "1 ^ 
of its simplicity, ia most generally employed. \ / 

Equation (3) may obviously be converted into this proportion, viz. 



■ y-'-v 



2r- 



that is, a perpendicular, PM, fiom any point in the circumference, to a 
diameter, AI>, is a mean between the parts AM, MD, into which thf 
diameter is divided by it. 

If in the foregoing cases the angle at A had been oblique, instead 
of right, the several equations would have been more comphcated; 
equation (1) would then have taken the form (art. 14,) 

(^_^)= + (J,_^)'^_2{^-a)[!,-/i)cos.A = r', 
«nd the simplest form of this equation, viz. that corresponding to equa- 
hon (5), above, the axes originating at the centie, would be ' 
r'_|_y=4.23^cos. A = r'. 

We shall now proceed to the solution of some problems relating to 
'he circle, always referring the curve, for the saie of simpUcity, to 
recfangulav axes. 
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(as.) To find the equation of the tangent at a point in the c 
ference of a circle. 

Let the ^ctangular axes originate at the centre 5i a 



and let {x','y') represent the point, P; then we ^---\ 



have to find the equation of the straight hne, AB, 



which touches the circumference in this point. / \y^ \\ 

Let the radius, OP, he drawn.: then since iti /fi^ 

passes through the pomt P, and is drawn from the \^^ / 
origin, the equation of OP 'isy=^^x. 

Now a tangent is perpendicular to the radius at the point of con- 
tact, consequently, we have merely to express the equation to the line 
drawn through {x', y',) and perpendicular to that represented by the 
ftaegrang equation, the equation of the tangent is, therefore, 



y — y' = J (."^ — *^)i which, by reduction 

ytf' -|- x^ =:y^ -\- x^, or ^ r". 

The first form of the equation is that most frequently employed. 

The equation of the tangent may also readily be determined, inde- 
pendently of the geometrical property referred to above, by a mode of 
investigation which is applicable to all curves whatever. Thus, 

Let us first consider a secant to the curve, that is, a line cutting it 
in two points, (a/, y',) and (k", y"). 

The equation ofthissecaiit is 2/—^ = ^-^^ {x — x')... (1); 

and, as in the present instance, both points are in the circumference 
of a circle, we must have y'-j-y — r' . . . (2), and y-|- j"^ = 
r" . . . (3), equation (3), subtracted firom (2), gives 

that is, {/ + /') (/—/') = — (^ + ^0 (^— O; 

y'—v" 3^+3/' , , , . . 

whence^-: — '-t, = H — r,, consequently, by substitution, equa- 

x' — x" / + /' 

tion (11 becomes!/ — a' = r-, — r, [^ — ^') •■•(■*) 

If now we suppose that the points through which this secant passes 
coincide, it will dien become a tangent ; we have only, therefore, to 
put in equation (4) 3/ ■=)/' and y" — y", and there results for the 

tangent the equation J/ — y' = -, {x — a/), as before found. 

Siiice the equation of the line drawn from the origin through the 

point {^x" , y') is y = ^ x, it follows, from the foregoing equation, 
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which is obviously that of a perpendicular to Ihis, Ihtoug-h the point 
(a/, y*,) that the tangent th/rough <mi/ point is perpi^dicular to Ike 
radiua at that point, a property which was assumed in the preceding 



(26.) To draw a tangent to a circle from a given point without it. 

Let {a, b,) characterize the given point, P, when referred to rectan- 
gular axes originating at the ceniie, then it is required to find thiough 
what point, {3/, y',) on the circumference the hue must pass to be a 
langMit. 

The point {x', ^,) heing on the circumference, there must exist the 
relation a:'^-f*'y^ = '* ■ ■ ■ 0-)- Also, ance the point (o, i,) is on 
the tangent, we must have, by substituting its coordinates for x and 
y, in the equation of the tangent, the relation as/ + by' = t" . . (2). 

Now, from these two equations, we may determine the unknown 
coordinates 3/ and y' ; and it is obvious that we shall arrive at two 
systems of values, "for the first of the equations above is of the second 
degree ; we may infer, therefore, that there Vill be two points in the 
curve, to each of which a tangent may be di^awn fi^jm the given 
point. As the analytical representation of the coordinates of, these 
points will be rather complicated, instead of obtaining them from the 
preceding equations, we shall determine the points geometrically ; and 
to do ihis, we shall merely haVe to construct the lociis of the simple 
equation ax -[-by ^^r', io ref^'ence to the axes of the chcle, for this 
lociia aiiist of necessity intersect the curve in the two points sought, 
since, by virtue of equations (1) and (2), the coordinates 3^, y', be- 
long both to this locus and to the circle (see art. 23.) 

- r' t^ 

Fori/ = 0, the value of a; is — , asid for « = 0, the value oft; is-- 



take AB = -=-, then the straight line, BC, 

drawn through the points B, C, will intersect, 
the circumference in the required points, M, 
M'. The value of xioiy — 0, that is to say, 

AC, being — , an expression independent of 

6, must be the same, whatever value 6 may 

take, that is, whatever be the length of the pei-pendicukr, NP; we 
may infer, therefore, that in whatever point of this perpendicular P 
be situated, tlie chord joining the points of contact of tangents drawn 
from it, will always intersect the axis of a; in the same point, C 
This property may be thus expressed. 
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If from any nutiAer of points in a straight line tangents be t^cifwn 
to a circle, the chords joining each fair of tangents will all intersect 
the perpendicvla,r,from the centre to the line, in the same point. 

If the prq>osed line cut tile ciicle, the intersection of the chorda 

will lie without the circle ; for as then a 4- r,x=— must exceed »•,■ 

but, if the line be wholly without the circle, the intersection will obvi- 
0U3ij be within it. 

If instead of constructing the locus of the equation oi -j- 6y = i*, 
we had actually solved the equations ( 1 ) and (2) , we should have ar- 
rived at the followmg expressions for the coordinates of the points of 

coEtacl, riz. y' = ^J^±-^^ia- + lf-^i (8) 

''■■*"^=^f5tTF^!'"+'"-''' <*> 

By means of these coordinates we can find the equation of the line 
paaaing through the two points to which they belong, and this equa- 
tion we shaJl &id to be aa: + % = i^, as above. For the equation of 
a Une passing through two prants is of the form 

y—y' = a'ix-~a/) (1), 

in which the coefficient a' is equal to the difference of the ordinates 
of the points divided by the difference of the abscissas ; in the present 



and the difference of the abscisaaa, ^ -j V J «' + ("^ — ^l) 

so that, dividing the first of these expressions by the second, we have 
for the value of a', a' = — -j and, consequently equation (1) is 

y — y' = {x — x')^ot by-\-ax = by' -^aa/; but, by the condi- 
tions of the problem, as/ 4- &!/' = i", and .'. a3:-\-l/y ^ r", the equa- 
tion required. 

PROBLEM III. 

(27.) A circle and a point being given, it is required to draw from 
the point a straight line through the circle, so that the part intercept- 
ed by the circumference may be of a ^ven length. 

■Let ACBD be the given circle, and P the 
given point, the coordinates of which are x', y', , 
the axes being as before. Let the unknbwnl 
distance ofilie point (r'.y') from one of the points \ 
of intersection be represented by a, we shall then 
have the following equations, viz. 
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»^ + f = r H) y-y' = a{^~3f)..{2) and i'= (x-a:')' 
-\-{y'. — y')" . , (3). the first representing' the given. circJe ; the second, 
a straight line through the given point; and the thiid, the square 
of the unknown distance. 

Now at the points where the line and circle intersect, the same co- 
ordinates will belong to each, so at these' intersections the values of a; 
and y will he the same, in each of the above equations. 

HenCe, Bubstitutirig for {y — y'f, in equation (3), its value 
a'{x — a/f, in equation (2), we have s° =(x — ^)'(1 + «'), 

fom which w. gM a; - 1;- = ^^ .nd , - ,' i ^j-f^^j 

Substituting these values of x and y, in equation (1,) it becomes, 

after reduction, s^+?^ "5 * + ^'' + y"~'^ = (4). 

The roots of this quadratic are 

Since the difference of these two values of s must express the. given 
length, we have, by calling it 2m, 

If now we square this expression, we shall obtain, after reduction, the 
quadratic(a/' + m^— »^)o'— aa/y'tt + Z' + m^— r' = - - - {&), 
in which all the quantities are known, except a ; this, therefore, may 
now be determined, and thence the required Ime j* — ji' = a{x — a/) 
drawn, and it is plain that, as the solution of the above quadratic will 
give two values for a, two lines may be drawn ftoin P, fuiiffing the 
proposed condition. 

If the given poiiit be upon the axis of a;, thee y' r^ 0, and equation 
(5), becomes (y'-}"™^"''!*) "' + "*' — 1* = 0, so that the expres- 
sion foro, which m this case is, a =V—;s-i — J -= ■ ■ ■ (6), will 

be most simple, if we choose for the axis of abscissas a line from the 
centre through the g^ven point. 

Let us now actually construct the line from its equation 
1/ = a(x — a/), which equation (2) becomes, when the axis of .« pass- 
es through (x', y'). The numerator Vh'* — '"'J of the coefficient a, 
in this equation, obviously expresses the side of a right-angled trian; 
gle,. of which the hypothenuse is r, and the other side m. ijet, then, 
this line be constructed, and call it p. The denominator, alo, of the 
&action abeing Vjar^-|-»n'' — r*^, or Vj^" — {^ — '"'^)U expresses 
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the side of a right-angled triangle of which the hypolhenuse is x\ and 
the other side Y^ J r' — i»°f, the line just constructed. If 'ben this 
second line be also constructed, and represented by q, the equation to 

d line wiii he y =*- (a: — x'). 




Take, tbetefore, on OP, the distance, PF,= 5, 
and on a perpendicular at the extremity, take 
FG =p, then the straight line, GE', through 
P, will be drawn as required ; for the tcigono-/ 
metrical tangerit of the angle FPG will be y -T-qi 

If m = 0, the proposed line will be a tangencl 
to tjie circle, and, in that case, equation (6) be- ^ 
comesa = r-=- Vja^ — r'J, This, therdbre, is 
the value of the trigonometrical tangent, which the line ftom the giv- 
en point to the centre must make with another hne drawn from the 
same point, in order that this latter may touch the circle, hence we 
have an analytical solution to prob. 2. 

The same expression for the tangent of this angle might have been 
readily derived from equations (3) and (4), in problem 2. For, since 
A tangent, PC, is perpendicular to the radius, OC, it follows that the 
angle, OUp, included by this radius and the ordinate of the point C, 
is equal to the wigle OPG ; so that the trigonometrical tangent of this 
angle will be expressed, by dividmg the abscissa. Op, of the point C 
by the ordina'te,pC, the axis of j; being supposed to pass through P. 
Now, on this supposition, b, in the eqiiations refen^ed to, ia 0, so that 
the coordinates of C become 

1- ' 1^, x' r 

y'=-'j\i^ — r'l, x' =-. .-.—;= — r-i — J3- which expression 
^ a * > ay' ^\(^-~y^\ 

is the same as that above the abscissa of the point, P,bemg repre- 
sented by a in this expression, and by 3/ in the former. 

From equation (4) two well-known theorems may be easily deduc- 
ed, for representing the roots of that equation by e' s", we have, by 
the theory of equations, {Mg. p. 177), z's", or PE X PE'^a/^-fi/'' 
— r*; and as the values of 3/, y', and r, are quite independent of in, 
this equation subsists for every position of PE' ; hence, when P is 
within the circle, we infer that chords intersecting each other in P are 
divided, so that the rectangle of the parts of each is the same ; and, 
when P is without tbe circle, we conclude that all lines drawn there- 
from, and terminated by the concave part of the circumference, are 
so divided by the opposite part, that the rectangle of the whole line 
and the external part ia the same in each. 

PROBLEM iV. 

(28.) To find the coordinates of the pointa of intersection of two 
circumferences. 
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Let the radii of the two circlQs be r, r', and the distance of- their 
centres, d. Let the rectanaulaj axes originate at the centre of thai 
circle, whose radit:^ is i-, andlet it pass through the centre of the other 
circle; then the equation of the former circle will bey'' + a? = j;° (1), 
and theequationof the latter; the coordinates of whose centre is a— ol, 
,8=0, will be f-{~[x~df = r^ . . (2). At tlie points of intersec- 
tion, the values of « and y must be the same in both these equations. 
To determine them, subtract equation (2) from equation (1), and there 



results 2(£j:— (p = r*— t^, .-. K = - 
value of T, in equation ( 1 ) , we have y" - 



i if --r^J-^ > 



whence !; = ^v'j4<^'»"*--[»''—'^ + '^)'S ■ ■ ■ (3)- 

Now we may observe of this equation that the expression within 
the brackets is the difference of two squares ; it may, therefore, be re- 
placed by two feictors, the one denoting the sum, the other, the diffe- 
rence of the roots of these squares, that is by the factors, 

(2di- + iS + d'— O {2dt-— r"— (P-4-r"). 
Here again it occurs that each factor is the difference of two squaresi 
the first being {r-\-d)' — r^, and the second, r" — {r- — d)^] hence* 
by decomposing each of these into factors, equation (3) is finally re- 
duced to 

> = ^vK'-l-'+i') ('+i'-''U' + ''-<i){''+<i-')S.(4)- 

Since j/ haa here two values, numerically the same but with c<»itrary 
signs, it follows that the line joining the centres of two iniersecling cir- 
cles Insects at right <mgtes the line joining the hilersedions. 

The form under which we have jtist exhibited the expression for- j 
is very convenient for the examination of the circumstances of the 
problem, which examination will lead us to the theorems relative to 
intersecting circles already established in Elements of Geometry. 

As the first factor under the radical is necessarily positive, the 
whole expression must also be positive, provided that all or only one 
of the remaining factors are likewise positive. Now two of the re- 
maining ftictors, at least must be positive; for if one, {r-\-d — r') 
for instance, be negative, then (r -|- d) z. r' J cossequently r Z.r', 
and also (J T »^, which proves that the other two factors must be po- 
sitive. There can, therefore, be but two cases to examine, viz. that in 
which all the factors are positive, and that in which one is negative. 
In the first case the values of 3/ will he real, in the second, they will 
be imaginary. In the first case, there must obviously subsist the con- 
ditions r-\-dyi',r-\-r' 7 d,r'-\-dyr, which prove that if two 
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eircimiferencM ctd, ihe diatmice of their centres fimst be less than the 
mm, and greater than the lUffereHce of the radii. 

In the second case where 1/ becomes imag'htarj because of a nega- 
tive fector, we must have one of the conditions d'z. r' — r, d -7 r-\- 
r', d'^ r —r'; so that (wo circumferences can have no point in com- 
tnoa,ifthedislaneeaofthe centres ie less than the difference or greater 
than the sum of the radii. 

Lastly, let one of the thiee last factors be 0, which can happen only 
when d is equal either to the sum or difference of the radii. In this 
cEiae, y ^= 0, showing the circumferences have but one pdnt in cam- 
moo, and that this is on the axis of a: ; bo that tuio drwnferences 
tttuck, tehen the dista^e of the centres is equal to the sma or differ^ice 
of the rcKUi. 

(29.) In addition to the problems here ^ven, a variety of others 
relating to the circle might be proposed, which would conduct to other 
properties of this curve. But, as the circle occupies so large a portion 
of elementary geometry, where its most important prqjerlies are 
unfolded with the utmost simplicity and elegance, it would be super- 
duous to dwell upon it at any great length'here. Indeed, the theorems 
established in elementary geometry are, for the most part, obtained 
with less ease and simplicity by analytical processes than by pure 
geometrical reasoning. This feet the student has, no dmibt, had oc- 
casion to remark, in some of the foregoing investigations ; these how- 
ever, it would not have been proper wholly to have omitted, on this 
account ; their introduction has not only furnished the student with 
the means of applying the fundamental principles of analysis, but has, 
at the same time, given him confidence in those principles, hy con- 
ducting him to results previously known to be true. 

In the remaining sections of this work, which wdl treat of curves 
not within the limits of elementary geometry, the great advantage of 
analysis will be more distinctly seen. Many important properties of 
these curves wiE be obtained with the utmost ease and fticihty, which 
could not be established by common geometry but by very lengthy and 
elaborate reasonings. 

(30.) We shall terminate this sectitai with one or two problems on 
hd ; first, however, showing that, as the general equation of a circle, 
when referred to rectangular coordinates, is (ic — af~\-(y — /3)' =1^, 
M, ar' — 203; -|- o" -|- y' — 2^y -|- ^ — i* = 0, so, conversely, every 
equation of the second degree ofthe form 3? -)-^-|- Ax 4* Ey-fC^O 
(!)■ will be the equation of a circle : this may be proved as follows. 

Take a]iy rectangular axes, AX, AT, and find the point 0, whose 
abscissa is — ^A and ordinate — JB ; then, from this point as a centre, 

with a radius equal to V I — 7 — C(, describe a circumference; 

tim circumference will be the locus of the proposed equation. 
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For the equation of this circumference beingf 
^'r — f^T -\- {y — ^)'— »^. where, by conatruction, 
a=— ^A, 0=— IB, aiMir'=|(A'-f B') — C, it is 
thesameas(»' + M)=+{y + iB)VJ(A'+B')— 
C, wWch reduces to 3^ -^^-{-■Ax-\-By -\-C=0] 
hence the circumference just described ia the iocus 
of this equation. ■^ 

Suppose, for example, it were required to construct the locus of 
the equation 2a^ -|- 2y* — 3x-\-4y — 1=0, which reduces to.T^ + i/* 
— ^x-\-2y — i=0. First, then, find a point 0, haviogf for its absc- 
issa, and — 1 for its ordinate ; then from this point, as a centre, with a 

radius equal to ^(^-j-S') + J— Vff =^i V^^, describe a circumfer- 
ence, which will be the locus sought. 

It must be observed that the coefficients of the proposed equation 
may be related so as to render ^(A" -)- B*) = C, in which case the 
equation will represent a circle whose radius is 0, that is, merely a 
pouit ; such is the equation 3?-\-y'' — Sx — 2g + y =0, wMch re- 
presents a point whose coordinates are a: = J and y = l. 

The coefficients may also be so related that the equation may have 
no geometrical representation, as in the equation x^ -\- y^ -\- 4x — 2y 
+ 7 = 0, which, for every possible value of x, gives on imaginary 
value for If ; so that no real line or point can be represented by the 
equation; In such equations, the expression for the square of the 
radius will always be negative ; when, therefore, we say thaf equa- 
tion (1) represents a circle, we must be understood as meaning, that 
no other line can be represented by it ; so that, wheii the locus is not 
a circle, the geometrical representation ia impossible. 

■We rfiall now add a few questions, leading to indeterminate equa- 
tions of the second degree, ^e loci of which will furnish every geo- 
metrical solution, 



(31.) Given the base and the sum of the squares of the 
determine the triangle. 

Let AB be the base, and put m for the sum of the 
squares of the sides, AC, EC, 

Let the perpendicular, OY, from the middle of the 
base, form, with the base, the rectangular axes ; then 
putting a for AO, or OB, and {a:, y), for the point C, /, 
we shall have the equations y^-f (a: + af=A<y. (1) l 
BXiAf + (x — af=BG'. (2). Adding these toge- 
ther, 2;/' + 2a? + ^o* = A<7 + BO*. (.3); there- 
fore, putting m for AC + BCP, y' -f 3;* = i(m — 2a') which equation 
represents a circle, of which die centre is the origin, O, and ;' 
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radius 1/ dm — r <^) ; so that, if this circle be deacribed, and lines be 
drawn from A, B.'to any poini; in its circumference, a triangle having 
the proposed conditions will always be formed, and thus, when the 
base and sum of the squares of the sides are eonstaot, the locus of the 
vertex is a circle. 

Since y" -|- ar" ,= OC, it follows, from equation (3), that we have 
2A0' -f 2OC* = AC^ 4- BC^ ; that is, in aay triangle, the sum of the 
sqwaresof the sides is equivalent to twice the squares of half the base, 
i^idoftke line from the vertex to the middle of the base. [Geom.p. 38.) 

FfiOBLEm VII. 

(32.) Given the base and the vertical angle to determine the 
triangle. 

Let b represent the g^ven base, AB, and put v for 5 
the tangent of the given angle,; then, taking AB, 
AY, for rectangular axes, we shall have, for the . 
equation of any line, AG, drawn from the origm / 
y ^ax . . . . (1), and the equation of another line, I 
BC, drawn from the point (b, 0), and making the A^ 
proposed angle with the former line will be 

y =- {x — 6). (2), (a, y) beingthepoint of intersection, C. 

Now, for a, in equation (2), substitute-, its value in equation (1). 

and we thus obtain the equation t/= — (x— b), which reduces to 

y'-\-x' y — bx= 0, the equation of a circle of which the coordi- 
nates of the centre are ^ = — ,aiida=-, andradiuav'(^+— ) = 

From the foregoing expression for the radius, it is plain that the 
circumference passes through the origin ; and, since for y = the 
above equation gives t = b, il follows that it also passes through B ; 
hence the baae of the triangle subtends the arc of .which the vertex is 
the locus. 

If the given angle is right, then its tangent, v, is infinite, and there- 
fore /3 — ; so that, in this case, the centre of the circle is at the 
middle of AB. If the angle be acute, /3 must be positive, for v will 
be so in this case ; therefore, the centre is atuated above the base ; 
but, if the angle be obtuse, then ^ will be negative, and the centre 
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will be below the base. Hence the segment containiwg a right 
angle must be a aemiciicle, and the segment will be greater or less 
than a semicircle according as the angle conlMned in it is acute or 
obtuse. 

It must be remfuked that no part of the arc c 

below the base belong& to the locus, which we 
have' determined, because equation (2) requires 
that the angle be formed to the rtghi of AC, (se 
(Wi. 13,) fixing the mtersecuon above AB. A; 
however, there is uo restriction of this kjnd in th 
problem, we may admit, the proposed angle to b 
formed to the left of AC, in which case the equa- 
tion of BC -will be a= ■fX'"" (^ ~^)' ^^~ *^ 
locus, ^ + ar* -| — y — 6«= 0, representing a circle of the ^ame ra- 
dius as before, the coordinates of the centre being = — — , and 

(X= lb; so that, in strictness, the locus consists of two equal arcs, situ- 
ated the one below the other, as in the annexed diagram. 

The three problems next following resolve themselves into the 




PROBLEM vir. 

(33.) Given the base and vertical angle of a triangle to determine 
the locus of the intersection of perpendiculars from the angles to the 
opposite sides. 

Let AB be the base, P the intersection of the per- c 

pendiculars, AF, BE, on the sides BC, AC ; then, 
since the sum of the angles of a quadrilateral amount 
to four right angles, the angle P moat be the supple- 
ment of the angle C, and therefore constant, because ,^ 
C is. Hence we have the base, AB, and verticar ~ 

angle P of the triangle PAB, to find the locus of P. By the pre- 
cecEng problem, this locus is the arc APB, whose cJiord, AB, sub- 
tends an angle equal to the supplement of C. An equal arc below 
AB also belongs to the locus< 

PROBLEM VIII. 

(34.) To find the locus oftlie centre of the^ inscribed chcle when 
the base and vertical angle of the triangle are given. 

The centre of the inscribed circle is at the inter- n 

section of the Imes bisecting the angles at the base, 
and, as the sum of these angles is constant, because 
the vertical angle is, the half sum must be con- 
stant, so that the triangle APB,. formed by the 
given b^, AB, and the lines AP, BP, to the centreA..^ 
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of the inscribed circle, has the vertical angle P, < 
two rig-ht angles, micus Ualf the sum of the angles at the base of the 
propoaed triangle, that is, to one right angle plus half the given angle ; 
hence the require! locus is an arc described on AB, containing this 
angle. A similar arc below AB, belongs also to the locus, 

PROBLEM IX. 

(35., The base and vertical angle of a triangle being given to 
find the ocus of the intersection of the straight lines, drawn from the 
angles to the middle of the opposite sides. 

By art; (19.) if P be a point of intersecticm, ite distance from M, 
the middle of the base, AB, will be equal to half its distance from the 
vertex C. 

If, therefore, Pire, Pw', be drawn respectively pa- ,; 
rallel to AC, BC, we shall have M»i, Mm', each 
equal to one third of aU or EM, and the angle P 
equal to the- angle C ; that is to say, the b^e, >«m', 
and vertical angle, P, of the triangle, mPm', are 
constant, the locus of P is, therefore, the arc mPin', A.'— 
To construct it, we shall have to trisect the base, and to describe 
upon the middle portion an arc to contain the given angle, or rather, 
two such arcs, one on each aide of mm'. 

We shall give another solution to this problem. 

TaJre the rectangulai axes, AB, AY, then, 
since PM = yCM, the perpendicular ftom P to Y 
the base will be one third of tiat from C ; hence, 
representing the beise by 6, the vertex by {x, y), 
and the pomt Pby (X, Y), we shall have i/=3Y ; 
X = 3X — 6 ; and, substituting these values of x ^ 
and !/ in the locus of (x, y), as represented by its 

equation in Prob. 6, it becomes Y'^ X' :f 3- Y - 4S + f 6* =0, 

the equation of a circle, of which the coordinates of the centre are a = 

■ Let Y = 0, then the corresponding values of X, given by the solu- 
tion of the quadratic, are X = ^& ; X ^: f 6, showing that the locus 
intersects the base in two points, at these distances from A, thus in- 
tercepting the middle of three equal portions. 
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(36.) The only curve -which we have as yet considered is the cir- 
cle, whose equation we have found to be of the second degree. Be 
sides this there are three other curves, which, like the circle, are each 
represented by an equaticm of the second degree. These three cui-ves 
we pi-opose iij ihia, section to examine, first determining the equation 
and form of each, and then proceeding to investigate its properties. 
We shall afterwards show, that every equation of the second degree, 
with two variables^ whatever be its form, can represent no curve, but 
the circle, or one <rf these three ; and, from this circumstance of their 
equations being all of the second degree, these four curves are called 
hnes of the second order. Before proceeding to the three new curves, 
of which we have just spoken, the student should attentively read 
'he following preliminary chapter. 

CHAPTER I. 

ON THE TRANSFORMATION OP COOEBINATES. 

-(37.) Every equation which characterizes a line, whether straight 
or curve, will depend for its simplicity upon two circumferences ; the 
relative position of the axes to which the line.is referred, aod the ab- 
solute position of the origin. 

This feet has already been observed, as regards the two classes of 
lines which have hitherto been examined, the straight line and. the 
circle. It was Seen in the case of the straight line, that when the 
axes were oblique, and their origin not upon the line, the equation 
which characterized it was far less simple than when rectangular 
axes were employed ; the relative position, therefore, of the axes 
affected the equation. It ^vas moreover observed, that if, in addition 
to the axes being rectangular, their origin were upon Oie proposed 
line, the form of its equation became stUI more simple. Simdar re- 
marks apply to the' circle, the equation of which is much niore com- 
plicated when the ax&/ of reference are oblique, and originate without 
the curve, than when they are rectangular, and originate at the cen- 
tre. It may, therefore, readily be conceived, that, with regard to 
other curves, there may also exist certain positions for the axes, and 
certain points for their origin, hy assuming which, the curve may be 
susceptible of a more commMious analytical representation, than 
when the axes and origin are chosen at random. Wow the object of 
this chapter is to show that when a curve, is represented by an equar 
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don, in reference to any system of axes, we can always transform that 
equation into another, which shall equally' represent the curve, but 
in reference to a new system of axes chosen at pleasure. This is 
called the transformation of coordmales : it may couaist either in 
'altering the relative position of the axes, withorit displacing the 
OTJgin; in removing tiie origin, without disturbing the relative posi- 
tion of, the axes ; or, lastly, it may be found necessary to alter both 
the direction of the axes and the situation of their origin. By means 
of these trai^ormations, we may often simplify the -equation of a 
cva-ve, and many of its propeitiea,.not readily derivable from its equa- 
tion in one form, may frequently be obtained with great facility by a 
transfbrmalion of it into another, as will be repeatedly seen in the 
course of the subsequent chapters. 

(38.) Let the axes, AX', AY, be those to which any lino, MMTtf", 
is related by its equation, and let A'X', A'Y', be tlic new axes, to 
which, it is proposed to refer the same line. 

Ijet the coordinates of any point, M, in y y* v 
the line, relative to the primitive axes, be ' 
X and y, and the coordinates of the same 
point, refen-ed to the new axes, A'P" = x', 
and Vf%-=i/. Draw A'X" and P'H 
each parallel to AX, and P'K parallel to ^ 
AY, then we shall have a; = AP — BA' a. 
+ A'K -f- P'H, and y = PM = AB -f KP' + HM. ' 

In these equations BA', AB, are known, being the coordinates of 
the origin. A', of the, new axes, when refened to the piimitive. It 
ransuns, therefore, to determine the other terms, and for this purpose 
let us represent the known coordinates of the new origin, viz. BA', 
AB by a, i; the angle X'A'X", which the new axis of abscissas 
makes with the old, by a, and the angle Y'A'X", which the new 
axis of Ordinates makes with the old axis of abscissas, by a,' ; then 
the inclination of the new axes will be a' — a. Let also p represent 
the angle Y"A'X", the inclination of the primitive axes ; then will 
jS — a. be the angle formed by the new axis of x and old axis of y, 
and fS — a' will be the angle formed by the new and old axes of y. 
Now, by trigonometry, the value of A'K is 
._ A'P'(sin.A'P'K) x'my.( & — a) , . . , ,,p,K- 

A'K = — : — TTrr^rT, — -= ^^—^ ^^, observmg that A'P'K 

sin. A'KP' sin. ^ ^ 

= Y"A'X', or ,8 — a, and that Y"A'X", or ;3, is the supplement of 
A'KP'. In hke manner, for KP' we have 

A'P' I'qln P'A'Kl t' sin n 

KP' = 'LL^"'_V^^ = ~^^. Also, in the uiangle MPH, 

sm. A'KP' am. ' ^ ' 

u f u," D,TT P'M (sin. P'MH) /sin. (/3— a') . 

we have, fOTp'H, FH = r^. ,„^, — =^—^^—.—~-^ and 

' sm. MHP' sin. ^ 
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for HM, HM = 


P-IVf {ain, MP'H) 
sin. MHP' 


lues of X and y 


we have x = a -\- 




sin. «4-i/'ain. a' 



, ' ■ Hence, for the va- 
'sr(/3-^)+y^Bm.(g-^ 
sin, ^ 
These then are the values 

which must be aubsfituted in the equation of the curve, when related 
to the primitive axes, AX, AY, in order to transform it into the equa- 
tt<ai which the same line must have when referred to the new axes 
A'X', A'Y'. The above general expressions become modified in 
particular cases, the principal of which we shall here exhibit. 

1. When the new axes are parallel to the old. 

In this case, the inclination of theaxes remaining unaltered, while 
the origin is removed, we have a ;^ 0, /3 — a' = ; hence the above 
expressions become x = a-\-x' and y =:b-\-y' . . . . (1). 
I are reelangvlar, (i 



2. When the prmitiBi 




Hereain. O — a) =cos.a, and sin. (^ — k') 
= COS. a,', therefore | ^Y-.^ ''{ 

y=b + x' sm. a + y'&m. a'} \\ ^\\, 



Q^^ 



Here a' = 90° + o 
also sin. (/3 — a,') = 



n both systems 
.-. sin. a.' = c< 



y — b-\-x'^. a-\-y' cos. 

4. When tkeprhmlive axes are oblique, and the 
gtdar. 

Iiithiscase, a'=90°-|-a .*. sin. a'^cos. a also, 
since the complement of ,3 — a'is 90°^ — O — a,') 
= 180° — (/3 — a),wehaveain. C^ — a') -= — 
COS. (^ — a), so that the formulas for this case 
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.,(3-.)— /« 



x + J/'a 



In the first of the mar^al figures, the two systems of axes are so 
placed that, /3 — a is less than. 90° ; its. sine and cosine are, therefore, 
both positive ; and the expression for x shows that y' times the latter 
is Xahesi^tracted from a;' limes the former. In the second figure the 
two systertffi are placed so that ^ — a is greater than 90° ; its s' 
therefore, is positive, as before, hut its cosiae .is negative ; and the' 
mula shows that iri this case y' times the cosine, is to be taken posi- 
tively, that is, it must be added to a/ times the sine. It must be re- 
membered that, in each of the preceding cases, when the transforma- 
tion is confined merely to the direction of the axes, the origm remain- 
ing' fixed the terms o, b, become 0. It must further be remarked, 
that, when the axes of a^ in the two systems coincide, flien « =: 0, and 
when the axis of y in botii systems are identical, then = a'. 

Suppose, for example, we wish to pass from an oblique to a rect- 
angular system, the origin and axis of a; remaining undisturbed, the 
formulas (4) will give 

x=it!' — ^. — s" = ^ — J/' cot. /3 and y = — r^-=- = y' cosec. B. 

(39.) Throughout the whole of the preceding investigation the an- 
gle a, or that which the new axis of x makes with the old, is suppos- 
ed to be positive, that is, we have uniformly conceived this angle to 
be situated above the primitive axis of x. It, on the contrary, it he 
supposed negative, or to fall belmi> the same axis, then its sine will be 
negative, biit its cosine will ccaitinne positive. Hence, in this posi- 
tion of the new axis of x relatively to the old, the preceding formulae 
will require some modification. We shall, therefore, in order to com- 
plete this theory, here present them with the necessary changes. 

For the first of the preceding cases the formulas are the same. 

For the second they are (3') ■■■ |^ —l^x'sina+y'lin a,' 
For the third, (3') . . . [j^ ^i^^rr+ZcS'" 

^^^ ^sin.(g+«)-.,'cos.(ff+a) 
For the fourth, (4') . ) ^ " siri. 8 



.b + 






or, since the angle {,3 + a) is here the same as «' in figs. 1 and 2, 
ive may write these last expressions thus: a' expressing the inclina- 
tion irf the old axis of)/ and new axis of a?, and a' — a the inchnation 
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af tbe old axes of x and y, (4') . . . { sin. (a — a). 

It may, perhaps, be satis^tory to the student to verify thLs last for- 
mula, which is die most complicated, hy determining' the values of x' 
and ^ irom ftamulaa (2) ; we shall thus have the values of die oh- 
lique coordinates in terms of the rectangiikr, as above. Omitting the 
CMistants a and 6, in (2), and multiplying die first equation by sin. a', 
the second by cga, a', and suhtracKng the latter result fi:om the foriri- 
er, we have, x sin. a/ — y cos. of = 3/ {cos. ct sm. a' — cos. a.' s\a. a) 

, . , , . , aisin. k' — 11 cos, a' ^ ... 
= ^sin. (a'-^«) .-. a/==— — -. — r-;;^ r ■ ID Idtc manner, 

■by multiplying die first equatiwi by sin. a, die second by cos. a, and 

proceeding as before, we get y' = ^ — J — -.._ -I— values which 

verify the preceding formulas. 

(40.) Some authors employ a different notation in these formulas ; 
thus, instead of using the letters a., a/, &c, to denote the angles about 
A', diey employ the sideswhich contain them, tbe primitive axes be- 
ing denoted by X, T, and the new ones by X', Y', so that [X, X'] ia 
put for a, [Y', X] for a.', &c. By adopting this notation, the fost 
class of formulas, where [X, X'] is positive, wiU be 

1. When the primiHiie axes are rectansvlar, and the neio ones obliqut. 

. = . + .' CO.. r±, X'] + y- 00.. PL, Y'l 
» = S + r- .in. tX, X'] + J' sin. tX Y']. 

2. When both systems are rectangular. 

J = 4 + y sin. (X, X' J+ J' oos. [X, X']. 

3. When the prmitive a:eee are oblique, and tite new oms redangalm. 

.^-.[X'.Yl-j/'cos-mY ] 
,_.-, ,i„. [X,Y] 

,, ^ J J. ^ "• [ X,X']+»' c. ..[X,X '] 
»-'"' =in rX,Y] 

The second class of fomiulas, where [X, X'] is negative, will be 

1. When theTmmiiwe aires are rectangular, and the new ones obliqut. 

i: = o + »- cos. [S, X'l 0- / COS. rX, Y'l 
f-b—a'iin. l;x,X'14-»'sin. [X,Y'] 

2. When both snstans are redoneWm". 

1 = + 1' COS. rx, X'l +»' sin. rx,x'] 

, = i-.'™.tx,X'f+5'eo,.tx,X'1. 

3. fVhen the primilive naies are oblique, and the new ones reclang^dar. 

, :^sin.[X',Yi- i,'c...[X'.Y] 
+ sin. [X, Y] 
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y = h + 



y' COS. [X, X'] — x' sin. [X, X'] 



Undpf tliis form of Dotation, the angles introduced are more distinct- 
ly marked, and therefore more readily recognized, than when they 
are each represented by a single letter. Still, however, as these for- 
, mulas are less brief, and, consequently, less commodious in calcula- 
tion, the form of notation first given is generally adopted in preference. 



Its equfdton and Properties. 

(41.) An ellipse is a curve from any point, P, in which, if straight 
lines be drawn to two fixed points, F', F, their sum will always be 
the same.' 

The points F', F, are called the foci of the ellipse p 

and the dbtance FT or FP of either from a point 
in toe curve, is called the focal diMance or radius f 
vector of that point. V 

From tilt; defbilion of an ellipse, the curve may 

he readily desciibed mechanically; thus, \o the two 
feed points, F', F, let the extremities of a cord be listened, let this 
cord be stretched into a loop, FTF, by meara of a pencil, P, then the 
motion of this pencil, still keeping the cord stretched, will evidently 
describe an ellipse. The cord must obviously exceed in length the 
distance F'F. 

Let us now seek the equation of this T 

curve, and, for this pm-pose, let ua take 
OX, OY, for rectangular axes, the origin 
O being placed at the middle of F'F, and 
let the sum of the distances of any point, P,A 
in the curve from the foci, be represented by ^ 
2A. , Put also c for OF or OF'; then, if 
PM be drawn perpendiculai to OX, we shall have OM = x, PM=y 
and, consequently, y'~i-(x: — c)'=PF', (1), V'-|-(ar-4-c)'=PF'° (21 
alBoPS-+PF' = 2A, ..(3). ' '"''^' ^' '^" 

Hence, by addition Mid subtraction, we get 25/'-[-2ic^ -I- 2c' =: PF* 
+ Pe", (4), and Aex = PF" — PP^ = (PF' -(- PF) (PF' — PF) 
=2A (PF'— PF}, .-. PF' — PF = 2cj; -^ A; hence, coinbining thia 
last equation with equation (3) diere results PF' = A + — and PF 

= A — — ; and, if these values be substiUital in equation (4), W8 
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have t/' + ■^ + "^ — -^"-l — TT' which finally reduces to 

Ay + (A'— <;^^ = .A'(A^— c^), (5). 

In this equation, x ami y are the coordinates of any point in the 
curve, and the other terms are all constant; this, therefore, is the 
equation of the curve. 

(4a.) Let us now inquire at what points the curve cuts the axes. 

For this purpose, put Jf = 0, in equafion (5), and there results for 
the abscissa of the point where the curve cuts -Ox, x =^ ± A. We 
henfje leam that- a has two values, viz. a: =^A, and x = — A, so that 
theciu^e cuts th6 axis of a^ in two points, B, A, each at the (iistfuice, 
A, from the brigin, the one being to the right, the other to the left. 

Suppose, now, a; = 0, in the same equation, and there reeulta 
the oidinate of the point 'when the curve cute the axis of y^ 
y^ VjA" — <^l- Since this value admits of being taken positively 
or negatively, we infer that the curve cuts the axis of y also in two 
points, C, D,' equi-distant from O, the one above and the other below 
it. Hence the two chords, AB, CD, are mutually hi^cted at the 
point O. As Uie former chord ia represented by 2A, let us denote the 
latter by 2B, that is, put 2 V J A' — (^| = 2B, and thea the equation 
of theellipse (5), in terms of the two chords AE, CD, when these are 
taken for axes, assumes the more simple fcirm. A' i/' -\- B^ x? = A^'E? 

ory'=-jj(A'— 3^j, (6), and .-.?/= ± -r- v'JA'— J^j ; 

From these expreeaions for j/and x, it appears that for the same 
value of X, there are two values of y numerically equal, but having 
contrary signs ; hence the chord AB bisects all the chords drawn pa- 
rallel to CD. In hke manner with regard to x ; tiis also has two va- 
lues numerically equal, but differing in sign fca- one value of y ; there-, 
fore, the chord CD bisects all the chords drawn parallel to AB. 

Moreover, since,, for i = Ai or a; = -^ A, the coiresponding value 
if y is 0, it folbws that parallels to the axis of y drawn through the 
points B, A, of the curve, meet it in no other point, that is, they are 
tangents to it at that point. In like maimer, for y — B or j = — B, 
the corresponding value of 3; b ; hence it may in the same way he 
inferred that parallels to the axis of a; through the points C, D, of the 
curve, are ajso tangents to it. It appears, likewise, that at no point of 
the curve can the abscissa exceed A, forwhena^ A, y is imaginary. 

(43.) Let us now seek the expression for the distance of any point 
{x, y) in the ellipse, from the origin, O. We shall merely have to 

substitute for ■f in the expression, D= Vj^ + y'? its value-r^ 

(A' — 3?), as given in equation (6), and the expression sought wlQ 
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be D = VjB'-| -Tj — a^J, (''')■ This expression for the distance 

will obviously remain the same, whether x, y, be positive or negative. 
01" the one positive and the other neg;ative ; hence, those points in the 
curve, whose coordinates have respectively the same numerical values, 
however the signs thereof m^y differ, are equaUy 
distant from O, so that If OM = a, PM = f, and 
OM' = — 3^, P'M' = — y be the cooi'dinates of ^^ 
two points, P, P', then will OP he equal to OP', 
and, consequently, the angles M'OP, MOP, are 
equal; therefore, M, M', being a straight line, 
PP' mnst be aJso a straight line, so that OP ia only the continuation 
of OP Since, to every abspissa there belongs two ordinates, equal 
in.length, but of different signs, it follows that, if the ordinates of P', 
P,'be produced- to p', p theae points will be expr^sed by ( — x,y,) 
(x, — y) ; they are, therefore, at the same distance from O as the 
former,- and », »', will, in like manner, be a straight line, and equal 
toPP'. 

Because every chovd passing through O ia thus bisected in that 
point, O ia called the centre of the curve, and the chords passing 
through it, diameters. It appears, from the above, that diameters PP", 
pp', which make equal iwigles, POM, p'OM.', with the axis of x, are 
equal. 

Since A ia necessarily greater than B [ari. 42), the precetling ex- 
pression for P must increase or diminish, accordingly as x mcrealaes 
or diminishes : D will, therefore, be greatest when a: is greatest, at 
equal to A, and it will be least when a: ia least, or equal f o ; so that 
OB or OA is the greatest distance of the centre, O, from the curve, 
and OC or ODis the least, distance. Hence, of all the diameters, AB 
is the greatest and CD the least, and, for this reason, AB is often call- 
ed Che Toajor diameter, and. CD the minor diameter ; when spoken of 
together, they are called the prmhipcd diameters, or the priackial axes 
of the ellipse ; consequently, the equation A*y'-|-B^»^'= A'B', (8} 
is the equation of the ellipss related to Us principal dioineters, the ori- 
gin lieiiig at the centre. 

When A = B, this equation characterizes a circle, for it then be- 
comes tf" -|- 3^ = A^. If we wish for the equation of the ellipse, when 
the origin of the axis is removed to A, the vertex of the principal 
diaineier. A, it will be obtained by a very simple transformation. We 
shall merely have to substitute hi the primitive equation, x — A, for 
X, (p, 116), because the coordinates of the new origin are — A, 0, 
hence the transformed equation is A^y'-(-B'jr' — 2AB'io^:0, or 

^ =— ^(2Ai; — x"), (9), tlieeqaatim of the ellipse, when tkeortgiit of 

the rectartgtUar axes is at the vertex of the major axis. 
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It is aometjmea convenient to introduce the quantity, c, denoting 
the distance of either focua from the centre, into the equation of the 
elf ipse, that is, to substitute for B' its equal, A' — c^. The quantity, 
c, is called the eccentricity ; hence, from equation (6), 

j" = (1 -^J (A--i»), or putting . for -i-,y-=(l-e') (A'-i'), 

(10), the e(]Uation of Ike ellipse as a function of the eccentyicUy, 

We shall now proceed to exaHiihe more attentively the forgoing 
equations, for the purpose of deducing from them the principal pro- 
perties of the curve. 

Properties of the Ellipse as related to Us principal Diameters. 
(44.) Referring to equation (6), we find, that the second form of 

that equation reduces to ^-t— j — ~— , = -^5 which furnishes the 

(A + ^) {A — x) A' 
proportion /: (A + s) (A — x) : ; B" : A*. Now A + a;,A^3^, 
are the two portions of the major diameter, into which the ordiimte, 
y. of any point, {x, y,) divides it ; hence the above proportion shows 
that the square of any ordinate is to the product of the parts into 
which it livides the major diameter, as the square of the minor dia- 
meter, is to the square of the major. 

Consequently, ike squares of the ordinates are as the products of the 
parts into which they divide the major diameter. 

If we suppose, in equation (6), the ax^ of reference to he transpos- 
ed, that is, X to become y and y to become x, we must then, in the 
foregoing theorems, substitute iBojor, diameter for minor, and miiMr for 
mi^or ; so that the theorems hold good, whichever diameter be taken 
fof the axis of x. Thoy are true, also, of the circle, which the ellipse 
becomes, when B = A; hence, if a circle be described on a prtnci/int 
diameter of the ellipse, any ordinate in the «Wipse will be to the eoijes- 
poJtSng ordina,te in the drele in a constant ratio, viz. as B to A, or as 
A to B, accordingly as the riiajor ot minor diameter is employed. 

Thus, in the annexed diagrams, 
ED : b:C : •.'C'D' : AB. From 
equation (10) we have A'j^ = 
(A° — c") (A" — x')] heace, when . ' 
3: = c,Ay=X^--e' = B', 
■•■ 2)/ : 2B : : 2B ; 2A, where S 
is the double ordinate through tl 
focus,, and is called the parameter of the n 
sometnnes called the iatiis rectum. 

From this proportion it appears that the paranteter ts a third pro~ 
portioual to the major and minor diameters Calling the parameti'v p, 

we have, therefore, 2Ap = 4B'', or dividing by 4 A^, -r-j = ■^^, henoe, 
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in equation (6), / = —■ (A" — 9?). In like uiai\- 

ner, from equation (9),i/'=: pa — ^ x\ 

The following problem will conduct ua to some other properties. 

PROBLEM 1. 

(45.) To find the expression for an angle inscribed in a Bemi-allipse. 

Let APB be a semi-ellipse, and P an angle Y 

inscribed in it. Then the equation of AP 
passing through the puint A, whose cooi-din- 
atesare^^— A,y = 0,is^ = a(^ + A)^^ 



passing, through the point E, whose coordinates a 



in which equations a, a', represent the trigonometri- 
cal tangents of the angles PAX, PBS» respectively. 
Now the expresaon for the angle P, which these 



;', their values in (l)and(2), becomes, tan. P=: 



But,the lines in question not onlymeet, but they meet in the curve, 
the equation of which gives ar* — A*= ~- (4) ; hence, by sub- 

-(A'-B=)a'^'^' 

As this expression will remEiin the same, though x be negative, it 
follows that there are two points in the isemi-ellipse, at which the dia- 
meter subtends the ^me angle, viz. {x, y,) and ( — x, i/}. 

If A is greater than B in this expression, that is, if the angle be sub- 
tended by the major diameter, the tangent of P is negative, the angle 
is, consequently, obtuse. Now an obtuse angle increases as its tan- 
gent diminishes ; when, therefore, the tangent is least, the angle is 
greatest ; and the above expression will evidently be least when iw 
denominator is greatest, that is, when y = B. We infer, therefore, 
that aU the angUs subtended hy the major diameter are oblvse, artd the 
gi-eatest is that vthose vertex coaitides with the extremity of the imnor 

diMattef. The expression 'for this maximum angle is tan. P— /Ai_i3 a\ 
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If B is greater than A in equation (6), that is, if the angle be s«h- 
tended by the minor diameter, then the expressioii for the tangent is 
positive ; the angle is, therefore, acute, and diminishes as its tangent 
diminishes ; it is least, therefore, when y is greatest, that is, when 
y =: B, Hence, oU the «iig-ies subtended by the minor diameter, are 
acute, and the least M that whose v^iex coincides wUh the eaiireniift/ of 
the major tUamelef. The expression for this minimum angle is 

~B=~A' 

As this expression differs from the former only in its sign, we con- 
clude that these two angles are suippJements 6f each other. 

From the foregoing dieorema it appears, that, if an arc of a circle 
be made to pass through the extremities of one principal diameter, and 
a vertex of the other, it will be whally within the ellipse, if its chord 
be the major diameter ; and whoUy without it, if it he the minor dia- 
meter. Also,' if upon the major diameter there be described a semi- 
circle, or any . greater arc, such arc will be entirely without the elEpse ; 
but if, on the contrary, it be described on the minor diameter, it wUl 
be entirely within the elli[«e. . 

(46.) Returning to equations (1) and (2) in the preceding pro- 

blem, we Imd for their product aa' = „ .^ , or, substituting for 

a? — AVits value in (4,) aa' = — — ,. This equation shows that, 

the product of the irigonomelrical tangents of the two angles, formed 
by knes d/rawnfrom the extreaatieg of a principal diameter to meet t» 

the ctmiejis constant and eqval to j^. ,\ representing the half of 

that diameter which subtends the inscribed angle. 



(47.) To fmd the expression for the distance of any point in the 
ellipse from the focus. (See Diagium to Art. 41, p. 119.) 

Let {x, y) be any given point, P, in the ellipse. Then FP" — 
(x — cf-\-y^=:3p — 2c3! -^ e* -{- ^* ; but, from equation (10), p. 
122, wehave/=(l — 8=) (A' — a?) ; henceFP== ar" — 2c3;4- c^ 
+ (1— e=)(A=— 3?)=A^— 2AeaT + e^a? .-. FP = A — «»: (I); 
and, since FF -(- FP must be equal to 2A, we therefore have F'P = 
A -f- «^ (2); hence, (1) and (2) are the expressions sought ; and 
we may conclude that the radius vector of any point in the ellipse fs 
always a rational function of the abscissa of that point. 

Fpr the difference of the focal distances, we have F'P — FP=2e« ; 
and for their product, FP ■ FP = A= — ^a?. 
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Properties of the Ellipse when related to its coi^gate IXametera. 

(48.) Theforegoing are the principal properties of the ellipse^ which 
are directly deducible ftom its equation, when the principal diameters 
of the curve are taken for aKCs of coordinates.' Byreferring the curve 
to other aystema of coordinates, we shall obtain equations leading to 
other properli^ ; we shall, therefore, now inqvure wliat form the equa- 
tion asaumra, when the axes of coordinates do not coincide with the 
principal diameters, hut make any angles whatever with them, ihe 
ori^n remaining the same. 

It appears from equation (2), p. 116, (hat in order to transform the 
coordinates irom rectangular to oblique without displacing the origin, 
we must substitute for a: and i/ in the equation of the curve, the values 
x = x COS. a + yco3. a', and y = a; sin. a + ijsia. a'; making, 
therefore, this substitution in the equation A' J^^- B*j^ = A'' B', it 
becomes 

A" sin.^ «' U'^ + 2A= sin. a sin. a' I x^ + A= sin.' a\i?- A.^&. 

B'cos.'a'l 2B' COS. a COS. a' I B=cos.'a| 

Such is the general form of the equation when the oblique coordi- 
nates X, y, make any proposed angles, a, a', with the major diameter 
of the curve. It is obvious that, if the term containing ly were ab- 
sent from this equation, it would then correspond in form to the primi- 
tive equation ; and, in order, therefore, that this correepondence may 
take place, the angles, a, «' must be ' so related that we may have' 
A ein: k sin. b'-}-B'cos. k cos. a' = 0; or dividing by cos. ncos. a', 
A* tan. K tan. a' -}- B* = ; the relation, must he such that 

tim.tt' = ^^-.... (1). 

It hence appears that the tmnsformed equation will have the same 
form as the primitive, whatever be the angle, a, provided that the 
other angle, ct, be subject, to the condition (1). . The angle a, there- 
fore, being arbitrary, it follows that the systems of axes thai may be 
chosen so as to render the transformed equation of the form 
( A'sin.^ V + B' cos.^ a') h" + {A' sin.* « -f B= COS.* aj.r'- A=B' (2) 
are limited in number. This equation will be more concisely ex- 
pressed, and, at the same time, its analogy to the primitive equation 

more distinctly shown, if we put A'* for . „ . „ — , „ ■ ■ . — i— , and 
■^ ' '^ A-* sm.^ a + B^ cos.^ a ' 

B'^for ,„ .-?- , I T.1 — .1 — ;, because then equation (2) may be 
A^ sin.' a' -f E' cos.^ It" -i \ I J 

put under the form ^ I/' -f- r7ja^ = 1, as wiE appear by making 

the fbregoita substitutions for A'^, B'', in this equation ; hence, finally, 
A'=/-|-B'W = A'^B"(3). Such, then, is the equation of the 
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ellipse related to oblique ayes originating af the centre r£ the curve, 
the angles a, a.', at which these oblique axes are inclined to the primi- 
tive axis of abscissas being related to each other, as in eqiaaiiow (1). 

(49.) If, in this last equation, we put a: =: 0, the resulting value ol 
y vi/ill be the ordinate of the poiat where the curve meets the axis of 
y ; and, if we put y = the resulting value of x wiU be the abscissa 
of the point where the curve meets the axis of a; ; in other_ words, 
these particular values of y and x will be the value of those semi-dia- 
meters of the ellipse, which, have been taken for axes. 

Now for a; = 0, y =; ± B', and for y ^ 0, a =; ± A' ; hehce the 
semi-diameters in question are A' and B'. 

We may therefore conclude that the equation (3) is not only Similar 
to the equation A^'f + B'r'^A'^'* in form, but also that in the same 
manner as the semi-diarrteters A, E, enter this equation, so do the 
semi-diameters A', B'', enter the former. 

Equation (3) furnishes the following properties, viz. 

1. Each dimneter, 2A', 2B', bisects all thi chords dravm paridlel to 
the other, as was shown of the principal diameters, 2A, 2B* (42.) 
Diameters possessing this property are called conjugate diameters, 
hence the equatiiai A''y*-f-B''3r'= A''B' ts the equation of the 
eiUpse referred to sotyitgate diameters. 

To d^tioguish the principal diameters from the other systems of 
conjugate diameters, they are generally called the conjugate axes of 
the ellipse ; tie longer is aiso sometimes called the transverse axis, - 
and the shorter its conjugate. 

1. Straight lines dr«iun at the extremities of a diameter, 3 A', jiaral- 
lei to its conjugate, SB', are tangents to the curve (42.) 

3. TAe squares of chords drawn parallel to one of tv)0 conjugate 
diameters are as the rectangles of the parts into which they divide the 
other (44.) 

These properties are established as in the articles referred to, 

4:. If any number of parallel chords be drawn, the line whic^ bisects 
them all will bs a straight line passing through the centre. For if a 
diameter be drawn parallel to the chords, that which is conjugate to 
it must bisect the chords, and, therefore, must coincide with tiie for- 
mer line. Hence the solution of the two following problems, viz. 

1. A diameter being given, to iBnd its conjugate. 

Draw a chord parallel to the given diameter, and the line bisectmg 
both will be the diameter sought. 

2. To find the centre of an ellipse. 

Draw a line to bisect any two parallel chords, and we shall thus 
have a diameter ; bisect this diameter, and the centre will be deter- 
mined. 

(50.) From equation (1) we may infer that no system of conjttgaie 
dioineters earn be perpendicttla.r to each other, excqit Ike ptincipal diu- 
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wtelers. For, that the diametera may be pcrpenclicular to each otheri 

we must have the condition, (11) tan. of = ■ ■ , — , but, by equation 

(1), this cannot he, unless A = B, that is, unless the curve ceases to 
be ail eUipse, and becomes a ch"cle ; this teaches us, however, that 
each system of conjugate diameters in a circle includes a right angle. 
As to the princijral diameters of the ellipse, the equation 



does subsist, for then, a being 0, this equation ia the same as oj = oo . 
Equalion'(l) moreover shows that if oneof the tangents, tan. a, tan. 
a', be positive, the other must be negative ; consequently, accordingly 
as the axis of x is above nr below the major diameter of the curve, so 
will the axis of i; be to die {efl or to the right of the minor diameter 
of the curve ; for it can make an obtuse angle with the major dia- 
meter only in the former position, and an acute angle only in the 
latter. 

Again, from the same equation, it follows, that the product of tlie 
tangerits of the two angles which a system of conjugate diameters make 
imth a principal diwrneter is constant, for that equation gives tan. a, 
B' 

'.an. of = rs 

A^ 

But it has been shown (46) that if a, a, be the tangents of the an- 
gles which two straight lines drawn from the extremities of a princi- 
pal diameter to a point in the curve make with that diameter, we 

must have aa' = — rriOr a' = r^- ■ It follows, therefore, that 

if from the vertices of a principal diameter two lines he dravin to meet 
in the curve, the diameters parallel to these will be conjugate, and con- 
versely, chords drawn from the vertices of a principal ^ameter parallel 
to a system of conjugates meet in the curve. Art. (50) might obviously 
nave been inferrM from this property. Chords drawn from a point 
in the curve to the extremities of a diarneter aie called sapplemenlol 
chords 

Hence (45) of all si/stems of etmjugate diameters, those contain 
the greatest angle which are drtmm parallel to the equal supplemental 
chords from the extremities of the riiajor diameter. These last diame- 
ters are also equal, for they form equal angles with the major dbme- 
ter (43). 

When the conjugate diameters, 2A', 2B', are equal, the equation of 
the ellipse related to them is if'' -|- x* ^; A'^ which corresponds in 
form to the equation of the circle, and which curve it would eharao- 
terize, were it not that here the axes of reference are oblique. 

(51.) It is obvious, from the condition (l), that if any diameter of 
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an ellipse be represented by the equation y — ax, the conjugate 

thereto will be represented by the equation J/ = — —-- s, the principal 

diameters being l^en for axes. If from the extremities of any dia- 
meter, 2A', Bupplement chorda be drawn, and they be referred to the 
aemi-conjugatesj-A', B', asaxea, their equation will be j/ = m(^+ A') 
and y —id {x — A'), since the one chord passes through the point 
( — A', 0), and the other through the point (A', 0), Consequently, 
by imitating the atepa in Eirt. (46), where the principal axes were 
employed, we arrive ^at the analogous property when any system of 

, . - . , E'' . 

conjiigatea are taken for axes, viz. mm := — —, m which equation 

it is to be observed, that the symbols in, m', do not denote the (ang-en(s 
of the angles which the chords form with the axis A', hut fhey denote 
the respective ratios of the anes of the two angles which each chord 
makes with the axes A', B', these being oblique. 

(62.) The several properties of the ellipse, which wehave just no- 
ticed all immediately, flow, from the equation of the curve, when 
referred to the obhqne. axes, A', B'. If now we return ffom these to 
the original rectangular axes, A, B, by a transformation of the equa- 
tion, other properties will unfold themselves ; let us, therefore, effect 
this transformation. 

As we here propose to pass from oblique axes to rectangular, we 
must substitute for i: and y, in the primitive equation, the values in 
equation (4'), (art. 39), 

of X being situated 'below the primitive axis. "Makmg, therefwre, 
these substitutions, in equation (3), p. 125, the transformed will be 
A'^cos.Vly'— 2 A'' sin. acos. ct|«yH-A'" sin.' i>.|.»^=A'' B " sin.^[A', B'] 
B\o3.V| — 2B'=sin.(x'cos,it'| B'^sin.^ai 

Now this equation is to be identical with A^j^-|-B'ar' = A'B'; 
hence there must exist the following relations, viz, 
A'=COS,'a + B'^cos.V = A^(I). A''sin.^a + B''sin.«a' = B'(2). 
A'^sin. ctcos, a-l-B^ain. a'cos. a' = 0, ... (3) 
A''B'^sm,= [A', B'] = A^B" .... (4). 
By adding together equations (1) and (2), we obtain the property 
A'^ + B'^= A^-f-B* (5), tha.!. ia, the mm of ike squares of any sys- 
tem of conjugate ddaiTieters is tqwd lo the sum of the squares of the 
princ^a/ diameters. 

(B&.) From equation (4) there results 4A'B'sm. [A'B']+4AB. 
(6). 

Now the first member of this equation expresses the surfe.ce of a 
parallelogram, of which the adjacent sides are equal to the conjugate 
diameters, 2A', 2E', and included angle equal to the angle [A', B'"] j 
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aud the second member of the equation represents the rectangle of the 
principal diameters, 2A, 2B, Now, if through ihe extremities of each 
of the two conjugates, A'B', CD', parallels he q. 

Irawn to the other, they will be tangents to th 
ellipse, and the angle 0' will be equal to the ^ 
angle 0, that is, to the angle- [A' B'] ; hence 
the parallelogram formed by these tangents is 
equal to the rectangle of the principal diameters, 
liiuation (6) therefore expresses this theorem, viz. 

Any parallelogram cireinmcribing an ellipse, and hmying its sides 
parallel to a system of conjugate diameters, is equivaleat to the rectan- 
gle of the two axes. 

Since systems of conjugate diameters are unlimited in number (48), 
it follows that an mfinite number of circumscribing , parallelograms 
may be found all equal in surface. Of these bat one will be a rhombus, 
viz. that of which the aides are parallel to the equal conjugate diame- 
ters; and but one will be a rectangle, viz.that of which the aides are 
parallel to the principal diametei-s. 

It can be shown, conversely, that if a paiftllelogrMQ circiimacribin^ 
an ellipse be equivalent to the rectangle of the principal diameters, its 
sides must be parallel to a system of conjugate diameters. 

For let PR be a circumscribing parallel- _ R 

ogram, the sides of which are not parallel 
to a system of conjugate dieiineters. Draw 
a diameter, A'B', parallel to one of Che sides 
Pa, atKl let CD' be the conjugate to this 
diameter, and complete the parallelogram 
P'R,', having its sides parallel to the system 
of conjugates just drawn. Then, since A'B is parallel to PQ-, but 
does not meet the parallels SP, RQ,, it, ts leas ihar. PQ., but it is 
equal to P'Cl' ; therefore P'd' is less than Pft ; and as both paral- 
lelograms are between the same paralleb, PQ,', S'E ; P'R' must be 
less. than PR, but P'R' is equivalent to the rectangle of the principal 
diameters; hence PR is greater than that rectangle. It follows, 
therefore, that (f all parallelograms ckcumseribing an ellipse, those 
about conjugate diameters are least m surface 




From equation (6), A'B' = - 



_AB' 

■ [A'> B'}' 



and adding b 



i this 



2AB 



to equation (6), and extracting the square rixit we have 

V(.V'+2A'B'4.B'^), orA' + B' = V(A^ + B^ + --7v7R7n/ 
consequently A' -|-; B' is greatest when sin. [A', E'] is least, that is, 
when the obtuse angle [A', B'] is greatest, and A' +B' is least, when 
sin, [A', B'] is greatest, that is when [A', B'] is a right angle ; and 
hence of all systems of conjugate diameters, the sum of tk which an 
17 
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eyMfli is the greatest, and the.svm of those which are rectangular 
least. We shaU, terminate this division of the present chapter 
the following additional problems. 



(54.) The axes of an ellipse and the vertex of any diameter beins; 
^.ven to find tlie length of liiat diameter, and of its conjugate. 

Let (x', j') represent the given vertex of the diameter 2A', the 
length of which ia required. Then the distance of (j/, y') from the 
centre of the ellipse is A'^=: 3^ + y"; but by the equation of the 

curve, 1/'' ^ B^ -n^'- hence, by substitution, 

\2 gs _a 

also since A^H- B'^ = A= + B" .-. B'= = A'— e'x'' .: E' =^ {A* 
— e'l/^], and these values of A' and B' are the expressions sought. 

If the radii vectores of the point (a^, j/) be F'P, FP, then (47) 
FT - FP = A'-v- e=a^. Hence the product of the radii vectores of 
any point is equal to t/ie square of the semi-diameter conjugate to thai 
passing through the point, that ia F'P ■ FP = B"^. 



(66). The axes and the inclination of a system of conjugate dia- 
meters being given to determine them in length and direction. 

Let A', B' represent the semi-conjugates ; then, from equations (5) 

and (6), p. 12S, w have (A' + B')' = A^ + B= + ^^^ g,-, , 

and (A' — B')'=A'4-^'' • — FT/nn'^ Consequently, by addi- 

sm. LA , IS J 
tion and subtraction, 

B' = iv!A' + B- + 5;;^|?5^i-tViA.+B.--5-i^,j! 

These are the expressions for the lengths of the semi-conjugates. 
It remains, to determine at what angles these are inclined to the major 
diameter, 2 A. 

We have seen (61) that if the tangent of the angle at which A' is 

inclined lo the major diameter be a, then will — -p— be the tangent of 

Hie angle at which B' js inclined fo it ; hence for the angle [A', B'], 
at which the conjugates themselves are inclined, we have, if we 
denote ita tangent by v, the expression (111, 
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o =: — — ■ = — ^—^ — HTa^ Hence, by reduction, we c 
l-{-aa' (A — B ) a ^ 

the quadratic i^+{i ~~^)va = — -^ which, solved, gives 

If the given tangent, t, m^. ^^t, ..i.i^.i , , „, , 

sign of i;, the question will be impossible, that is, no ayetem of conju- 
gate diameters can have the proposed inclination^ a fact which the 
above expression for a plainly intimates, and which we previously 

knew from (45). If n be equal to — ■ ^ n> > ""^ ^^^ A', B', be 

the equal semi-conjugates (45, 50), in which case « = -|- B 4- A, 
consequently, a' = — B -=- A, the inclinations being supplements of 
each other. 

For the lengths of the equal semi-coiyugates we have, from the 
property (6), p. 128, 2A'' = A= + B' .-. A' = V -^(A' + B^. 

The geometrical constxuction of the, preceding problem is very 
simple; On the major diameter, AB, of the elUpse describe a circular 
are, capable of containing the proposed i angle, if it 
be obiu^, ot its supplement if acute. Then from 
either of the points, P, P', in which it intersects theX 
ellipse (45), let chords be drawn to A, B ; then dia- 
meters drawn parallel to either of these systems of 
supplemental chords will be conjugate, and will include the given an- 
gle. The two values of a in the preceding analytical expression agree 
with the two systems of conjugate here constructed. If the arc pass 
through C, it will touch the ellipse at that 'point, so that P, P', will 
coincide, and the conjugates sought will be equal. 

Properties of the Tangent to tke EUipae. 

(56.) In order to obtain the equation of the tangent to the ellipse, 
let us first, as in the circle, consider a secant to the cmve, or a straight 
line cutting it in two points, (a/, y') and [t", y"). 

The equation ofthis secant is y — i/' = --, — ~S t*' — ^)'(l)i ^nii 

as both points are on the curve, there subsists the equations 
A-^j/^-V-B"!^- A"B'', (2), A")/"* + B"'y'» = A"'B" . .'. (3). 
Hence, subtracting (3) firom (2), 

A'\'!f + y"){y-—y')=—B'{a-+ar)[2f—x") 

and from this we get -r — i~= — -:-„. , 

a:'— y A'' y+y" 
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becomes, by substitution, t/ — <;'= — -ryi-- , - , -» (^ — ^0 ■ ■ (4). 

This, then, is the equation cf the secant passing through the two 
points {x', y'),{x", y") of the ellipse', whose equation ia A*^" -j" ^'"^ 
— A'^B'^ If now we suppose these two pointe to coincide, the se- 
cant will become a tangeat; making, therefore, x' = ;tr", and y' = if"; 

we have J — •/ — — 'T?i'~!i^ — ^}i or more shoply, by reductioD, 

A''g'if-{-B''ya? = A'^B'*, (5), the equation of the tangent related 
to any system of conjugate diameters. 

The second form of this equation is very easily retained in the 
memory, &om its resemblance to the equation of the curve ; the only 
difference is that, m the equation of the tangent, x' x occurs instead of 
^, and yjf instead of ^. Connected with the tangent are several 
other lines, which it is requi^te to consi- ^ 

der. Thus, if AB, CD are the principal 
diameters of an ellipse, and the tangent 
PR i>e referred to them as axes, then the 
distance, MR, of the ordinate of the point 
<rf contact irom the intersection of the tan- -" 

gent with the axis of x, is called the mhiangmi, the perpendicular, 
PN, to the tangent from the point of contact, is called the normal, 
and NM, the distance of its intersection with the axjs of x from the 
Mdinate, is called the sKbtuymyil ; moreov#, in estirnating the, length 
(rf the tangent, we consider only the portion PR, included between 
the point of contact and the axis of x. Hence on one side of the or- 
dinate of the point of contact aie situated the tangent and subtangent, 
PR and MR ; and on the other side the normal and subnormal, PN 
and MN." 

We shall now proceed to deduce the equations of these lines, and 
to determine analytical expressions for theii' seveml lengths. 

(57.) For the tangent the equation has already been exhibited 
when any system of conjugates aie employed for axes. For the rect- 
angular system, 2A, 23, the equation is therefore 

V-S' = -5.|(«— ^),«A'sj'+B-A = A"B'. 

The coefficient ri - — r in the first of these fotms, which . is that 

most frequently referred lo, is the trigonometricallangent of the angle 
PRX ; it is obviously negative for positive values of x, and positive 
for negative values of x, since the angle is obtuse in the former case, 
and acute in the latter. For the normal the equation is immediately 
deducible ftorn that of the tangent. We shall have merely to charac- 
leiize a perpendicular to the latter, draivn from the point of contact 
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(a^', y*). The equation of this line is therefore y — y' = 
=^(a:'— y). The length of the aubtangent is easily derived from 

the equation of the tangent, for supposing in that equation 1/ = 0, 
which is the case at the point R, the resultmg value of x will express 
the length, OR ; that is, ie =. OR = A' -j- x' and, if from this we 
deduct y, or CM, we shall have, for the length of the subtangent, 
MR — ■■ ~ - — In like manner, if, in the equation of the normal, 

we suppose y — 0, which ia the case at the point N, the resulting^ va- 
lue of X will express the length, ON ; and this subtracted from' OM, 
or ^, will give the length of the aubnormal, MN. We have, there- 
fore, only to express the value of x' — x in the equation of the nor- 
mal when tf = 0, which value ia MN = -js*''- Ftohi these expres- 
sions for the subtangent and subnormal are obtained those for the tan- 
gent and norrnal. Thus, since PR = ^/ JMR'4-PM°| we have by 

substitution, PR = -JY 3a — ^+^"1' or because J/'^ ^—^( A'' — 



O this becomes PR = ^ Ji^^?^-^;5-4- -f ^, CA= — a^") J . 
Likewise, since PN = V 5MW-1-P]\F;, we have, by substitution, 

PN=vj2^+'5(A=-y=)s = |v!(f-i)^+A^J 

B , 

(58.) For more convenient reference, let us now collect the pre- 
ceding formulas together. 

The equation of the tangent is y — ij'^^ — -.-j-^ {x — x'). 

Ay 

The equation of the normal is y — y' = ^g^ (x — a/) . 

The length of the tangent Is T = V j L^f 'l' ^_ ^ ( A' _ r") J , 

. A." j/s 

The length of the subtangent is T, = — ~ — . 

The length of the normal is N= tV(A^ — e'x"). 

The length of the subnormal ia JV, = -v; ^■ 
o ' A' 

(39.) We may now by aid of these formulas deduce some other 
j)ropertie3 of the ellipse. And, first, we may remark that, as the 
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exprraeion for the subtangent is iadependent of B, it i 

same for all the values of B, so that in every ellipse deecribed iipon 

the axis 2A, the subtangent is the same for the same absoiesa. 

Ttiis is true also when B = A, that is, when the ellipse becomes a 
curcle ; and henee is suggested a method of drawing a tangent to an 
ellipse frpra aay given point in the curve. Thus, let P be the g^ven 
point: then, having described a semi-cu-cle 
on AB, draw P'PM perpendicular to AB, and 
at P' draw a tangent, P'R, to the circle ; then y 
draw the line PR, and it i-vill be the tangent re-A., 
quired; for the pwnts P, P' have the same sub- 
tangent, MR. 

It is further obvious, from the manner in which the expression for 
the subtangent has been obtained, that if the tangent had been referred 
to oWiq^ue conjugates, as ia (56), instead of rectangular, the expres- 
sion would have preserved the same form, that is, it wonld have been 

T, =: —) — and this independently of the sign of J/' ; so that a 

tangent to the curve through the point (j/, y'), and another through 
the point (x\ — y'), both meet the axis of x in the same point ; and 
thus trom any point without an ellipse two tangents may be tirawn 
to the curve. If the point of contact of one of the tangents drawn 
from a given point be known, and it is required to find the point of 
contact of lie other, it may be done as follows : Draw a diameter to 
pass through, the given point, and parallel to its conjugate draw a 
chord from the known point of contact, then the other extremity of 
this chord will be the odier pdnt of contact. 

It ought to be noticed here that we mnst not, as in the preceding 
case, conclude that because the value of the subtangent is independent 
of B', and that this may therefore be equal to A', diat the elUpse may 
become a circle, and yet the subtangent for the same abscissa remain 
the same. Fw the conjugate diameters of the ellipse, which are here 
taken for axes, are not conjugate diameters of the circle described 
upon either of them,' because, in the circle, the systems of conjugates 
are all rectangular (50). 

(60.) By multiplying the foregoing general expression for the sub- 
tangent by 3/ we have T, ^ = (A' -f- '»') (A:' — s/), which shows that 
Gu. recttmgU of the subtangent and abscissa of the point of coidaet i» 
«(fIHiJ to the redangle of the parts Mo which the diameter is divided 
/y the ordinate. 

Thus, in the annexed diagram, 

OM- MR = Am ■ MB'. 

This property furnishes a commodio' 
peditious methodof drawinga tangent t( 
fro-fl ii point without the curve, when the centre of .S 
tlio ellipse only is giver. 
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Let K bo the given point, and draw RB'A' through the ceiiU-e, and 
let CD be the diameter conjugate to 
A'B'. Upon A'B' and OR, ae diameters, 
describe arcs intersecting in to, m,' then 
the line joining m,m', will cut from OB' ^ 
the abscissa, OM, of the point of con- 
tact sought, so that the parallel, P, P' 
to OC, through this point will intersect the curve at the points where 
the tangents from R must touch it. 

For, as the circles upon A'B', OR interaect in the line mMm', it 
follows that mM ■ M)b' = ATM ■ MB' = OM ■ MR; hence, from the 
above property, the tangent from P must have the aubtangent MR, 

(61,) By referring to (47) we find that the rectangle of the radii 
vectacea of any point, P, in an ellipae is PP ■ PP = A* — eV, and 
comparing th^ with the expression for the normal, we find, therefore, 

N^ ;= that is, the rectangle of tlie radii vectores of any 

A" 
point in, an ellipse is to the square of the normal as the square of tht 
major axis is to the square of the minor. 

Also, since (54) A*— t?^ = B'^, we have A ■ N^B ■ B', that is, 
the rectangle of the nu^or luis and the normal is equivalent to the reel- 
.angle of the minor axis and the semi-diameter pareUlel to the tmtgent. 

Thus in the annexed diagram, 
i"? ■ FP : PN^ : : AB" ; CDS 
and AB ■ PN = CD ■ OC 

(62.) Let us now examine the equation of the langent as exhibited 
in (56). If in this equation we majce x^= 0, the resulting value of j 
will he the ordinate, OT, at the origin ; hence we obtain the property 
OT • y' or OT ■ PM = OC^. 

In like manner, by making y — 0, 
the same equation, we shall have f 
the resulting value of a; the abscissa Oil ; 
hence OR ■ k' or OR ■ OM = OB" ; 

hence, we infer, first. That the rectangle of 

the ordinaie of the ellipse at the pomt of contact, and the ordinate of 
the tangenl at the centre^ is equal to the square of that seiai-diameter 
tehich is tahat for axis of oraituides ; and second, that the rectangle 
of Ike cAscissa of thepoiia of caMacl, and of the point uihere the tan- 
geTil meets the axis of abscissas, is equal to the square of that semi-dia- 
meter tehich is taken for axis of abscissas. 

Both these properties are also derivable from the general expressior. 
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for Efce aubtangent, as will appear by ailcling ^ thereto for the second 
property, and changing a/ into i/' for the first property. 

(63.) Let us now suppose, in the same general equation of the 
tangent, that a; = A' instead of 0, then the resulting value of ?/ will be 
the orditkate B'(, whiijh is also a tangeht to the curve at B', since it 
is parallel to the diameter conjugate to A' E' (see preceding diagram). 
In like manner, if instead of A' we put — A'for a^, the conesponding 
anJii.ate will be the tangent A"!". Makiilg then these e 
substitutions for x, we obtain the values y 




But, from the equation of the curve, y''=—^(A'^ — x'^) ; hence, by 

substitution, AT' ■ B'( = B^, that is, if, at the extremities of any dia- 
meter , lines pandld to tis coajt^ate be drawn termitwimg in an^ . tan- 
grnU to the dime, i/ietr reclcmgle will be etpial to the square of the aemi- 
coi^ngatt to which they are pardld. 

Still confining ourselves to the same general c' m 

equation of the tangent, the conjugates A'B', V^PP'""^^ 
CD', being the axes of reference, let the supple- ^•^^^'^ ^.---'^V . , 
mentil chorda, B'M, A'M, be drawn, the former X^**! y 
parallel to the tangent at the ^oint P, or (i/, y'} ; ])/ 

then we already know (51) that in the equations of these chords, vie. 
y—m{x — A'), and Y = lit' (a: + A'), the coefScients m, m', must 

be so related that mm' = — -pi (!)■ But, since B'M is pai'allel to 

the tangent, the coefficients of a: must be the same in the equations of 

B^o/ 
these lines, that is, we must have m ^ — nr-, • It follows, thei'efore, 

from the relation (1), that m'^ y' -i-x'. 

Let now OP be ih:awn to the point of contact, and let ON bo pa- 
rallel to Bin, then the equation of OP isy :=ax, and for the point 
(x', tj'), y' =:ax'] therefore a = y* -=- a^ =; m', consetjuenfly OP is pa- 
rallel to A'M, and OP, ON are semi-conjugates, ON being parallel 
to the tangent at the vertex, of OP. Hence we may conclude that 
dimnet^s.drmvnpariM lo (my system of supplattental chords are con- 
jugate, which is an extension of the theorem at (50). As the princi- 
pal diameters are the only conjugates, which contain a right angle, 
it followB that Any system,of supplemental chords which include a 
right angle must be parallel to the principal diameters. These latter, 
therefore, can always be found when we know the centre of the ellipse: 
it will be necessary merely to describe a semi-circle on any diameter, 
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and to draw supplemental chords from the point wheie it cuts the 
curve, tbe diameters parallel to theop will he thn&e soiig^ht. It ap- 
pefUB, moreover, that a seaji-cuele deijcnbed on any diameter of an 
ellipBe can cut it in but one point. 

(64.) F^om what has just bpen shown, it follows that, when any 
system of conjugates are taken for axes, if the equation of any dia- 
meter referred to them be i/ = Jw«,'the equation of its conjugate, will 
bey = — ■ X. Bearing this in mind, suppose that at the vertfix 

of the diameter taken for the axis of a:, a tangent is drawn, it must be 
parallel to the axis of y; hence the part thereof intercepted by the line 
y = mx will be the value of y, which its equation gives for x = A', 
viz, y = niA'. In like manner, the part intercepted by the conjugate 
to this will be the value of 3/, which the equation of this conjugate 
(fives for X =: A , viz. u = — .. 

Now the product of these two values is — B'*, it follows, therefore, 
that ifatangmd be'drmo-aai atiy.pmnt of an elUpse,the square of half 
the dtameter comugale to that from the point of cmtact imll be equal to 
the rectangle of the twoportims of the tangent intercepted between the 
point of contact, andrnty system ofconja^ates whatever. 

Thus, if TPi he a tangent, and OC" a semi- 
diaraetdr, parallel to it, then OB', OC, being 'v< 
any system of semi-conjugates, we shall always ( 
have,'OC"' = PTP(. ^ 

If thetangent be drawn through the vertex of one^f the "least con- 
jugate diameters, and he tenoioated by the principal conjugates pro- 
duced, it will be bisected at the ptrint of contact. ' For the least con- 
jugates bisect the principal supplemental chords, and, as one of these 
is parallel to the tangent, both this and the tangent must be bisected 
b;^ the same conjugate j it follows, therefore, that this tangent is eqnal 
to the least conjugate diameter.' It Is, moreover, evident that this 
tangent is the shortest that can be mcluded between the prolonged 
principal diametea-s, for every other tangent included between them 
must exceed its parallel diameter, since the rectangle of two nnequal 
partsof it is equal to the square of half that diameter.. It follows also 
that, if a tangent be drawn through the vertex of one of the least con- 
jugates, the portion intercepted by the prolonged principal diameters 
wiU be less than the portion intercepted by any other system of cMi- 
jugutes. 

(65.) If a tangent pass through the extremity of the iatus rectum, 
and be referred to the principal diameters, the ordinate at the point of 
contact will be y' = ip = B' -e- A, so that the ecjuation of this tan- 
gent will be,s--^=-£-f^_:.'),and , B' + ^rri^f 
A A A 
18 M2 
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But (47,) A — ex, expresses the distance of the focus from that poiul 
in the ellipse whose abscissa is m\ heace Ihe iengtk o/ajty ordiniiteto 
a taagsttt tknmgh the ^elrmrUt;} of the latw& rectum is equid to the i(m- 
tance oj'thefoctisfrtm the point wka-e ih^ ordmate-ititeratcU the cnroe, 
therefore, the tangent throagh the vertex of the latiia. recimn cvlsfifm 
the tangent through tfte vertex of ike major diameter; a part equnl to 
the distauee of the focus fiffm tlie vertex. 

Thus, in the annexed diagram, MN = 
also AT = AF and BT' = EF. 



(66.) If in the equation of the normal we put »; — 0, ihe resulting 
value of a" will express the distance, ON, (see thediagrom.aip. 133,) 
thatis,weshaU'haveON=— ":i^ar' = e'37'; .hence, adding c or 

Ae to this, there results F'N = e(A + ea^). Now, in the triangle 
PF'F, the sum of the sides PF' -j- PF is to the l)aSe F' F, so is one 
ofthe sides, PF', to the distance intercepted between F' and the line 
bisecting the vertical angle, P, (Gemt. p. 90 ;) but 2A : 2Ae : : A + 
ex": e(A-\-ex') = F'N. It follows, therefore, that (Ae lioraiaJ at (my 
ptmt ofthf. ellipse bisects the angle formed by the rodM veelores of that 
point, and consequently the radii veotores are equally inclined to the 
tangent, also the angle included by one radius vector and the prolon- 
gation of the other is bisected by the tangent. 

We can arrive at the same conclusion without the aid of the geo- 
metrical property here employed ; thus : Since the' equation of FP, 
passing through the pmnts (c, 0) and (a/, /), is j( = -.— {x — c), 

the coefficient — ^ — must express the tangent of the angle PFR, and 
x' — c 

we already know, from the equation of PR, that — - ,- is the tan- 

gent of the angle PRX. Hence, in order to obtain the tangent of the 
angle FPR, we shall merely have to substitute the preceding expres- 
sions, for aand a', in the formula (11), c = —^^ which then be- 

1 — t — L -'.. . In this expression, if we sub- 



(A' — B=)s'y~A'c!/' 
itutefor A^f/'^ + B^a^" its equal A'B'', and for A' — B^ its equal c', 
e shall finally obtain c =—,. If the other radius vector, fP, 
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had been employed, c would have heen negative, and therefore the 
tangent of its inclination to PR would differ from that here deduced 
only in its sign ; thus showing that the angles P'PR, FPR arD sup- 
plements of each other, and therefore, that the angles FPR, F'PR', 

Tlie same property admits of a simple geometrical proof; fhua: 

Let one radius vector, F'P, be produced, till PG is equal to the 
other, FP, then the line PR, bisecting the angle GPF wUl be a tangcnl 
to the curve at the point P. For join i>fe '~~~ 
FG, then, since PR bisects the vertical . 
angle of the isosceles triangle, PFG, it/> 
also bisects the base, FG, at right an-^ 
gles ; therefore from whatever point, N, N 
in PR, lines be drawn to F and G-, we ^ 
shall always have NF = NG.(Geff ___ 

20) ; consequently, if there existed any point, N, in PR, besides P 
which was cOTomon to the curve, we should have F'N -j- FN = 2A 
and therefore FN + NG = F'G, which ie impossible, so that PR, 
which bisects the ' angle FPG, is a tangent , to the curve, and there- 
fore, conversely, the tangent at P must bisect the angle FPG. 

If OMbe drawn from the centre to the middleOf ~--^^ • ^9i 

FG, it will be parallel to F^, because O is the /S^^^^'^:^^^Im 
Boiddle of FT, therefore FO : FF' : : CM : F'G; '/f_y^J>^\^ 
hence OM = ^F'G, but F'G = 2A by construe- -A f feV^ ^l "^ 
tion, consequentLy OM ^ A, therefore, if from %L^ \/i 

either focus a perpendicular to any tangent be Ev ^/ 

drawn, its intersection therewith will be always ' 

at the same distance from the centre^ viz. at the distance, OB, in 
other words, iht hcus of these mteraecHom is the circtmference of the 
circle describe on the major axis as a diameiee. 

If MO be produced to meet this circumference in E, and F'E be 
drawn, the triangles F'OE, FOM, having two sides, and the included 
angle in each equal are thernselvea equal, therefore F'E is both equal 
and parallel to FM, and is therefore the continuation of the perpendi- 
cular, F'M', from the ns, F, to the tangent ; hence, from the pro- 
perty of the circle ■ F'E = M'F' -.MF = AF ■ F'E, 
but AF'' FB = ( — c)(A-fe)=A' — e= = B*; hence 
M'F' ■ MF = W, t-at ia the rectangle of the perpmdknlars from thti 
foci t^oH any tangent to the curve is equal to the square of half tite 

Since the triangles F'PM', FPM, are similar, we have the equa- 
MT^ FT 
tion ■= -.=, which, multipled by that just deduced, gives 
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by the same, we haveMF^ = B'.j^ = B' ■ — — — ,\x' being the 

abscissa of the point P. 

(67.) The property in (66) fiimiahes a simple method of drawing 
a tangent to the eDipse from a point either b the jj 
curve or without it, when the foci are known, 
Thas, if the point be in the curve, as at P, then / 
it will be necessary merely to draw the 1* 
FP, PPG, and to bisect the angle FPG. 

If the point be without the curve, as at N, then, from the focus, F', 
as a centre, with a radius equal to the principal diameter, describe an 
arc, and from the given point, N, as a centre, with its distance from 
the other focus, describe another arc, intersecting the former in the 
point G, then the line F'G will cut the curve in the point through 
which the required tangent must pass. For, let NPR be drawn 
through this point and itoaw PF, NG, NF ; then, since, by construc- 
tion, F'G = FT + PF, PF = PG, also NF = NG, consequently 
the triangles NFP, NGP, are equal, therefore the angles NPF, NPG 
are equal, as also their supplements FPB, GPR, hence NPR is a 
tangent to theeUipse.^ As the distance, F'N, of the centres from 
which the arcs intersecting in G are described is less than the sum, 
and greater than the difference, of the radii, {Gtmn.'^. 19,) it follows 
(28) that ihese arcs intersect also in another point, and thus two 
tangents may be drawn from N. 

We shall terminate the present chapter with, the following problem. 



(68.) Pairs of tangents to an ellipse being always supposed to in- 
tersect at right angles, to find the locus of the points of intersection. 

Let MT, NT, be any pair of.tangeMs intersectmg at right angles 
in and, parallel thereto, draw FP, F'P', from the ~ 

foci, ihen the points P, P' will be in tjie circum- 
ference of a cii-cle described upon the major 

diameter, AB. Produce PF to meet this circum-^,^ 

ference again in M', draw M'T', FM, each per- ^^^ 
pendiciilar to the tangent TT', and lastly, draw ' 
the chords PP', M, M', the. points M, M' being 
obviously on the same circumference as the points P, P'. Then, 
since TM' is a rectangle, PT = MT', and on account of the parallels 
PM', P'TVt, the arcs PP', MM' are equal, their chords are therefore 
equal ; hence the rectangles PF, MM' are equal, and TP =T'M = 
FM', cinsequenily TM • TP' = PF ■ FM', but, by the property of 
the circle, PF ■ FM' = AF ■ FB and • TM TP' .= T(' ; Ti being a 
tangent to the eircl^ therefore T^ = AF ■ FB. a constant quantity 
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and, as the radius, 0(, is ako constant, the distanne, OT, must be 
constant, therefore the locus of T ts a circle of which the radius OT ia 



CHAPTER III, 




Its elation and Properties. 

(69.) An hjfperhola ia a curve &om any point, P, in which, if tv 
straight lines be drawn to two fixed points, F, F', 
their difference shall always be the same. , 

The given points, F, F', are called the ft 
the hyperbda, apd the lines, FP, FT, drawn there- 
from to any pomt, P, in the curve, are called the -^' 
radii vectores, or focal distances of that point. 

This curve may he described, by means of points, thus i From one 
of the foci, F, as a centre, with any. assumed radius, describe an arc, 
and from the other fi>cus, F', with any other radius exceeding the 
former, describe a second arc, intersecting the first in two points, P, ji. 
Let this operation be repeated with two new radii, taking care that 
the second of these shall exceed the first by ,tbe same difference as 
before, and two new points will be determined ; and diis determina- 
tio& of points in the curve may thus be continued till ils tract becomes 
obvious. That the locus oF these points will be an hyJ>erbola is plain 
from the definition, since the .distance of any raie' of them ftom F' 
always exceeds its distance from F by Uiesame constant difference. 
If of each pair of intersecting arcs employed tit determine the several 
points, we had supposed the greater to have been described from F, 
and the less from F', the same c.onstaiit difference being' preserved, 
we should obviously have obtained a series of points, I", p', &c. 
equally belonging to the hyperbola, although none would be situated 
in the locus of the former series. It appears, therefore, that the hy- 
perbola corisists of two separate branches, PBp, P'Aj/. 

Any portion of this curve may be described by 
continuous motion, by employing a ruler and a 
cord. Thus, let a ruler, FR, be fixed to F, sr 
that it may be turned round this point, in the 
plane whereon the curve is to be described; then 
having assumed any other point, F', in this plar 
connect, it by means of a cord shorter than the ruler to the extremity, 
R; then a pencil, P, keeping this cord always stretched, and at the 
same time pressing against the edge of the ruler, will,' as the ruler 

• The annlylical investigation of ihia prablem will be ^ven hereafter. 
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revolves rouad F, describe an arc of an hyperbola, of which F, F*, 
are the foci, for the differeiica of the diatances of the describing point, 
P, from the fixed points F, F', will be always the same. 

(70.) Let lis now seek the equation of thb cui 
characteristic property. 

Draw F'F, and let O, the middle point of 
this liae, be taken for the ori^ of the rectan- 
gular axes, and let the constant difference of . 
the radii vectores of any point in the curve bo 
represented, as in the elUpsCj by 2A. Put c for 
OF, or OF', and x, y, for the twordinates of any " 

point, P, in the curve. Then we shall have these ecraations, viz. , 
y' + (:,_c)= = PF=, (l),a* + {i, + c)' = PF«'(2)andFP' — PF' 
= 2A, (3). Hence, by first adding and then subtracting equations 
(I) and (2) we have 2/ + 2a^4- 2<;' = PF''' + PF= (4), 4™ — 
(PF' + PF)(PF'— PF), .-. PF'+PF^2c^-r-A, Combining 

tlu3 with equation (3), we have, PF' = — +AandPF=~ A, 

A A 

and these values substituted in equation (4) give 'f -\- tc' -{- c^ = 

*-^+A^, whence AV+ (A*— c^j^'z^ A'(A'— c=), (5). This 

equation would be identical with that at p. 120, and would thus 
characterize an ellipse, were it not that here A represents half the 
difference, instead of half the sum of the radii vectores. With this 
condition, therefore, equation (5) is the equation of the hyperbola. 

(71.) In order to deteroiine the points of intersection with the azes, 
suppose' y = 0, in equation (5), and there results for le the value 
« = ± A, which intimates that the hyperbola, like the ellipse, inter- 
sects the; axis of x in two points, B, A, equidistant from O, the one to 
the rigk, and the- other to the left, and that A expresses this distance. 

If; in the same equation, we suppose a = 0, we have for the cor- 
responding value of J/ the expression j ;= V J A* — c'{. 

Now since 2r. is the base, and 2A the difference, of the sides of a 
friang'le, PF'F, it follows [Qeom. p. 19) that c must exceed A. and 
consequently the value of y, in the foregoing expression, is imptrasible ; 
the curve, therefore, can never meet the axis of ordinatea. In tJiis 
respect, therefore the hyperbola differs entirely from the ellipse. Let 
us, however, mark on the axis of ordinatea two points, C, D, each at 
the distance of v'J<^ — A'j from O, and, calling this distance B, we 
shall then have the equation of the hyperbola in a form analogous to 

thatoftheellipse,vi2, AY— B'j;= = — A'B^, or 1/== ^(ai'—A^) 6, 

The only difference between this equation and that of the ellipse is 
that here the sign of ff is negative. The general expreasiona, there- 
fore, for the coordinates of any point in the curve is 
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-WY ts T" (53— -^X'^ ^^ — '^^^ From the first of 
thfise expressions it appears, that there are two valu^ of a; numeriealiy 
equal, but differing in aign for every value of y. We conclude, there- 
fore, that chords drawn pavaUel to AB are bisected by CD, or its pro- 
duction. In like mantier, in the second expression, wS are furnished 
with two values of y numerically equal, but differing in aign for every 
value of X. If, however, x he assumed numerically less tiian A, the 
resulting value of y wiU 130 ima^iiary ; now x is less than A for every 
ordinate drawn between the points A and B, hence none of these 
ordinates can meet th^ curve; but, if .a'= ± A, then, since y — 0, 
we infer that parallels to CD, drawn through the points A and B, are 
tangents to the cturve. Itfurther appears, frooi this expression, that 
so long as « is asatnned numerically greater than A, there will always 
correspond a possible value of y, which will increase as x increases ; 
hence the two branches of the curve are unlimited, proceeding on- 
wards, in Opposite directions, to infinity. Let ua actually suppose, 
that a; takes a succession of values from ± A to mfinite, then, putting 



the expression for )/ under the form y = 'T'-\J^^ — "^^ we see that 
as X increases, the traction A'-i-x' diminishes, so that the values of i; 
go on approaching to the value ± B»-hA, which value, however, 
is never reached tfll j: becomes infinite, rendering the fraction A* -=-3^ 
no'thing. It is obvious from this, that if through . ~~ 
the origin, 0, two straight lines, KL, MN, be 
drawn, making angles, KOX, MOX; with AB 
whose tangents are respectively +B-^A and 
— B-f-A, these two lines will continually ap- 
proach the curve, and yet can never meet it. For 

the equati(Mi of these lines are i(=-j-a; and y— —x, and it hM 

just been seen that in the curve y can never be so great as ± Bx -i-A, 
till X, becomes infinite, although throughout the course of the curve, 
y continually ap'proaehes to this value, that is, the differences between 
the ordinates of the curve- and those of the lines just drawn, for the 
same abscissas continually diminish as the abscissas increase. 

The two lines KL, ]\BN', are called asymptotes to the hyperbola 
(73.) Let us now, as in the ellipse, seek the' expression for the 
distance of any poiht (x, y) in the curve from the origin, 0. 

For this purpose, we must substitute for i/*, in the expression 

D= -J \3^-\-if I, hs value ■jj(^ — A'^), which reduces it to 

D = y' { — ^ — ^ — B'J, This expression is obviously indcpend- 
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eiit of (he signs oix and y, and, therefore, it may be shown here in 
precisely the same way as the. feet was established with regard'to the 
ellipse, that every chord passing through O is bisected at that point, 
and hence O is called the centre of the curve, and chords (h:awn 
through it, diameters.' Indeed, all lines drawn through the centre of 
ihe hyperbola are, for the sake of uraformity, called diameters, although 
ao infinite number may be drawn, so as not to meet the curve, viz. 
all those comprehended between the asymptotes, or that inclined to the 
axis of a: at an angle of which the tangent is not numerically leas 
than B 4- A. 

The asymptotes may, therefore, be regarded as separating those 
diameters which are chords, called transeene diameters, from those 
which are not chords, called second diameters. Of the former, least is 
AB, since the above expression for D is least when x is least, that is, 
when a = ± A j but, as thei-e is no hmit to the value of x, fte other 
transverse diameters increase from this least value to infinity. 

(73.) As in the ellipse, ao here, 2A, 2B, that is, AB, CD, are call- 
ed the principal diameters, or the principal axes of the curve. The 
distinction of these diameters into major and minor, as in the ellipse, 
cannot, however, be here used with propriety, for in the expression 
Vjc' — A^|, which B represents, it is only necessary that c exceed 
A (p. 142,) so that B may dther be greater or less than A, or indeed 
equal to it. From these remarks then it appears that the equation 

AV— BV = — A'E=, or y = ^ (x^~ A% (6), is the equation 

of the hyperbola related to lis principal diameters. 

If we suppose B = A, the equation ia g" — 3^ = — A*. In this 
case, the hyperbola is called equUaleral, on account of the equality of 
its principal diameters. Thus the same modification transforms the 
equation of the common hyperbola into that of Oie equilateral hyper- 
bola, that changes the equation of the ellipse into tl^t of the circle. 
We may here remark that, in the equilateral hyperbola, since B -7- A 
= 1 = tangent of 46°, the angles which the asymptotes make with 
the axis of a; are 45°, and 90° + ^^° i hence, in this case, the asymp- 
totes are perpendicular to each other. 

(74.) By removing the origin of the axes of coordinates from the 
centre, 0, to the vertex, A, of the transverse axis, by a transforma- 
tion similar to that employed in the ellipse, the equation becomes 

AV — BV + 2AB' a; = 0, or / = ^ (r' — 2A^) (7), the equation 

of the hyperbola when the orig-iw is at the vertex of the transverse axis 

(75.) If we wish for the equation in terms of the eccentricity, e, we 

may obtain it from equation (6), by substituting for B' its equaj c" — 

A', which gives y" = — ^ — (s* — A") or putting e for -^ 
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y' = {e' — 1)(^ — A^) the eifoation of the hyperbola as a faiicHofi 
of the eccentricity. 

From the intiiBate analogy which subsists between the equations 
of the ellipse anil those of the hyperbola, it may easily be conceived 
that the principal properties of the ibrmer curve belong also to the 
latter. This is in feet the case; and hence most authors eshibit the 
theory of these two corves iii conjunction. Witha view to simplicity, 
it has, however, been here thought preferable to consider these curves, 
separately ; but, as we propose to develope the properties of the hy- 
perbola by imitating the steps which led us to those of the ellipse, we 
shall frequently have occasion to refer to the preceding chapter for 
details, which need not he repeated in this. 

Propertiea of the Hyperbola related to its principal diameters. 



(76.) Fi'om equation (6), - 



"(»4-A)(:c— A) A-* 
if:{A. + x)ix^A.)::W:A\ Now.j: + A and a^— Aare the 
distances of the ordinate, y, froro the vertices of the transverse axis, 
hence the square of any ordinate^is to the product of its distances from 
the vertices of the transverse axis as the square of the conjugate axis 
is to the square (rf the transverse ; consequently the sqwires of the 
ordinales are as the products of the parts into which Ihey dhide the 
Utmaverse aais. 

If the hyperbola is equilateral, that is, if B = A, thent;*= (3; -{-A) 
(3; — A) ; so that, in the equilateral hyperbola, the square of any 
ordinate is equal to the products of the parts into which it divides the 
traiisverse axis, a property analogous to that of the circle. 

(77.) From equation (8) the ptirataeter ov double ordinate through 
the fociB is easily determined, for, puttina; c for x, in that equation, 
and estracungthe square root of each side, there results Ay .— c° — 
A° = B^ m which equation y is the semi-parameter ; therefore, call- 
ing the parameter p, we have p ^ 4B' -^- 2A that is, the.parametef 
is a third m-oporlUnud to the transverse cmd second axes. 

Hence the equation of the hyperbola, as a function of the parame- 
ter, is obtained by substituting, in equation (6), p -7- 2 A" for its equal, 
gs „ 

-^ so thaty* — ^ [xP — A°), is the equation of the curve, m temisof 

the parameter. 

In the equilateral hyperbola, since 4B' -f- 2A = 2A, we have 
p = 2A, that is, the parameter is equal to the transverse axis. 



(73.) To find the expresMon for the angle contained by aupplemer 
at chords drawn from the extremities of the transverse axis. 
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Referring to the corresponding problem on liie 
ellipse, we find that the tangents of the angles which 
the eupplemeptal chords, meeting in the point {x, y), 
make with the axis of x are 

■ (1), and that, conse- 
quently, the general expression for the angle P, formed at the point 
■[*, y), is tan. P = - , - — -^ (2). Now the pomt (x, y] being in 

the hyperho^, we must have, from the equation of the curve, 

a* — A," = Ary' -i- B' hence, by substitution, equation (2) beconies 

Ian. P = ,.3 , - pj]., ■ ■ ■ ■ (3), the expression sought. 

As this result is independent of the sign of x, it follows that the 
toigle is the same, whether the chords be drawn to {x,i;) or to ( — x,y). 

Since the preceding expression for the tangent is always positive 
for any point in die curve above the axis of i, it follows fliat all the 
angles subiettded by the transverse axis are acale. These angles dimi- 
nish as y increases, till they become 0, when y is iniimte. 

Multiplying the expressions (1 ) together, we have 

aa' = - ji 12 = Ta (*)' therefOTe tk^product of the trigonoinelrical 
tangents of the two asiglea formed by the transverse a.-cis produced to the 
right, and iis supplemental chords, is constant and equM fo B^ -^ A'. 

As this product is positive, we conclude that the two angles must 
be either both acute or both obtuse. 

If the hj^ierbola be equilateral, then tan. P ^ — —. — — 

and aa' = I or a = -, but, since tan. = , it follows that a, « 

a' cot. 

must represent the tangent and cotangent of the same angle, conse- 
quently, in the equilateral hyperbola, the angles which the s%mptemental 
chords make with the axis of x are together equal to a right angle. 

PEOBLEM n. 

(79.) To find the expresaon for the radius vector of any point in 
the curve. 

Let X, y be the coordinates of any point, P, in 
the curve, then FP' - (x ^ ef + y'' = 3^ —2ex _^___ 
+ c' + 2/'. Now equa.tion .(8) p. 146 gives W O 
^ =: (e* — 1) (^ — A') ; hence by substitution, 

FP==.t=~2er + f''4- f^ — 1) (^ — A'') = 
e'lr' — 2A«K + A'--. FP = ei — A.and since] 
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follows that FT = ex-\-A] hence the mdius vector of any point is 
always a rational function of the abscissa. 

For the sum of the Mii vectores we have FP + FT = 2ex, and 
for their product, FP ^ FT = e^a^—A". 
Properties of the HT^erbola, wkm related to its conjugate diameters. 

(80.) By tSinsfoiniing the equation of the hyperbola from rectan- 
gular axes to ohlique, the origLn still remaining at the oentie of the 
curve, we shall have the equation 

A=sin.V I / + 2A^sin.asin.a' I «», + A' sin.' a I s"-— A'B= 

— B^'cos.'a'l — 2B»cos.acos.E6'| — R=coe.= a| 

where a, of denote ■ the angles which the ohlique coordinates m, y 
make with the primitive axis of x. 

Liet us now, as in the ellipse, determine the relation which must 
subsist between the angles a, a.', in order that the term containiiig xy 
. may disappear from this equation. That such may he the case, the 
coefficient of xy must obviously be assumed equal to 0, or dividing this 
coefficient by the expression Scos. a cos. a', we must have the equa- 
tion A' tan. a tan. a.' — B' = 0. Hence the relation between the 

angles a, a' will he thus expressed, viz. tan. a' = -^,-7 (l)i so 

that one of the angles being chosen at pleasure, the other will be de- 
termined by this equation, and th\\s an infinite number of oblique axes 
exist that will render the transformed equation of the form (A' sin.^ a' 

— E'cos.*a')/-f(AHin.'M — Fcos.»a? = — A'B^.... (2). 
This equation will be simplified by putting 

_A=B= ^^^ ■ A'B' 
A }o!-, .3 ■ 3 , -p j— -J-, and B'-* for !§-:— 3"t__-^ rr 

for then equation (2) may he put under the form 
^ y? — -j-^ z'= — 1, as will readily appear, by making the pro- 
posed substitutions. Hence finally, A'y — B^s^^ — A'^B'^ (3). 
This, therefore, is the equation of the hyperbola, when the oblique axes 
of reference originate at the centre and form angles a, 0.' with the pri- 
mitive axes o( 3:, related as in equation (1). 

Ifinthisequationweput a: = 0; y= V( — B'^) — ± BV( — 1), 
and y = ; i = ± A'. Since the value of y for i = is impossi- 
ble^ it follows that the curve does not meet the axis of y, but ± A' 
being the value of a; for y = 0, it follows that the curve meets the axis 
of X at the extremities <rf the diameter, 2A'. 

We must here remark that the imaginary expression ± E ^ ( — 1 ), 
denoting the ordinate of the origin, merely iodicates that such ordinate 
does not belong to the curve, or, in other words, that the pdnt deter- 
mined by its extremity has no existence therein ; we are not, there- 
fore, to infer that the ordinate itself has no existence, for its absolute 
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value considered independently of llie cuiTe, is = B', since the abso- 
lute value of its square is B'°. Now, as linea through the centre are 
diameters, whether they meet the curve or not, it is plain that, if we 
assume 2B' for the length of the diametei-, which coincides with the 
axis of ^ just in the same way as we before assumed, 2B for the 
length of the .principal second diameter, equation (3) will be analogous 
to equation (6), p. 144, for the semi-diameters, A', E', enter into the 
former equation in the same manner that the semi-diameters. A, B, 
enter in(o the latter. 

(81.) By reason of Ihia analogy in the forms of these two equa- 
tions, analogous properties of the curve are deducible from each. The 
following are obvious. 

1. Each diwneter, 2A', 2B', bisects the chorda' dravmvaralkt to the 
other, as was shown of the principal diameters, 2A, 2B, {art. 71.) 
Such are called e<in/wg'a(e tKoniefers, and the equation. A Y — B'V 
= — A'' B"^, is the equation of (/w hyperbola related lo'conjugale dia- 
melera. 

HenCe (72) of every system of conjugate diameters, one is a trans- 
verse and the other a second diaxaet&i. 

2. Straight lines drawn at the extretmtiea of a trcmaverae ^aineler 
parallel to its conjugate are ttmgents to the CMi-oe, (71). 

3. £ trmsverse diameter is &vided by an ardhatt parallel to its con- 
jugate into (wo parts, such thai tkeir rectangle is to ike square of the 
ordinate as the square of the transverse is to the square of the cimju- 

gm, (76). 

4. The line which bisects parallel chords is a straight Kim. 

For the conjugate to that diameter which is parallel to the chords 
must bisect them. Hence the method of finding the centre of an hy- 
perbola, and of determining the conjugate to any given diameter are 
analogous to those already given for the elhpse [art. 49), 

From equation (1) it is obvious that the principal diameters are the 
only system of conjugates which are rectangular, for in that equation 

there can never be tan. a,' = , except when a =0,111 which 

caise we must have a' = 90°. 

It is furttier evident, from the same equation, that both the tangents 
tan, a, tan. «', must have the same sign, so that accordingly aa any 
semi-tranaverse is above or below the principal semi-transverse, ao 
will the semi-conjugate to the former be to the right or the left of the 
principal semi-conjugute, the one pair being always included between 
the other. 

(82.) Since, from equation (1), tan. et-tan. a' = W-i-A% and 
from (4), p. 146, aa' = B' -j- A', o,. o' being the taogents of the two 
angles formed with the diameter, 2A, by supplemental chords from 
its extremities, it follows that diameters fdrawn pm-ailel to a system of 
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sfifplementid chords from Ihe pnnc^ial trarmeerse diameter are eor^iir 
gate (md comiersdy. 

Prom what haa baen shown of the supplemental choicia (78), it is 
ohvious that the angle included by a system of conjugate diameters 
may be any magnitude from' to 180°. 

(83.) Referring again to equation (1), we find that, if the equation 
1/ = oa: represent any diameter of an. hyperbola, when referred to its 
principal ases,, then will q/=B' -r-&?a be the equation of its conju- 
gate. If the problem at (78) be solved with regard to the transverse 
diameter, 2 A', we ^al! have mm' = B'' ti- A'* where, aa in the elUpse, 
111, m', are the coeffic!«its of x, in the equations of two supplemental 
chords drawn from the transverse, 2A'. 

(84,) Having established these properties, let us now, as in the 
ellipse, return from oblique to ,the original rectangular conjugates, by 
substitutuig, in the equation A'^j''— ^B'^a^^ — A"^ E'^ the values for 
x and y already employed at (52), and for the transformed equation 
we shall have 

A''co8.\|^— 2A"^.acoa.a]M;+A"yn.=a]aS=-A'=B'»sm'[A',B'] 
— B^cosi'al +2B'^iii.a'cos.c(T — B"sin.'ci'! 

Therefore, this being identical with A V — B V = — A' B', we have 
the following equations, viz. A'^ cos.' n — E"™ cos.^ a' = A' (1), 
A^sin.'™— B"siii.^a'=— B=(2),— A'=B'*Biii.TV,B']-:— A=B=(3). 

By adding (1) and (2), A''— B" = A"— F" (4),. that is (fte dij- 
fenneeoj' the soMarM of anj si;s(em ofeonjwgate dicmelers is equal to 
the differmce of the sqaarea of the pmicipm ^ameCera. 

From equation (3) there results 4A' B' sin. [A' B'] = 4AB. 
Hence, aa io the ellipse, the paralldogrcmi consinicled on any sysimn 
of conjugate diameiers is equivalent to the rectas'igle on the axes of the 



These parallelograms are said to be inseribed ir 
the hyperbola, as they are included between the 
two branches of the curve, the sidespariiUel to that 
diameter which does not meet the curve being tan- 
gents at the, extremities of the conjugate thereto a'J- 
. (81). The property (4) shows that, if A' — B' 
then A = B, and conversely, so that there can-'^ 
not be a system of equal conjugates, except in the 
equilateral hyperbola, and in tiiis, each system consists of eqTial conju- 
gates. Hence, in the equilateral hyperbola, all the inscribed paralle- 
lograms are rhombusaes, but jn the common hyperbola none are. 

(85.) It has been shown (71) that the equadon of the asymptotes, 
when refened to the principal diameters, is i/ =: ± Br -=- A ; and In 
predsely the sanie manner, may it now be shown that when any sys- 
tem of conjugates, 3A', 2B', are substituted for the principal diama- 
ters, the equation of the asymptotes will be y = ± B'x -f- A'. 
N2 
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If, in this equation, we give to x the value A', the resulting expres- 
sion for y will be the length of the tangent drawn at tho extremity of 
the diameter 2A', and terminated by the asymptote. This length is 
therefore ± B', and thus we obtain a correct notion of the absolute 
length of any imaginary diameter of the hypeibola. 

Thus, if A'B' be any transverse diameter, and 
KL, MN the asymptotes of an hyperbola, then 
will the tangent, Ti, be the length of the diame- 
ter, C D', conjugate to the former. 

It moreover follows, that all the inscribed pa- 
rallelograms having their sides parallel to a sys- 
tem of conjugate diameters, have their vertices ir 
(he asymptotes, and in the equilateral hyperbola ' 
the angle inoluded by any system of conjugates is bisected by the 
asymptote. 

We shall terminate this division of the present chapter with the 
two foEowmg problems. Corresponding to those already solved for the 
ellipse. 



(86.) The axis and vertex of any diameter being given to find the 
length of that diameter and of its conjugate. 

Let {3/, y',) represent the vertex of the diameter, 2A', the length of 
which we are to determine. Then for the distance of this point from 
the centre, we have A** = x'" -j- y". But by this equation of the 

C}avey^= -pa^ — B'; therefore by substitution A'^ = 

A'' + B'_^_ga_^^_;B3„e''j:"— B°. Also since A'^—B'^ 

A' A' 

= A*— BS we have B'^ = «> 3/" — A\ .'.A =^ {e^x'^—B^ 
andB' = v'J«'i^— A=j. 

Now the above expression for B*" is the same as that for FP ■ FT 
in {79), hence as in the ellipse the product of the radii vectores of imy 
point is equal to the square of the aemi-ditmeter conjugate to that pass- 
ing through the point. 



(87.) The axes of the curve and the inclination of a system of con- 
jugate diameters being given to determine them in length and direc- 
tion. Let the semi-conjugates be A', B'. 

Then we have from equations (3} and (4), p. 149, 

By substituting for B'* in the second equation its value in the first 
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wehave after reducing A" — (A" — B') A"* 



sin,= [A', B'] 



■-.A-V — ^+V 



((A'-l?)^, A'R^ 



[A',B'])/ 



Having thus found an expression for A', the value of B' may b 
obtained from the first of the above equations. 

We have now to ascertain at what angles A' and B' are inclined 
to A. Let us denote the tangent of the angle at which A' is uiciined 

B" 
by o,' then the tangent of the angle at which B' is inclined will be -t-j~ 

= a'. Hence, denothig the tangent of the angle [A', B'] by v, we 

a' a B* A°a* 

have u = -— ; — -r ^ , .„ , ,.„ — , and &om thia we obtain by reduc- 

l-\-a(/ (A'+B')a "^ 

tion^^the quadratic a°-f"{^ ~\~ "Tj) "" ""Ta '^h''^'^' solved, gives 
« = -5^((A" + B>).±v!(A"+B').' + 4A'B-j) 

and this value of a is always possible, whatever be the value of v. 
The geometrical construction of this probleni is analogous to the 
corresponding problem in the ellipse, it being only necessary to de- 
scribe on the transverse axis a segment of a circle capable of contam- 
ing the proposed angle, for then the diameters parallel to the supple- 
mental chords from the points where the circukr and hyperbolic area 
intersect, will furnish two systems of conjugates, each including the 
proposed angle. 

Properties of Ike Tangent to the Hyperbola. 
(88.) It appears from (9) that the equation of a straight line pass- 
ing through two points [x', ^'jand {x", y") is y^'= '\-^J 3i—!c') (1.) 

If these two points belong to an hyperttola, we must have, from the 

equation , of the curve A.'^y" — B'*37* = — A"1J^(2), and A'^g"' 

-~B'^x'^ = — A'^B'^(3). Subtracting (3) from (2) there remains 

A^(!/;+.f ) (y;~y") = B'-{^ + ^") {x'-x") 

.-,? i~^:-r—„- — ^ — ;■ Hence, by substitution, equation (1) be- 

3:'—^" A'= y' + y" 

, B" x' + x". ,. 

comes y — y' — t™'— H — t,{^ — ^)- 

■' ^ A'^ y+y 

Let us now suppose that the points (a/, y"), 3/', y") -are idenrical, 
then the secant will become a tangent to the curve at the point {x', y') 

and its equation wiU be 1 
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— " — A'^B'^, eo that the equation of ihe tangent is obtained from that 

i)f the curve, as in the ellipse, by substituting yi/ for y aiid aa/ for a;*. 

When the rectangular conjugates are taken for axes, the equation 

'^V — y' = Yy-p (^ — ^), in which the coefficient — ^, expresses 

the trigonometrical tangent of the angle PRX, 

f'ormef' by the. tangenf to the curve and the 

of j;-. This angle is obviously acute or ob.___, „ ^ , , , 

according as the abscissa of die point of contact "~y e ( m~V 

ia positive ot negative. 

For the normal, or perpendicular, PN, to the 
tangent, from the point of contact, P, the equation is 

To determine the length of the sublangetit, MR, put ?; = 0, in the 
equatioa of the tangent, and we shall have the corresponding value of 

x, 3:= OR = —f which, deducted from a/ = OM, leaves 
MR = ^1^\ 

From the equauon of the normal wc readily find the length of the 
subnormal, MN. For, putting m that equation, for y, we have ON 
for the resulting value of «, and taking OM, or x'', from this, we have 

X, — x'=MN =-j-^x'. From the two last, expressions we obtaia 

those for the tangent and normal. Thus, since PR— ^jMR^'-l- 

PM* I , we have, by subslitution, PR = V S '^ — "^ + v" i °^' 

sincev-^|(^-nPIt=VS^^^ + 5{.--A')i 

In like manner, because PN = v'JMlV^ + PM'f, we have, by sub- 

Stitutioo,PN=:|vj(l+^)^— A=J=|v[e=a:'* — A"), 

(89.) Collecting these several formulas together, we have the fol- 
lowing expressions. 

The equation of the tangent is a; — y' =, j^ (x — a;') . 
The equation of the normal ia jf — y'= — ^~j {x — x^). 



The length of the normal is N = ^ (e'a;' 
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3A ^S 

The length of the subtangent is T, = — -; — . 

The length of the suhnormalisN, = "p *'• 

(90.) Since the expression for the subtangent remains the same for 
all values of B we infer, as in the ellipse, thai in every hyperbola de- 
aaibed upon the same axis, 2 A, the subtangent is the .same for the 
same abscissa. 

Had the tangent been lefened to oblique conjugates, instead of rect- 
angiiiar, the expression for tfae subtangent would have differed from 
that above only in this, that A' would have occupied the place of A, 

ip^ — A" 
that is, we should have had T, = ■;—, and as this is indepen- 
dent of the sign y, we conclude that from any point without an hy- 
perbola two tangents may he drawn ,to the cuive, viz, one to the 
point {.t', y'), and the other to the pmnl (a/, — %f). 

That more than two tangents cannot be drawn from the same point 
is obvious, for the subtangent must vary if xf does. 

From the genercil expression for the subtajigent iv 

just given, it follows that T, 3/ = (i' + A') iS — 
A'), that ia, as in the ellipse, (fee rectangle of the 
suhtar^enl and abaciasa of the point of ctmlael is 
equal to tlie rectangle of the sum and diffm-ence of ^ 
the same abscissa a/nd setni-transverse aads 

thus OM ■ MR = A'M ■ MB'. 

[91.) If we compare the expression for flie normal with that for 
the product of the radii veqtores, we find, as in the ellipse that 

W — Ai~~^> ''^^^ '®' '^* rectangle of the radii veclores of any 

point is to the square of the nofmcd as the square of the tramverse 03^ 
u to the square of the conjugate. 

If the hyperbok be equilateral,, then N° = PP ■ FP; consequently 
(84) and (86) the normal at any point of an equilaler^ hyperbola is 
equal to the distance of that point from the centre. 

If B' represent the semi-diameter, conjugate to that passing through 
P, we shall have (86) FY ■ FP = B'^, hence, by s.ubstitution, in the 
expression for N^, above A ■ N = B ■ B' ; so that, as in the eUipse, 
the rectangle of the transverse axis and the itannal is equivalatt to the 
rectangle of tJte second axis and the said-diameter parallel to the tan- 
gent. 

If, in the annexed diagram. OC be the semi- 
diameter parallel IJie tangent at P, then from these 
theorems we must have 

■ p/p , pp . pjji - . AB" : CD^, 
and AEPN = CD OC. 
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(92,) In the geneial equation of the tangent (88) ifweputa! = 0, 
we shall have for y the ordinate, OT, at the origin, and the equation 
will become OR - y' = OT ■ PM = — B" = OC^ ; 
and if, in the same general equation, we put y = 0, we 
sliall have for x the abscissa OR, and the equation then 
gives OR - 3^ = OR ■ OM = A" = OB''^, ^ 7X f ' 

Henpft, ts in the ellipse, the rectangle of the ordinate "Y \ 
at the point of contact and ordinate of the tangent at V \ 

tile centre is equivalent to the square of that semi- diameter which is 
taken for the axis of ordinates ; also, the rectangle of the abscissa of 
the point of contact and of the pmnt where the tangent meets the axis 
of abscissas is equivalent to the square of that semi-diamfeter, which is 
taken for the axis of abscissas. 

If we put X ^A', in the same general equation of the c- 

tangent, the resulting value of y will express the ordi'\ 
nate B't, which being parallel to the diameter con- 
jugate to that through B' will be also a langent to the i 
curve. If instead of A', r— A he substituted for x, we 
shall in Lke manner have the value of the tangent A'C ' 
for the corresponding ordinate. By making these substitutions, and 
proceeding as in the ellipse (63), we shall arrive at the same property 
in the hyperbola, viz. k't' ■ E'( = B'^ = OC. 

(93.) By thus imitating the investigations already given at length 
for the ellipse, we shall find that the properties of that curve established 
at pages 138, 140, equally belong to the hyperbola. With regard 
to the property at (66), however, when it is diown that the normal at 
any point bisects the angle formed by the radii veclores, it will be 
found that in the hyperbola the ea;(mor angle js to be understood, and 
the reference will here be to Geoin. p. 208, instead of p. 90, as for the 
ellipse. We shall now leave the student to investigate for himself 
these remaining properties of the hyperbola, which, after what has 
already been shown of the, ellipse, he will find an easy, and, at the 
same time, an instructive exercise; In each case the diagram should 
be neatly sketched, and the disposition of the several lines employed 
compared with the corresponding lines in the ellipse. 

On the As^ptoies of Ike Hyperbola. 
(94 ) It has aheady been seen (71), that the asymptotes, KOL. 
MON, of the hyperbola, make angles, ROB, MOB, with the principal 
transverse, of which the tangents are respectively ^ and — ^ ; so 
that these angles being supplements of paoh other, the anglos,,KOB, 
NOB, are equal. Let it now bereqimnl to transform the equation of 
the hyperbola, from the lectangular axes, OB, 00, 10 the oblique axes 
ON, OK, the new axis of ir being Mow the primitive- For this pur- 
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pose we must employ the formula (2'), alp. 117, ^ K 

which, since a = a/, becomes for this case \\ c /y 

^ = (^4-»cos. a, jf = (y— *)ein. a. \N(TX>/p 

Substjlutiiig, therefore, these values for x and y, m \ /\1/V |b 
equation (6), p. 144, we have A^(y — a:)*sin,' /vTxA 
a — B^(j^4-v)'cos.'a = — A'B^ But, abce //\l/\\ 

ta». « = - .-.sm. c.=^,^^^ and cos. »= I- 

T-B— 7—^.7, therefore this equation becomes, by substitution - X 

A -f- a A -\-H 

(»-»)'-^^,(^+yi'=-A'B"ii>.ti.^i a, = A"iy 

/. xij = J{A' + B") the equation of the hyperbola when referred to its 
asymptotes. The asymptotes are the only system of axes that can 
renderthe equation of the hyperbola of this form, in which both a^ 
and y' are absent: this will.be readily proved by taking the genera! 
transformed equation at (80), and determinit^the valueaof a andct', 
so that the terms- involving ar* and y' may disappear, for we shall 
then find that these angles can be no other than those formed by the 
asjonptotes with the ajds of x. 

Calling the angle KON, included by the asymptotes (p, we have 
from ^the foregoing equation, anj sin, ip = i( A° -|- B') sin. ip. 

The first membet of this equation expresses the parallelogram, PO, 
contained by the coordinate of any point, P, in the curve. The 
second raember is constant, and expresses a fourth of the parallelo- 
gram, ACBD, formed by joining the vertices of the principal diame- 
ters for A' + B' =: AC= = AC ■ AD .-. i(A= + B"} sin. ip = J- paral- 
lelogram AB ; and this is obviously equivalent to half the rectangle 
of the two principal semi-diameters. Hence we infer this remarkable 
property. Viz; If from any number of points in the hyperbola lines be 
drawn .parallel to, and terminating in, the asymptotes, the parallelo- 
grams so frirmed will all be equal to each other, and to half the rectan- 
gle of the principal semi-<Uaineters. 

in the equilateral hyperbola, these parallelograms are all rectangles, 
and the rectangle of the principal semi-diameters is a square 



(95.) To find the equation of the tangent to an hyperbola when 
referred to the asymptotes as axes. 

First, let us consider a secant or line passing through two points of 
Ihecurve {x', y"), {x", y^), then there must exist the following equa- 

y' y" 

tioQS, viz. y — 1/'= ■ ■■ ' ■ ,, (^ — ^)i x'f = 3f'y". Adding to the 
second equation the identity — sf '>^' -^ sf y" ■= 0, it may be put under 
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the form' af {y' — j") -{- y" (a;' — if") = 

Hence, by substitution, tbe equation of the secant becomes y — y' ^= 

— -^{x — a/). If we suppose a/r=a;"aiid y' ^= y", the secant will 



become a tangent, and the equation will then be y — y'= — — ,(: 

Putting,'for hreyxty, m" for x' y, or J f A°+^), and mul- 
tiplying each side of the equationjust deduced by a', the 
equation of the tangent will appear . under the more 
e'anph (oTOt yx' -\- xy' =: 2nf. , . . . (2). 

In this equation let a;=0, then j/=OT= -iJ-='^''/ i^)- 



■ 3f ' 



Let ji = 0, then x 



-. OT' -- 



■ (4). 



<c'){\.) 



2m' si 

This proves that the area of the triangle formed by a tangent and 
the portions of the asymptotes intercepted between it and /the centre 
13 constant, and equal to the reetat^le of the principal semi-diametere. 

Equations (3) and (4) show that OT = 20M and OT' = 20M', 
from either of which equations it follows that the tangent, T'f, be- 
tween the asymptotes is bisected at the point of contact, as we already 
knew from (S5). Since OB' bisects TT' it must also bisect every 
line, S8', parallel to XT'.* The same line also bisects the chord 
PP'; hence SP = S' P', that is, if any line cut the asymptote and 
curve, the parte included between the asymptotes and curve are equal. 

(96.) The analytical value of either of these intercepts will be ex- 
pressed by subtracting the ordinate of the curve from the ordinate of 
Ihe aasymptote, for any proposed abscissa. Thus, if a: denote the ah-, 
scissa common to the two points S, P, then for the intercept SP we 

have SP = -j- % -r, ^' \^ — ^^\i ^'^^ fo"" P^' ^be expression will 

be PS' — ~,xA, ; V \^ — A'^j. Multiplying these two values 

together, we have SP ■ PS' = B'=. 

Hence, jfo airaight toie be drawn through any point, P, m an hy- 
perbola, ilie rectangle of the parU thereof intercepted between that pmaU 
and tile amjinptotes vnll be equtd to the square, of ike parallel semt- 
dtameter. ' Consequently, if amy mmtber of partdUla be drawn, and 

' This might also 



-^A'aady^ 
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are. lerminatti bu the aaymploles, the rectangles of the 'ptDrts into whink 
tkey are cut by me aerut wiU be etjuat. 

We shall terminate the pteaent chapter with the foCowing problem j 




(97.) Knowing the asymptotea and a point in the curve to con- 
struct ihe hyperbola, and to determine tlie lengths and directions of 
the principal diameters. 

L^t KL, MN be the asymptotes, and P the _ k 

given poin,t. Through the point P draw any 
number of secants, SS', S" S'", s, s', &c. to . 
the Etsymptotefi, and so many points of the " 
hypabola will then be 'det^rmiiiabte. For, if 
we make the distances S'P', S"'P", &c. re- 
spectively equal to tJie distances SP', S"P, 
&c. the points P, P', P", &c. wili belong to 
the hyperbola, of which KL, MN are the 
asymptotes, and by thus determining a suffi- ~ ^~: 

cient number of points the curve may be traced. 

To determine the directions of the principal diameters of the curve 
thus constructed, we shall have merely to bisect the angle ip, or KON, 
and its supplement, MOK* As to the magnitudes of Siese diameters 
we liave, by denoting the coordinates of the given pmnt, P, by a/, y', 
x' y'^{{A?Jr^h or 4^ 1/' = A' + B= = A= Jl + (6" -H A')';. 

But, (71), tan. ^ip= ± (B -i- A) hence, by substitution, 4^/ y' = 

A''(l + tan.''iffl), whence A' = . : ■ — -5 — = ix,' y'. cos.'' ha, 

* ' ^^" l + tan-^^ip "^ 

,■. A=: 2cos.|ipv'{^y'ji and 8 = A tan. ^9 = 
2oos.ipteii.J(pVKn =Zsiti-i<c vj^s'!- 

By means of this problem we can cmistruct the hyperbola, when 
any system of conjugate diameters are givea For if at P, the extre- 
mity of one of the diameters, we draw a line parallel to the other, and 
mark on tins line two points, one on each side of P, at distances ftom 
it equal to the parallel semi-diameter, these points will be on the 
asjrmptotes ; these, therefore, may be drawn, and we shall then have 
Ihe asymptotes and a point, P, ia the curve to construct the hyperbola. 



CHAPTER IV. 



Its Equation and Propertieg. 
(98.) A parabola is a curve in whicl^ any pobt P, is equally dis- 
tant from a fixed point, F, and a straight line, KK', given in pfHition. 
Thus PFis always equal to the perpeadictilar, PD 
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The point F ie called the focus of the parabo- 
la, and the line KK' the directrix. The instance 
of the fbciis from any point in the curve is called 
the focal distance, or radius vector of that point. 

This curve is described by points, as follows ; 
Through the ibcua, F, draw the straig-ht line, 
GFS, perpendicular to the directrix. Bisect 
FG ia A, then A will be a point in the curve for 
AF = AG': Take now au^ point, M, ii 
from which draw a perpendicular to AX, and from the focus as a 
centre, with the distance MG| for radius ; describe an arc cutting this 
perpendicular in P, P', then P, P', will be points in the curve, for, by 
construction, PF = PD and P'F = P'ly. A like construction wUl 
furnish two new points, and this determination of points may be con- 
tinued till the path of the curve becomes obvious. 

Any portion of this curve may be described by con-i*! 
linuous motion. TJius, suppose we had .to describe a 
parabolic arc, having the point A for its vertex, and F y 

for the focus; then, having, drawn the directrix, T^"*"*', "p-B *- ?/ - a 
ply to it one of the sides, DE, of a square, DEG, and to A 
the points G and F festen the extremides of a cord, equal M ^ 
in length to EG ; then with a pencil, P, stretch this cord, \ 
so that the part PG may always coincide with the side j)' 
EG of the square, while the oUier side, DE, moves along the direc- 
trix. The point P will thus describe the required curve, for we shall 
always have FP + PG = PE + PG, and therefore always FP^PE. 
(99.) In order to determine the equation of the parabola, (see, dia- 
gram, art. (98) above) let ua take the rectangular axes, AS, AY, 
originating at the point A on the curve. Put m for AF, and x, y fw 
the coordinates of any point, P, in the curve, then FP* = PD" = 
y' + (r-ni)=, ButPD==(AG + AMf=(m.+^)=,.-.a«+(:<;-»i)» 
^{x-\-mf .'.y' = 4mj; (1), the equation of the parabola required. 
From this equation we get x = y^ -h- 4m ; J) = V 54ni»; j . 
The first of these equations shows that the curve ia entirely to the 
right of the axis YAi', since the abscissas are sdl positive ; it shows, 
moreover, that this axis is a tangent to the curve at A, since x can 
be only when y is. The second equation shows that for the same 
abscissa there are two equal ordinates situated on opposite sides of 
AX, ^t is, AX bisects all the chorda drawn parallel to AY. The 
same equation shows that y will always be possible so long as x ia 
positive, so that the curve extends indefinitely to the right, of AY, 
both above and below AX. The point A is called the mrtex, the line 
AX the prmcipid axis of the parabola, and AY the princ^nl second 
a.ris. These axes are unhmifed, but, as the former bisects all the 
chords drawn parallel to the latter, it ia called a diameter. 
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(100.) The equation of the parabola, in teims of (he principal para- 
meler, or double ordinate, through the focus, is at once obtained from 
equation (1), for, since the distance of this double ordinate ftom the 
ori^Q is m, we have, by substituting this value for w, and puttingp for 
the parameter, Af ^ 4m*, ory ^= 2m = |p (2), .-. if" ^^p^ {3), '^- 
eqwalion of Ihe'pwabola, in lerms ofthepwmneler. 

From equation (2) it appeaia that the semi-parameter is equal fc 
the distance of the focus from the directrix. 

Since, from equaticm (3), the square of any ordinate is equal to the 
abscissa, multiplied by a constant quantity, it follows that for- every 
point in the (nirve the abscissas we af the stjiiores of the ordmates. 
Properties of the Parabola, wkm related to its eonjAgate Jixea. 

(101. Let usnowtransformthe equation of the parabola from rect- 
angular coordinates to oblique, in order to determine, as in the pre- 
ceding curves, those systems in reference to which the equation of the 
paralwla preserves the same form. For this purpose, let us substitute 
for X and y, in equation ( 1 ), the values x-= a-\-x cos. a,-|- y cos. a.'. 
and y = b-\- X sin. a + ^ sin. «', and this equation will then become, 
after transposing, 

y' sin.' ct' -i- 2^ sin. B sin. ct' + 3^ sin.* 1 + 6* — op t _ „ 
+ (26siD.a'— pcos.a')!'+C26sin,a— pcos.a)a^i~ " 

Wow, in order that this equation may be of the form f' = lex, we 
must have the following conditions, viz. sin. a sin. n' = 0, sin.' a = 0, 
2b sin. a' — pcos. a' = 0, and S" — op = (1), and, when these sub- 
sist, the equation reduces to y''= . ^ / x . -. . . (2). 

In the foregoing general transformation we have supposed the 
origin, as well as the inclination of the axes, altered, because had the 
transformation been confined to the direclJon of the axes, in which 
case a and h would have been 0, we could never have obtained ihe 
form (2) for any oblique system of axes, for the conditions (1) would 
have led us back to the ori^nal rectMgular system, since we should 
then have'had i( = 0, a'= 90". The second of the conditions (1), 
which necessarily establishes the first, shows th4t the angle included 
by the old and new axes of x must be 0, that is, these axes are pa- 
rallel, a.' therefore will express the. inclination of the new axes, and 
this inclination, as determined by the third condition is 

tan. ffi' ^ -^ (3); andforthovalueofi we have, by the fourth condition, 

t' — pa (4), in which equation a niay be any value, whatever ; hence 
b, and consequently a', may take an indefinite number of values, so 
that the systems of coordinates that will render the equation of the 
parabola of the form (2) are unlimited in number, and from equation 
^) it is obvious that in each of these systems the origin must always 
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be on (he curve, for that equation represents a point in the paiabola, of 
which the coordinates are a and b. 

(102.) The form of the equation (2) shows that for every positive 
value of a; there are two values oft/ equal numerically, hut opposite in 
sign, therefore the axis of x bisects all the chords drawn parallel to 
the axis of y ; hence the axis of x is always a diameter. From this 
and the preceding article, it follows that aU the diamelers are parallel 
to each other. The same equation shows that no p^t of the curve 
can be to the left of the axis of y, for y is impossible for all negative 
values of x ; moreover, since p must be when x is, it follows that the 
axis of y is a tangent to the curve. These two axes axe called con- 
jugate axes. 

(.103.) Since (3) tan.V = ^ .-, sec.= a'=l+^^ 

. 2 , tan.' a' p^ p 

~ sec.''a/~' 4b''-\-p' 4a+p 
.■.-^, = 4«+j3=4(a+|)=4(a + M) 

Now a+m expresses the distance of a point, A', 
in the parabola of which the abscissa is o, from tjie 
focus. This distance, A'F, is the radivsveclor d'the 
point A', therefore representing it by r, equation (2) ■ 
becomes, by substitution, y" = 4rx .... (5). 

This, theretbre, is the equation of the ciu^e, related 
to any system of conjugate axes. It obviously in- 
cludes equation (1), p. 168, in which tlie value ufr, the radius vector 
of the origin, is m. 

(104.) In article (100), it was foimd that the principal parameter 
isequalto4ni, the coefficient of a;, in the equation of the curve, when 
referred to rectangular conjugates. By analogy, the coefficient 4r, 
when any system of conjugates are employed, is called the parameter 
of that ihameter, which is taken for the axis of x, so that generally 
the parameter of any diameter is equal to four times the distance of its 
vertex ftomi the focus. By equation (5) the parameter is always 
equal to the double ordinate, corresponding to the abscissa j- =r. 
We shall hereafter see that this double ordinate always passes through 
the focus. The property in (100), viz. that the abscksas are as iht 
nqiiares of the ordinalts, is obviously true for every system of conju- 
gate axes. 

Since, in the condition (4), a and consequently h, may take any 
value froin to infinite, therefore tan. a', in the condition (3), may take 
any value between and infinite, so that conjugate axes may exLsI 
inclined to each other, at any angle not exceeding a right angle. 
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Properties of the Tangent to the Parabola. 

(105.) The equation of a straight line passing through two points 

,a^,^}and (r",^") isy_j' = ^^^(a; — y)....(l). 

If the two points are on a parabola, then we must have y^ = 4rx (2) 
andy = 4™" (3) .■. (/+/') [y' — y") ---4r{x'—x") 

■.' —, — i^r = -r-, — Ti hence, by substitution, equation (1) becomes 

y — /= , ,, {31 — «'), which when the points {3/, y") and 

2)- 

C*"i y") coincide, reduces to ^ — V' — —ji^ — ^') C*)i the equation 

of the tangent. 

Thig equation may be simplified ; for, multiplying; by y', and trans- 
posing y/ = 2r3; — 2rj/-\-y'*; or, substituting for i/'*, its value in (2), 
y!j'=2rx — %r3f-^4r3f, :. y/ = 2r {x ~\- a:') {5). 

This equatifin differs from that of the curve (103) only in this, that 
t^ and 2a; are here replaced by 3/1/' and a; + ^■ 

From the equation of the tangent we readily find 
that of the jwrmal, or perpendicular, PN, to the tan- 
gent passing through the point of contact, x", y'. This ^ ^_____ 
equation, in reference to the rectangular conjugates, or" A M (g 

whena; = m, ia y—y' = —±{x-x'). 

From the equation of the tangent we may abo determine the length 
of the aubtangent, MR, being the distance intercepted between the 
ordinate of the point of contact and the intersection of the tangent with 
the axis of x. For, putting, in equation (5), y = 0, we have for the 
resulting value of j:, whatever system of conjugates be employed, - 

To find the expression for the length of the subnormal, MN, put, in 
tlie eqitatton of the normal, y — 0, then for x we have the length, AN, 
and for x — a/, the length required ; hence x — a/ ^ MN = 2ni. 
Forthelength, PR, of the tangent we have PR = v,JMP + MR'S 
= VSy'^ +ix"i^2^\mx'-{-a^L And for the lengfli of the nor- 
mal, PN = V I MP" + MWj = V J/" + 4W( = 2 V S™^' + m' J . 
(106.) Collecting these expressions into one point of view, for more 
It reference, 



Tile equation of the tangent is y — 1/'= — (i — x'). 

The equation of the normal is !/ — 1/' = — -i- (3; — x"). 

The length «fthe tangent is T = 2y^ \mx'-\-x'^L 
21 62 
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The length of the subtangent is T, = 2a;'. 

The length of the normal is N = 2 V J ma^ + m** i ■ 

The length of the subnonnal ia N^ = 2m. 

These expreasiona load immediately to several properiies of the 
curve. Thus the expression for the subtaogent at once shows ihat 
the suAlai^eiU is atwttys dauhh the abscissa foi every system of con- 
jugate axes ; in other words, the aubtangent is always bisected by the 
curve. As the same expression ia independent of m, it follows that 
for every parabola having the same principal axis the subtangent 
measared on that axis is the same for the same abscissa. 

The first-mentioned property above suggests an easy and obvious 
method of drawing a tangent to a parabola, when the abacfeaa of the 
point of contact is given. From the last of the above expressions if. 
appears that, for every point in the curve, the mtiwrmal w constant, 
(md'equal to the distance of the focus Jrom the directriw. 

(107.) Comparing together the expr«si<a)a for the tangent and 
normal, the subtangent and aubnormal, we find that, when a/ ^m 
that is, when the tangent passes through the extreinity of the latus 
rectum, the tangent and normal are equal, as also the subtangent and 
subnormal. The equation of the same tangent, in reference to the 

principal axes is if — 2m = — {^—nt), .■.y = x + m. 

But'iP+mexpresses the distance of any point {x,y) in the curve 
fifom the focus ; therefore any ornate to thefocal tangent 
is equal to, the radius vector of the point where, this oraiiir 
ale cuts the curve, so that thefocaitmgeni cuts from the I 
tangent, through the vert&e of the principal axis, a part I 
equal to the dasltmce of this vertex from thefocus. '^l 

Thus, intheannexeddiagram,MN=FP, & AT= AF. a 

(108.) If to the subnormal, MN, = '2»», we add 
¥M^x'—m, we have, FN=a/ + m = FP; 
therefore the angle FPN = angle FNP=NFX', 
that is, the radius vector ' and the diameter at the 
point of contact are equally inclined to the tmigent. „ 

The same property might have been derived 
from (106) ; for, since AR ^ AM = r, .-, FR = 
y + m = FP .■- EPR = FRP = R'FX'. 

From this it appears that the points where the tangent and normal 
intersect, the axis Eire at the same distance from the focus as the point 
of contact, and therefore either may be easily drawn. If X'P be pro- 
duced to out the directrix in D, and FD be drawn, then, since DP =^ 
PF, and DPR = FPR, .■. Pft bisects FD at right a^les, and a is 
alwayson the axis, AY; for this line, bisecting FE^ must bisect 
every other line, FI), drawn to ED from F ; it follows, therefore, that 
atmtgent and a perpendi tdar to it from Ihefocns always inttrae'-t on 
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the prittcipal second axis; therefore the square of the perpendicular ia 
equal to the product of the diatancea of the point of contact and vertex 
from the focus, that ia, ,FQ,' = FP - FA = FR ■ PA. 

From this property we may derive an easy method of drawing a 
tangent to a parabola from a pmut either within or without the 

curve Thus, let P be a point either within or with- . y . n 

out the cur^e, through which it is required to draw a 
tfuigent Draw PF, upon which describe a sei 
cucle, and through the point Q,, where it meets i 
second axis, AY, draw ¥0., which wUl be the U 
gent required. 

If the point be in the curve, the aettii-circle will 
meet the axis in but one point; but, if it be without 
the curve, there will be , two pcdnls of intersection. 
For, in the former case, since FP 3 PD, a parallel, 
OQr, through the middle of FP must be equal to PO, and at the same 
time-less than ariy other line drawn from O to the axis AY. In the 
latter case, the circle on PF must cut AY in another point beside Q,, 
ibr, if AY were a tangent to both circles at this pcnnt, the circles would 
touch there, which is impossible, since they meet also in F ; hence 
ftom any point without a parabola two tangents may be drawn to 
the curve, a feet which might obviously have been inferred from flie 
expression for the subtangent, which, being independent of the sign 
of y, shows that for the same abscissa there are two tangents, the one 
above and the other beloW the diameter, passing through the pro- 
posed point. When Uie directrix is given, another means of drawing 
the tangent is suggested from (108). Thus from the given point, 
P, as a centre, with a radius equal to PF, describe an arc, cutting 
the directrix in D, from which point draw a parallel to the diameter, 
and it will cut the curve in the point of tangence. 

We shall conclude this chapter with the following problem: 

(109.) Pairs of tangents to a parabola being always supposed to 
intersect at right angles, to find the locus of the points of intersection. 

Let PD, P'D be any pair of tangents intersecting a' ' ' 
D, and parallel thereto draw FQ,', FQ. ftom the 
focus, then (108) the points Q, Q,' will be on thcj^ 
seeoiid axis, AY, which will divide the rectan- 
gle, FD, into two equal triangles, DQ.Q,',FCi€i',. 
therefore Dd, the aititudfl if the former, ia equalnj^ 
to FA, the altitude of the latter ; hence the locus ' 
ofDis Ike directrix. Since D' is a right angle, 
and the angle DPF = DP0', and PF = Fjy, 
.-.DFP is a right angle. In like manner, DFF 
is a right angle ; hence, first, thepart of the (im- 
gent intercepted between the point of. contact and the directrix, subtenda 
a r^ht angle at the foeus ; second, the line joining the points of con- 
tact ofpei'peniUcular tangents atwnys passes through thefocun. 
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CHAPTER V. 

OK POLAR, COORDINATES. 

(110.' Ir order to determbe the analytical representation of a 
curve line, our object has hitherto been to obtain an equation between 
the reciilmeat coordinates of any point in, it. But besides this method 
there is another, and -which coneista in first assuming a poiht upon a 
fixed straight line, and then determining the position of any point in 
the curve, by means of an equation between its distance from the 
assumed point and the angle formed by thia distance and the fixed 
bne. The assumed point is called the pole; its distance from any 
point in the curve the radius vector; and the radius vector, together 
with its angle of inclination to the fixed line, are called the poiar co- 
ordinates of the p<Mnt, 

Thus assumii^ the point A on the fixed line, AX, .,, 

as pole, then the polar coordinates of any point, P will X 

be the radius vector AP, and the angle PAX. / \ 

To deduce the polar equation of a curve fi-om the / 
rectilineal is an easy operation ; Thus ■ a^- X 

Let P be a point in a curve related to the rectangular axes AX, 
AY, then AM, MP will be the coordmates of this point ; but, if the 
same curve be related to polar coordmates, A' being the' pole, and 
A'X' the fixed line, then will the cooidiuates of they 
samepomtbe A-r'andPA-X', Draw A'X" parallel | 
to, AS, and denote the radius vector, AT, by r, the 

angle PA'X' by w, and the angle X^AX" by a, then^L ^ 

the angle PA'X" will be w + a. Let, also, o, i re- B M ^ 
present the rectangular coordinates of the pole. Then, since, AM = 
AB + A'Q, PM = A'B + PQ, and A'ft = A'P ■ cos. PA'ft ; Pa 
= A'P ■ sin. PA'Q, we have, by substitution, x= a-\-r ■ cos. (<j-\- 
a); y=b + r-ein. (ii-f-") (^)i therefore, by substitutmg these va- 
lues for X and y, in the primitive equation of the curve, we shall obtain 
the transformation deaued. 

If A'X' is parallel to AX, then a = 0, and the preceding formulas 
become i — a -j- r ■ cos. w ; y = 6 -j- *■ • sin, u . . . . (2). 

If the pole coincide with the origin of the primitive axes, and the 
original axis of x be teiken for the fixed line, then, in the last formulas, 
a and 6 are Oj so that, in this case, x = r cos. w ; y = t; sin. w (3). 

Let the curve proposed be a circle, of which A, the origin of the 
rectangular axes, is the centre, then the equation, in reference to 
these axes, is a^ -f- if* = R^ and the polar equation, in its most gene- 
ral form, is found, by means of formulas (1), to be 

,> + 2r(l, .in. [» + .] + . o,..[^ + «]) + .- + 4' = E'. 

We shall now proceed to determine m succession the polar eqiia- 
tions of the three other curves. 
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(111.) To find the polai equation of the eUipse, either focus beinj 
the pole. 

Let F be the pole, and AB the fixed axis ; Ihen 
the coordinates of the pole are, in this case, a = c 
=: A«, fc = ; therefore the formulas (2) become Al 
x = A.e-\-r COS. u ; y = i- sin. w ; these substituted 
for X and y, in the equation of the curve, P' 

y* = (l — ^) (A' — 3;°), Iransformait to 

r-sm.^.. - [1-e') [A'-(Ae + rco8. .>f] 
= (l_e=)[A(l + «)+rcos,.,][A.(l-a)-rco8.w] 

=; A'^ ( 1 ~ «=)' — 2 Ae (1 — e') r cos. u _ (1 _ e^) ,^cos.= w, 
or, since t^sin.^ 61 = 1^ — j^ cos.' u, w« have, by substitution, trans- 

.. „ , , 2Ae(l— e'')cos. « A=[l— e^ 

position, &c, "tA -T-^ — i — —i -r = '- — Hi — i— ■ 

•^ '1 ^ COS? w 1 — «' cos.^ u 

, , . ± A(l— «=)— Ae(l-.e')cos.w 
This quadratic, solved, gives r — — — --^— — —^ — , — ~ — 



'(l+ecos.o.)(l-eco3.^) 



1 -|-ecos, u 1 — ecos 

It hence appears thai there are two values of r measured in oppo- 
site directions; for the first value is essentially positive, -whether u be 
acute or obtuse, since both e and cos. m are always less tiian 1, and 
for like reasons the second value is essentially negative. These two 
values therefore represent the two portions into which the focus divides 
the focal chord, inclined at the angle u to the major diameter. 

If we disregard the signs of these portions, and consider only theu- 
absolute lengths, we shallhave no occasion for the second expression, 
since itwillthenbeincludedinthefirst, provided we conceive the varia- 
ble angle u to go through ail the degrees of magnitude from (i° to 360°, 
while the radius vector revolves round the pole* With this condi- 

tioD, therefore, J* — A —-j- J {%), is the folar equation ofthe 

ellipse, when the focus is the pole. 

The equation would have been similar if the other focus had been 
taken for the pole. 

The polar equation would have been obtained more expeditiously 
by employing the expression already found for rat (47), and substi- 
tuting therein Ae-{r r cos. u for ic, as upon trial the student will find. 

* Thus the angle HFT' will be a re-entrant angle equal to 180° + "• 
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(112.) To find the polar eqyalioii of the ellipse, when the centre la 
the [lole. 

The solution of this problem is left for the student to perform. If 
the radius vector he denoted by r', and the variable angle by w', the 
equation will be 1^ = Av'J(l^e°) -^{1 — e'cos.'w')J. 



(113.) To find the polar equation of the hyperbola, either focus 
being the pole. See the diagram at p. 141. 

We shall solve this problem by the method indicated at (111). 

Taking F' for the pole, p«t u for the angle PF'X, then (79) we 
have r— ex+A; hence, substituting for x the value given in formula 
(1), where 0;=— £= — Ae, and 6=0, there results T-=er cos. u — 

A,?+A .■.,a-.c».»)=-A(^_l), .-. ,=_A j-it=!-'; } (1). 

If the other focus had been taken for the pole, Ae would have been 
positive and A negative (79) so that, in the value of v A wouM have 

been positive, that is, we should havehadr = A—— J . ■ (2). 

In this case, however, it is customary to employ not the angle PFX, 
but its supplement, PFB=180'' — w, the cosine of which is^cos w; 
hence, putting u' for the angle PFB, the last equation becomes 

\ (3). If, in these equatiotis, w, and ij' be negative, 

n unaltered, because the cosine of a negative 
arc IS the same as the cosine of a positive arc ; hence the whole of the 
branch PBpis represented by the equation (1) or (3), accordiagas the 
pde is at F' or F. If wetianspose the poles, find then consider the 
angles u, and (j' measured in the opposite directions to those above, it 
is obvious, from the symmetry of the two branches, that the same 
equations will characterise the other branch of the curve. 



(114.) To find the polar equation of the hyperbola, when the craitre 
is the pole. 

By substituting r' cos. u for x, and r' sin. u for 3/, in the equation 
of the curve, the expression for the radius vector will be found to be 
r' = A ^\{^—V) -^(e'cos.'u — l)f. 

PROBLEM V. 

(115.) To find the polar equation of the parabola, the focus being 
the pole. 

Put w for the angle PFA, then cos. PFM — —cos. u. Hence we 
shall have to substitute in the equation ^ =:4m): of the curve j» — 
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(id r sin. w for y, which, after substituting 
in." u, tranaforms it to (1 — cos.^ u) r' -j~ 

9. w± VH"*"*^*'^-'' "+■*"*''('" 




2m ( — 009. u±l) 2jb 

= — ^^ a — -I ■■■'■= n 

1 — cos.''w l-|-cos. u 

The first of these expressions is always positive, and the, aecond 
always negative. The first denotes FP, and the second FP', The 
second expression is included in the first, abstracting from the sign, 
provided we conceive the angle w to paBs tlurough all stages of mag- 
nitude from to 360", while theradius vector revolves round the pole, 
since then the sign of c«3. u will change as Soon as the i*adiu3 vector 
descends below i'M. We inay here remark that by adding together 
the two values of r, in equatioo (1), we obtain for the absolute length 

2m 2m 4m 

ot any focal chord PP' =: — 4~ —— — = . , ■ . 

This expression is identical with the coefficient of x, in equation (2,) 
p. 159 ; we may now, therefore, infer the property alluded to m art. 
103, viz. that in the parabola the parameter ■of imy diameter is always 
eqnid to the double ornate passing through the focus. 
.. (116.) If from the focus there be drawn a perpendicular to the 
radius vector of any point to meet a tangent to-the curve at that point, 
the part intercepted is called the polfof subtimgent of the curve at that 
point. We have alretuiy seen (108) that, in>the parabola, the locus 
of the extremities of the polar subtangents is the directrix. Let us 
now investigate the locus when the curve is the ellipse or hyperbola. 

First. In the ellipse, the equation of FP, i 
passing through the two points ( — c, 0) and gl 

(-y,j'),i.y=^(i-«) (1), OX, OY,' 

originating at the centre, being the rectangular 

axes. The equation' of a perpendicular to this line through the point 

F or(— c,0) 18^= lZI_(3--.e) (2). Now, in order to find the 

abscis-sa rf the pomt m which this last line intersects the tangent 
Ihrough P, Me must equate y m the equation A')/'y-|-B'.c'a = 
A' B" (3) of the tangent, with its valae in equation (2 j . We shall 
then find, uponieducuon, foi the abscissa sought, «^= OD' =; A^ -t-c 
= A-i-e (4) This, bemg a cfflislant quantity, shows that the locus 
of the e.dremties of the polar tubtrnigents is a straighi Une, perpen- 
aienlai' to the major diameter, and at the distance A -=-e frcm ike c&itre. 
By analogy to the parabola, this line is called the directrix of the 
ellipse. There are obviously two directrices to tlie eUipae at etjual 
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distances from the centre, for if the semi-ellipse ADC be conceived to 
revolve round the axis, Cp, till it coincide with the other semi-ellipse, 
faking the directrix along with it, this latter line will necessarily pre- 
serve its same distance from tire centre. 

If the I'adins vector, PF, be produced to P', Chen a tangent through 
P' must intersect that through P in D", because the polar subtangents 
of the poiijis P, P' are both measured on the same line, viz. FD". 

From the expression (4) we may infer that the distance of any point 
in an elUpsefrom lite focus has u constant ratio to the distance of the 
same point from^ the directrix. For the distance of any point in the 
curve from the directrix is — : — x= — ;— — and its distance from 

the focus is (47) A — ex, and these espressiona are to each other as 
1 is to e. Because e is less than 1, the distance of any paint in the 
ellipse from the focus is less than its distance from the directrix. 

Second. In the hyperbola, the equation of FD, per- 
pendicular to the radius vector FP, is, as before, ^^ 

1/ = Ix — c], and, if we substitute this value of \\ >t> 

y in the equation A?y'y—'K'x'x = — A'B' of t] 

tangent we shall obtain for x the value x= — — — 

hence, as in the ellipse, the locus sought is a straight line perpendicu- 
lar to the transverse axis. This line is called the directrix of the hy- 
perbola. There are here, as in the ellipse, evidently two directrices 
one for each branch, and because here e y 1 each directrix is situated 
between the centre and the branch to which it belongs. 

If VT be produced to P', the tangent at P' must meet that through 
P on the directrix, as in the ellipse, and for a like reason. Comparing 
the expression for the diatanoe of any point in the curve from the 

directrix, viz. x ^ — with e^ — A, tiie distance of the 

same point from the focus, we find that their ratio is constant, viz. as 
1 to e; e being ^ 1, the distance of any point from the focus is greater 
than its distance from the directrix. 

From what has now been said, we may define the direch-ix of 
either of the three curves to he ike locus of the extremities of the polar 
subta^ents, or else as the locns of the inlerseetimt of pairs of tangents 
at the extremitits of the food chords. In the parabola, the distance of 
any pant from the focus is equrd to its distance fiflmthe directrix, but 
in the ellipse it is less, and in the h3T)erbola greater. 

(117.) By referring to the value of p, the principal parameter in 
each of the three curves, we find that in the elhpse ^ = A ( 1 — e"), 
10 the hyperbola \p=^A.{e^ — 1 ), and in the parabola iji = 2jjij 
hence, by substituting ^p for these values in the polar equations oi'tbe 
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respective curves, they will then all become coniprehended in a single 

equation, viz, i" = . If we suppose r produced to meet the 

curve again belavs the principal axis, we shall have the. value of r', 
the radius vector of this second point, by changing u into 180' -|-u, 

that is r' = 2C . Hence, for any focal chord, we have 

1 — e COS. w •" 

r~\-r' = -^- — ^^— also rr' = ^ ^— consequently 

{r -^^ t') f =: Arr' .■ . — j— -— = |jj ; heoce focal chords are to each 

Other as the reeiangles of the parts into which they are divided by the 
focus, likewise half the principal parameter is always an harmonical 
mean between the parts into which any. focal chord is divided by the 

The three sections now completed comprise the first principal divi- 
8ion of this work- It embraces a pretty comprehensive treatise on the 
emiic sections, as the curves we have been discussing are usually 
called, for reasons to be hereafter given. In a future cjiapter will be 
thrown together several interesting and very general properties of these 
curves, wnich we could not conveniently revert to in the preceding 
articles. 



SECTION IV. 



(118.) We have already seen that each of the curves whose pro- 
perties have now been investigated is analytically represented by an 
indeterminate equation of the second degree, and we now propose to 
show, conversely, that every indeterminate equation of the second 
degree is geometrically represented by one or other of these curves. 
, We shall do this by first showing that any equation whose form 
agrees with that characterizing one of the preceding curves, must 
hii.ve that curve for its locus, we shall afterwards prove that any in- 
determinate equation of the second degree, of whatever form, may be 
,/;msfocmed toone or other of those particular forms already shown 
to' characterize hues of the second order. 
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(119.) First, let US seek the locus of the equation M/ + Nar" = 
P (1), agreeing in form with the equation of the ellipse, M, N, and 
P being positive. 

Aaaume a system of rectarigulaj- axea, 
XX', YY'i in reference to which the 
locos of ( 1 ) is to be constructed. Then, 

P 
since for, i/ = we have a; ^ ± V j.^, 

P 
and for a? =; we have i) = ± V ^, y 

If we make OB, OA each equal Ui 

^(P H- N), and OG, OD each equal to /(P 4- M), the points, A, 
B, C, D, thus determined will be those in which the locus cute the 
axes. Let us now represent v[P -^N), that is, the abscissaOB by 
A and VCP-r-M), or the ordinate OG by B, then we shall have 

P P 

N = -^,andM = ™, and equation (1) will become, by substitution, 

J / + X= ^ = ^' ""^ ^°^' + ^'■^' ^ ^"^' '^-^ 

Let us now suppose that upon the lines AB, CD, as principal dia- 
meters, an elhpse is constructed ; we know that this ellipse is analy- 
tically represented by equation (2) ; in other words, that it is the locus 
of eqQation(2), ' But equations (1) and (2) are identical ; hence the 
same curve is the locus of equation (1). We have here proceeded 

P P 

upon the supposition that -/^ ^ y/-irjz or My "N-jH, however, this be 

not the case, but N 7 M, then, putting X^ for y", and T* for x', in 
equation (1), it would have become NY^ + MX° = P, which equa- 
tion we should have shown, as above, to be the analytical representa- 

P P 

tion of the ellipse constructed on the axes 2 VirF- and 2 <t/~ 

Secondly. When M= N, equation (1) reduces to ■f-{-!^ 
P 
= (P -;- N) which represents a circle whose radius -J :j^. 

To express the distance, c, of the centre of the ellipse, which is the 
locus of equation (1), ftom the focus, we have 

pose that the equation proposed is M^* — N.i'* = — P (3) agreeing 
a form with the equation of hyperbola. In this 



i/~ Own have x= ± ^:r^ and for .^ ;^ we have \ | / 

P "^^7i^~ 

y —31 -J ~ hence the locus of (3) cuts the axis of / 1 \ 
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-T in two points, ec[\ial!y distant from the origin, but it does iioi meet 
the axis of y. 

P P 

Let V»j^ bei-epresentedbjr A, and ^/ — l^^Y V — ^\ then N= 

P P 

—J BJid M ^ r^ ; and equation (3) becomes, by substitution, &c. 

|y-^^ = -P«'■Ay-BV = ~A'B^...(4). 

p 

If, now, upon the principal diameters, AB = 2 ^- ; or aA and 

p 
CD.= 2 V-Ti i °'^ 2^1 ^^ hyperbola be supposed to be constructed, it 

ttiU be analytically represented by the equation (4), that is, this curve 
will be the locus of equation (4) ; therefore, since equations (4) and 
(3) ace identical, the hyperbola is also the locus of equation (3). 

If, in equation (3), P had been poaidve, instead of negative, the 
locus would etill have been an hyperbola, for then by putting' X." for 
u', and T^ for 3^, the equation becomes, by changing the sides, — P = 
NY* — MX', the locus of which has just been shown to bean hyper- 
bola. The distance, c, between the centre and focus of the hyper- 
bola, which is the locus of equation (3), is found, as in the preceding 

P(M4-N) 
case, to be « = ± V — tTi'vj- — ■ Thirdly- Let the equation to be 

constructed he ^ = Q.z (5), corresponding in form to the ^i ^.-— 
equation pf the parabola. Then from the origin of the I /\ 
given rectangular axes take two distances, OF, OG, each Gp i^F 
equal to }Q. ; then, having drawn the perpendicular, GD, | ^^ 
if on the proposed axes a parabola be descriibed, having F for ta focus, 
and GD for ils directrix, its, equation will obviously be identical with 
equation (5), the locus of this equation i.s therefore a parabola. 

(120.) It must here be remarked that the generality of the forego- 
ing conclusions is not in the least diminished, because the axes to 
which the several loci are referred have been supposed rectangular. 
For, if they had been in each case oblique, we might, hyemploying 
the formulas at (38), have obtained ihe equation of the same locua 
for rectangular axes, afler which we could, as in ajticles (48,) (80), 
&c. have so determined the angles a and a' as to have preserved the 
form of the equation unaltered. 

It must be further observed that if, in equation (1), P be supposed 
negative, the locus will not be an ellipse, but an ima^nary curve, 
since the general value for any ordinate is in this the imaginary ex- 

N P 

pression, y = V ( — jjT-^ — itf)' This imaginary curve, as also a 

circle, and a point, all arising from equation (1), under different modi- 
fications, are called vartelies oj tlie eUipse. 
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By auppoainff N as well as P negative, in equation (1), this equa- 
tion becomes identical with (3), characterizing an hyperbola. I( 
will not however represent an hyperbola, if P = 0, but a system ol 
two straight lines intersecting at the origin, for any ordinate of the 

locus will then be, i/ ^ ± ^ -^x; so that the varieties of the hyper- 
bola are an equilateral hyperbola, or a system of two intersecting* 
straight lines. The equation (5) of the parabola furnishes no variety ; 
the change in the sign of Q, merely changes the position of tlie curve 
from the right to the left of the asie of y. 

(121.) It has been shown (44) that .the equation of the ellipse, in 
terms of the parameter, the oiigin being at the vertex, ia 2i^=px — 

^^- If in this equation, we suppose A to increase indefinitely, 

while p, or the value of 2& -i- A, remains constant, it is plaui 

that the, coefficient-^ will continually diminish, and will at length 

vanish, when A becomes infinite, that is, the equation will then be- 
come y' = px, agreeing in form with equation (5), above, which be- 
longs to a parabola. It follows, therefore, that the parabola may be 
considered as a species of the eUipse, since it is the fbrm the ellipse 
takes, when the major diametei- becomes infinite. Considering, the 
parabola in this light, several properties of it estabhshed in sect. iii. 
chap iv. might have been deduced from the properties of the ellipse. 
Thtas, for instance, since it was shown in (66) that the lociis of the 
intersection of tangents to the elhpse, with the perpendiculars drawn 
tothemfirom the focus, was the circumference of a circle described on 
the major diameter, we, might liave inferred that, when the centre of 
thia circle became infinitely distant from the vertex, A, any infinite 
portion of the circumference might Ije considered aa a straight line; 
and have thence concluded that the locus becomes a straight line, 
when the ellipse becomes a parabola. As, however, this mode of 
deduction is both objectionable and unnecessary, we have in no in- 
stance thought proper to reaort to it. Many of the properties of the 
parabola demonstrated in that chapter have been established, by inde- 
pendent processes, in a manner much more simple than the corres- 
ponding properties of the ellipse ; on this account, therefore, it would 
have been wrong to haye made thein depend upon these latter. The 
property here referred to is an iUustration of this remark. 

(!22.) We now proceed to show that the locus of every indeter- 
[L;inftte equation of the second degree, containing two variables, can. 
be no otha: than one of the curves already considered. The proof of 
this will be established; provided we can show that the general equa- 
tion Af + B3y+Ca^-\-Jyy'-\-J^x-i^F = (1), may always be 
Uiinsformed into another, eilher of the form M)/''+f^^=P, or y''—Q^ 
by merely altering the axes to which the locus of (1) is referred. 
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It IB obvious that we are at liberty to consider (1) as theoquaUon 
of the iocus, in reference to rectangular axes, since, if the axes were 
oblique, we should, (ij employing the foi-mulaa (4), p. 117, be able to 
Iranslbrm (he equation into another, referring the curve to rectangu- 
lar axes ; and, as this transformed equation would have the same form 
as the primitive, we may therefore consider equation (1} m the result. 
1, To remove Ike Tefm contedmng the Producl of the VtmaHes. 
For X and yia equation (1) substitute the values 
w — itsin "-^w^coe "^ J ■ ■ ■ (2) by means of which values we pasa 
from one system of rectangular coordinates to another, having the 
same origin. The result of this substitution is 

Acos.^a i/'-f-2Asin. acoa. a.''Tij~\-Aain}a 

— Bsin.aeo3.al Bcos.^a j Bsin.ac 

Csin.'a — Bsin-'a Coos.V 

I — 2Csin.aC0s.a! 

^ V ■„ r'v ~- I (3)- Now the value of a la 

arbitrary; we may therefore assume it of such value, that the second 
term of the transformed equation may vanish ; this value will be deter- 
mined by the equation, 2ABin.acos.ce-^-Bcos.'a — Bsin.'ct — 
20 sin. a COS. a = 0, or (A— C)2sin,acoa, a + B(cos,V — ein.'a) 
:= ; which by substituting sin. 2a for 2 sin. a cos. a and' cos. 2 a for 
COS." a — sin.^ a, becomes (A — C) sm. 2a-)- Bcos.2a=0, from which 
we obtain tan. 2a= — .- — j^ | . . . . (4). 

If, therefore, in the formulas (2), we give to the angles a a value such 
that the tangent of double that anglemaybe that number — -7 r^, 

no term containing xy can appear in tlie transformed equation. This 
term, therefore, is removed, by changing the directions of the rectan- 
gular axes, and the transformed equation then takes the form 
Mji'-1-Nar'4-R!,-|-Ss-1-F=0 .... (6). 
II. To remove llie terms cmdaming the Jiral power of the variables. 
For X and y in equation (5) substitute the values 
x = a-\-j:, and y = b -^y. By means of which the locus of (5) will 
become refeiTed to new axes, parallel to the primitive ; equation (5) 
will be transformed to 
Mi> -1- N^ + 2Mb\y + 2Na\x -|- MJ= + Na' + Rb -t- Sn + F = 

r| s I 

in which equation, in order that the terms containing x and y may dis- 
appeai-, there must exist the conditions 2M5+K.=0,and2Na-|-S^0, 

which give 6 = — ^rij and a = — -rj. These values of a and S, 
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therefore, reduce equation (5) to the form M)/' + Na^ = P, P being 
putfor— M*'— No'— RA— 8a — F. 

(123.) We have bete proceeded upon the supposition that neither 
of the terms My*, Nx' is absent from equation (5). If, howevei-, one 
of these, as Nj^, is absent, that is, if N = 0, then the coefficient of x, 
in the transformed equation, will be simply, S, and consequently tho 
termcontaining;the first power of a; can in this case vanish only when 
S = 0, that ia, when it is also absent from equation (5). If then tliis 
terra be not absent from equation (5), neither can it be removed from 
the transformed equation ^hen N = 0. We can, however, in this 
case, remove the term which is independent of the variables, for when 
N = this term isMb^~{- R6-|-Sa + F, and, in order to find what 
value must be given to the arbitrary quantity, a, that this expression 
may be 0, we must determine a from the ocMdition M6* + ^i> + SiH" 

_ . M6' + R64-F .^ ^. 
F = 0, which gives a = — — — ■, with this value ot a, 

therefore, and the value — -^ for 6, equation (5), in the case pro- 
posed, is reduced to the form My^ + S:c = 0, or f = Q,x, QL being 
pnt forces 4- M.) 

If we had supposed M = 0, instead of N = 0, the resulting equa- 
tion would have been N«* + Rj; = 0, agreeing with the former in 
foi-m, when the axes ate transposed. 

We cannot suppose that, in equation (6), both M = and N = 
at the same time, or, whidi is the same thing, that the three first 
terms vanish from equation (3). For, from inspecting the coefficienis 
of these terms, it ia obvious that the first and third cannot vanish, 
unless A = — C, and B = 0, and upon this supposition the second 
term must remain, unless we moreover suppose that A and C are 
both 0, when equation ( 1 ) will no longer be of the second degree, but 
of the first, which is contrary to the hypothesis ; so that the supposi- 
tion of both M and N disappearing from equation (5) is inadmissible. 

If both the first and second powers of one of the variables, as 8x 
andNar*, are absent from equation (5), then the form of that equation 
ja Mf + % + F — 0, which is no longer an equation containing 
two variables, and represents not a curve, but a system of two parallel 
straight lines, for there are two constant values for each ordinate, viz. " 

ij = — — ± -—V JR^— 4FMJ. The two pai-aMs characterized 

by this equation coincide, if R' = 4MF, and they become imaginary, 
;f 4FM 7 Rl This variety of the general equation, arising from the 
supposition that N = and S =: 0, in its transformed state (5), is 
considered as a variety of the parabola, because, in the equation of 
X\as curve, N is always likewise 0. 
{124.) We have now shown that every indeterminate equation of 
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the second degree, containing two variables, may, hy means of a 
double tmnaformation of coordinatea, be always reduced to one of tbe 
forms M.^ 4" ^"^ = P, or tf' = Q;x, except in the particular CE^e, 
where the removal of xy by the first traufiformation takes away also 
thelerms contairung the first and second powers of one of the varia- 
bles, in which case, the locus is a system of parallel straight lines. 
Hence the locus of (1) can be no other curve but one of the three 
already discussed, that is; this locus must be either. An elUpae, hav- 
ing for varieties a circle, a point, or an ima^ary curve. An hyper- 
bola, having for varieties an equilateral hyperbola, or a system of two 
straight lines, intersecting at flie origin. Or a parabola, having for 
varieties a system of two parallel straight lines, a single straight 
line, or two imaginary straight lines. 

It is of importance to be able to ascertain readUy when any equa- 
tion of the second degree is given to which of the three curves it 
belongs. The following process will lead to a criterion for this 
purpose. By adding and subtracting the values of M and N, and 
substituting, in the first result, 1 for sin.'' a -\- cos.'' a, we have 
M = A cos.'' a — B sin. K COS. a + C sin.* a 
N = Asia^ft + Bsin. Kcos.g-i-C'^os-'" 
M+N= A 
M — N = (A — 0) (coa.'a — sin.'a) — B2siii. a cos. a 
- (A — C) cos. 2a ~B Bin. 2a. 
If, in this last equation, we substitute for cos. 2a, sin. 2a, fheir 
vabes in terms of tan. 2a — —, which aie 



""^■"■^ VS(A~C)' + B=r '""■""- ^J(A~C)=+B'| 
wehaveM-N^-J |-_^;+^^ =VKA-C)' + B'j; 
consequently, lVr=:i[(A +G) ± vHA — Cf + 15'n 

By multiplying these two expressions together, we have 
M ■ N = ^[(A + C)*-UA— C)' + B^n = i(4A ■ C — B=). 
From this equation it followa that M and N must have the same 
sign, so long aa 4A ■ C A B^ that they nmat have different signa, 
when 4A ■ C i B', and that one of these coefficients must be 0, when 
4A • C = B*. Hence the general equation of the second degree, cha 
raclerizea, when 

B" — 4A ■ C Z 0, the ellipse, and, its varieties ; 
B' — 4A ■ C X 0, the hyperbola, and its varieties ; 
B* — 4A ■ C = 0, the parabola, and its varieties ; 
From the equation M + N = A + Cit follows, that.if A = — C, 
then M + N = Ojlhatis, M= — N; the equation, therefore, de 
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notes an equilateral hyperbola. Since, when the general equation 

belongs to the paiabola and its varieties, there must be B'' :^ 4A ■ C, 

the preceding expreaaioas for M and N become, in this case, 

M = i[(A + C) ± (A + C)]=A + C, orO, 

N =JI(A4- C) ^ (A + C)] = 0, or A + C. 

The upper sign of the quantity, ± ^\{A — C)' + B''j, which 
occurs in the general expressions for M and N, is to be used when B 
is negative, and the lower sign when this coefficient is positive. For 
the sine of an angle being positive, whether the angle be acute or 
obtuse, it follows that the above quantity which forms the denomina- 
tor ill the expression for sin. 2o, above, must agree in ' sign with the 
numerator. 

(125.) Having thus determined the coefficients, M, N, of the equa^- 
lion Mf + War* -f- % -f. Sa; 4- F = 0, we may thence obtain the 
values of E and S. We shall, in order to do this, have to substitute 
for sin, a, c<s. a, in the coefficients of x and y, in equation (3) their 

, ,1 + cos 2a ,1 — coa,2a 
respective values cos, a. = V — ' 1 sra. a = V- — 

and, as cos. 2a has already been expipssod m terms of the coeffi- 
ciente of the proposed equation, we shall thus obtam known values 
for all the coefficients of tiie above equation, which may then be sim- 
plified by art. (122) or {123). When the locus of the proposed equa- 
tion is not a parabola, that is, whenB" — 4 AC ^ 0, it is plain, from 
the foregoing expressions for cos. 2a, that the above values of cos. a, 
sin. a, will be rather complicatad, much more so than when the locus 
is a parabola, or when B^ = 4AC, since the expression for cos. 2a 
becomes then free from radicals. On this account it wUl be found 
more convenient, when we have actually to -construct the equation in 

the cases B' — 4AC =0, first to remove the terms containing 
the firat power of the variables and afterwards to remove that con- 
taining their product. The two curves comprised in these two cases 
are called central curves, to distinguish them from parabolas, which 
have no centre, then diameters being uifinite. We shall now proceed 
to determine formulas for the construction of central curves, by re- 
versing the order of transformation before used. 

Construction of Central Curves. 

(126.) Resuming the general equation, 

Ay= + B3^-f-Car'4-D^ + E^ + F = 0-- ■ (1). 
Let U9 remove the origin of coordinates, by means of tile formulas 
3::=a-\-x, y = b-\-y, and the transformed equation becomes 
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A/+B:cy+Cr'+aA6k+2Co,^A&''+B«&+Ca=+D6+Ea+F=0- 



In order that the terras containing x and y may disappear from this 
equation, we must have the conditions 2A6 -|- Ba -(- D ^ (2), and 

«r. 1 Di , r- «,■)> I, 2AE~BD , 2CD— BE 

2Ca + B6 + E = (3), whencea= .^,_^^_, i ^ g,_^-^ 

These values of aand b therefore reduce the tiansformed equatiwi t« 
the form Af + Bm/ + Car" + P = (4), of which the three first 
coefficients are the same as those in the primitive equation, and where 
F' = Ab^ + Bab + Go' + D& + Eo -|- F. This expression for 
F' may be simplified hj meana of the conditions (2) and (3), for, 
multipljdng the first by b, and the second by «, we have for their sum 
2A6' + 2Bab + 2Cd' +D6 + Ea ^ 0, 

The transformation just empbyed brings the origin of the axes to 
the centre of the curve, for equation (4) will remain unaltered, if for a: 
we substitute — x, provided we at ilie same time change y into — y. 
so that, if (a/ y') be one point in the curve, ( — 3/, — 1;') will always 
be another, and the line joining them will obviously pass through, and 
be bisected by, the Origin ; as, therefore, the origin bisects all the 
chords passing through it, it must be at the centre. Equation (4) is 
therefore the general equation of central curv^, when the axes origi- 
nate at the centre, and have any inclination whatever to each other. 
Had we known that the ellipse. arKl hyperbola were the only curves 
coming under this denomination, the same thing might have been in- 
ferred from the general equations of them in (48) and (80). Although 
equation (4) is entirely independent of the inclination of the axes, yet, 
for simplicity, we shall, as in the former mode of ti'ansformation, con- 
sider the axes as rectangular. To pass from these to the axes of the 
curve, we shall have to remove from equation (4) the term containing 
xy, by a transformation which has in (122) already been effected for 
the general equation, with which equation (4) agrees when D = 0, 
E = 0, and F F' j so that (he transformed equation (5), at p. 173, 
will here be Mj^ -f Na^ + F = ; hence, putting P = — P', we 
have, finally, Mj* 4- Ni^ = P (S)- 

(127.) We may now, for more convenient use, collect together the 
formulas to be employed, in order to transform an equation fiiom the 
form (1) to the form (5), in those cases were B" - 4AC Z,0, or & 
- 4AC .i. 0. 

1. Proposed EquiTioN OP the curve. 
A;/' + B*if + C::^ + Di/ + Ea; + F = 0. 
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1. Fommlas to be employed for removmg the terms Dw, Er. 
_2AE— BD 2CD — BE Dfc + E a 

"" B'— 4AC' E'— 4AC' " + 2 

II. ResUIxTIKG, EaUATION, 

The origin of the rectangular axes being at the centre, 
Ay" + Bxy + Ck' + V = 0. 

2. Formulas fm- the removal of the tam B^, (see art 124). 

tan.2a = -^^, M = J,[(A + C)± v;(A-C)-+ B^j], 
N = i[(A + C) T V J(A~ C)' + B'O, P - -F'. 

III. Resulting Ehuatiom, 

The axes being the principal diameters of the curve My" ■+ Nar" = P. 
Since P = — E', it followB from (120), that, when r'= 0, the locut 
will he two intersecting straight lines, if B^ — 4AC > 0, and a point, 
if B'_4AC < 0, In the case B*— 4AC ^ 0, the locus wilt ho an 
imaginary curve, provided F' be positive. 



(128.) 1. Construct the locus of the equation 

y — 2a^-|-3a^ + 2y — 4a — 3 = 0. 
Comparing this with the general equation (1), we find A= li B = 
— 2, C = 3, D = 2, E =i — 4, F = — 3 ; hence, substituting these 
values la the first class of formulas, above, we have a~l,b — — ^, 
F' = — f ; therefore the equation of the curve, when the origin is re- 
moved to the centre, is y'^2xy-\-S3? — f, = 0- By the second 
class of formulas we have tan. 2a=— 1, M=2 + ^/2, K = 2 — v 2, 
P = f ; heuce the equation of the curve, when related to its principal 
diameters, is (2 + V 2) y" + (2 — v 2) a^ = f . To determine the 
values of the diameters 2A, and 2 B, we have, by supposing y = 0, 



in this equation, a 



^2-7, also for x=0 v 



2(2-:- v/ 2) 

1 have ^= 



= |(2+^2).-,A=f V(2+V2) 



2(2 + v'2) 
|V(2— V2) = l-1. 

The construction of the curve, is therefore, as 
Let AX, AT be the original axes, to which 
the curve is referred. MakeAC=^, C0=— i, 
then O will be the centre, of the curve, afid OX', 
OY', parallel to the primitive axes, will be the 
axes to which the first transformed equation re- ^x / 
fers the curve. From O draw the straight line^'^^'^-'' 
OB, making with OX' an angle of which the 
tangent is — 1, that is, an angle of 135". 
Bisect this angle by the line OX", then OX" 
and the perpendicular to it, OY", willbefhf 
to which the isucond transformed equation 
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tne curve; therefore, taking on these axes OE, OF, eacii equal to 
2-7, and OD, OG, each equal to 1 •! ; the principal diameters of the 
ellipse will be determined, and thence the curve easily traced.* 

2. Construct the lociis of the equation Si/* — 2*^ — x' -\- y -\- 43! 
— 10=0. 

Here A = 2, B = — 2, C = — 1, D = 1,E = 4, F =— 10, 
and, since B^ — 4AC v 0, the locus is an hyperbola; al30((=|, 6=i, 
F' = — y ; hence, when the origin is removed to the centre, the 
equation is 2/— 2xy—a-'—^=0. Again, tan. 2a = |, M = ^4- 

when referred, to its principal diameters, is {^-\-^\/i^)'^~\~ 
(i-iV13)2/' = V> or (l + v'13)^+(l~V13)y' = V- 
When y = 0, :^ = ^^-|^-j3j = t ( V 13 - 1 ) = 2 • 93 = A' ; 

when* = 0,/^^^^^-j^=-f(V13 + l)=-6-18 = m 
Hence, as an ihe preceding esample, there are given the axes of the 



3. Determine the axes of the curve of which the equation is 2j/^ — 
43y-\-6x' — 3a; = 0.'f ^ns. The curve 13 an ellipse, whose axea 
aie V 3 and i^% 

4. Required Uie axes of the curve which ia the locus of the equa- 
tion S}^ -^ 2xy -]- 5x'-\' 2y — 2x — f = 0. Am. The curve is an 
ellipse, whose axes are 2 V 3 ^""^ ^ V h 

5. Required the axes of the curve which is the locus of equation 

^_6a^ + a^ + 21/ ~8a; -1-5 = 0. 
Ans. The curve is an hyperbola, whose axes are 2 .^/ 2 and 2. 

6. What is the locus of the equation f^ — 6xy-\-3?-\-2y — 6a;+l ^0? 
Am. Two straight lines, characterized hy the equation i/z^rv" 4- 

7. What is the geometrical representation of the equation y" — 
4OT/ + 5r' + 2i + l=0? Ans. A point (—1, —2). 

S. What ie the locus of the equation 2x'+2if'—Sx+'iii—l=0i 
Ana. A circJe, whose radius is ^ V 33. 

9. What is the locus of the equation / — 2xy-\-2^ — 23;-j-4=0? 

Am. An imaginary curve. 

10. What is the locus of the equation j;'-|-2i^y — 2x' — 4y — x 
-|- 10 = ? Ans. An hyperbola, in which the second axis is taken 
for the axis of abscissa. The axes are 1 ■ 7 and 2 ■ 2. 

11.- What ip the geometrical representation of the equation 2y' -\- 
Sa;' — Zx — 2j/-|-2^=0? Aw. The equation has no geometrical 
representation. 

1% What is the locus of the equation 3j;^ + 63:'— 242 -(- 6 = 0, 

' The expreaaion for ttie distance betweea tlie .centre and focus ia glvon at 
(p. 170.). 

tTiie aolulionisgiveii in a Key just puMishea. 
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tiie axes of reference being gblique ? Sm. An ellipse in which (he 
eemi-conju gates parallel to the axes of reference are V ** ''"d V 6- 

(129.) Before we proceed to the conatruction of parabolas, we shall 
remark, that if, in the equations of condition (2), (3), p. 177, we sub- 
stitute for the coiBtants a, b, the variables x, y, the equationa'2Aj/-T- 
B;r-|-D — 0, (l),2Ca: + By + E=0, (2), will characterize two 
etrai^t Unea, passing through the centre of the locus, as is evident, 
since a, 6, the coordinates of thia centre, satisfy both equations. Were 
we to suppose these lines to be parallel, or' the centre, of the locus to 
l>e inflnitely distant, as in the parabola, we could infer, from the' equa- 
liona(l), (2), that in the equation of the locus there must be B' — 4AC 
= 0. Foe these equations give 

B^ + D , 2C^ + El„^. , . . . 

y = ■ andy = — — p — i [S) ; and since, when the 

lines are parallel, the difference of the ordinates corresponding to 
every abscissa must be constant, we have, by rediicing these expres- 
sions to the same denominator, 

B=3; + BB — 4ACi>— 2AE = constant 
or (B* — 4AC) X + DD — 2AE = constant, 
which can only happen when B' — 4 AC = 0. 

If the lines (1) and (2) comcide, we must conclude that the locus 
has an infinite number of centres, and all situated io the hue (1) or 
(2), The locus therefore can be no other than a sj^tem of parallel 
Straight lines, as GH, KL, equally distant from 
the line through the centres, for then every 
chord of the locus must be bisected by this line. 
We already know that this, locus is a variety of ^ 
the parabola. Equations (1) and (2) will also^ 
show this to be the case, and will moreover fiimiah an additional cri- 
terion, whereby we may readily ascertain, by inspecting the coeffi 
cients of the proposed equation, when that equation characterizes a 
system of parallels, wid when it does not. For, since, in this case, 
equations (1) and (2) represent the same line, we have, equation {'i), 
BHiP^ 2 _ C^ + E .^ B^.(^ + BD = 4ACx+2AE,whateverhe 

2A B ' ' ' 

the value of x ; consequently [^Ig. p. 156.) W = 4AC, and BD =: 
2AE ; so that, when the indeterminate equation of the second degree 
represents a system of parallels, there must extet among the coeffi 
eients the conditions B°— 4AC = 0, and BD — 2AE = 0. 

These lines may he at once determined from the ^ven equation, 
tor, being parallel, the coefficient of a" must necessarily be the same in 
the equation of each, that is, these equatioie will be of the form 
y-{-'p3:-\-q = 0&Ddy-\^px-\-r=0; so that the proposed equa- 
tion, after having freed jr from its coefficient, may always, in the case 
we are considering, be decomposed into two fiictora of this form 
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where p, the coeiEcient of x, in each must be equal to half the coeffi- 
cients of vw/, in the proposed equation, after this has been divided by A 

the coefficient of the first term; hencejp = — -. With regard to <{ 

and T, it is plain that their sum must be equal to D -f- A, the coeffi- 
cieat of y, in the proposed, and their product must make the last tern^ 
F ~ A, Having thus the sum and the product of q and r we shall 
get their difference, by subtracting four times the product from the 
square of the sum, and extracting the squaie root, that is, 

9— r ^ V(^— — ) = x VjD' — 4AFJ ; therefore, adding the 

half sum to the half difference, we have, for the greater, 

5= __ (D-f- Vjl*^— *A.FJ) ; and, by subtracting the same, we 

get the 1^3. Now it is plain, from this eiqwession, that, if D^ = 4AF, 
then 5 =!■; hence the two equations (129) become, in this case, iden- 
tical, and the paraUela therefore coincide, and become a singlei straight 
line. If D" Z 4AF, then the values of ^ and r become imaginary, so 
that, in this case, the locus of (1, 2,) is two imaginary lines. From 
what has now boen said, we may eonclude that the equation Ay^ -|- 
'^xy -\- Cs^-f- 1^ + Ea; + F = 0, represents a system of parallel 
lines whenB' — 4 AC = and BD — 2AE = 0, these coincide, and 
form but one straight line; when also IF — 4AF =: 0, and they be- 
come imaginary when, instead of this, D^ — 4AF A 0. 
When the lines are real, their equations are 

— i/JD^ — 4AF5) — 0. "When they cobcide.the equation is 

(130.) As, in the case we are discussing, the factors of the oiiginat 
equation consist of the sum and difference of the same two quantities, 
their product must be the difference of the squares of these quantities ; 
hence, when the proposed equation represents two straight lines, it 
must coilsist of the difference of two squares, or at least of one square, 
minus a number. On the contrary, when the lines represented are 
imaginary, the equation must consist of the sum of two squares, or al 
least of one square and a number. And Ihe equation will be a perfect 
square when only one straight line is represented. Hence we may 
frequently discover at a glance when the equation denotes a variety 
of the parabola, without even trying whether BD — 2AE = 0. Thus 
■we see at once that the equation y" — 2xy -[- a^ — I ;= 0, is the differ- 
ence of two squares, viz. {y — xf^ and 1, the locus of it, is therefore 
two parallel straight lines, the equations of which are y — x -j- 1 = 0, 



;at>yGoogle 



GEOMKTKY. 

and y — x — 1 =; 0. Also the equation y' — 43^ + 4^' -{-9 ■= 0, 
is immediately seen to consist of the two squares {y — 2a;)', and 9, 
therefore, the locus, is imaginary. 

In like raanner, since the equation. ^ -|- ^xy -}- 4k' + 2^ -|- 4x + 
1 = 0, is obviouslj' a perfect square, viz. {y-\-%x-\- 1}", its locus is 
a straight Lne, the equafion of which \a y ^%x-\-i ^0. 
Let now the equation y" 7-|- 62S( -|- gaj* — 2i( — 6a;— 15=^0, he pro- 
posed, which isavariety of the parabola, because H* — 4AC = 0; and 
since, moreover, BD — 2AE = 0, this variety is a system of paral- 
lels, of which the equations are j/ + 3it -|- 3 = and y -\~^x — 
6 = 0, Lastly, let the equation be y' — ixy -\-43?-\-2y — 43; + 4 
= 0, the coefficients of which furiuari beside the conditions above the 
relation D' — 4AF ZO, therefore the locus is imaginary. 

{131,) We shall now proceed to furnish formulas for die construc- 
tion of parabolas, as we have already done for the ceniial curves. In 
the present case, our object will be first to remove xy from the equa- 
tion, and afterwards to remove the term containmg the first power of 
one of the variables, and the absolute number. Ilie first transforma- 
tion, as we have already seen (122),brhgs the equation to the form 
M^ 4- %+ S*^ -(- P ^ 0,.or Na^-f % + Sa; + F = 0. where, 
R = D cos. cc — E sin. a, S = D sin. a + E cos. a. Now, smce, 

,1+ cos, 2a , , 1 — COS. 2a , , , , 
COS. a =^ ■. ' ■■ ^ -— _^ and sm. cc = V ——k ■ ■^'^ ^^"^e also 

the expression given at (124) for the cos. 2a becomes, when B^ = 

A_C A— C 

4AC, CCS. 2„ ^ -p^-^^, or -^^-^^ 

accordingly,^ as B is negative or positive, we have, by siibstitutiOT, 
the following expressions for R and S, viz. when E is negative; 

_ PyC — EVA _ DyA + Eyc 
^- V(A + C) '^~ /(A+C) 

(132.) The values of M andNliave already been determined (124), 

as also the values of a and 6, employed in Ihe second transformation 

(122); hence, collecting these formulas together, we have 

1. Proposed Ehijation of the Curve 

Ay^'{'"&xy + C^ + Djr + Ea; -f F = 0. 

FonmdcM to he employed for removing iht Terms containing the 

Product of the Variables and the Square of one of them. 

J. When Bis negative, t3X\. 2a = ——- — -^. M=A-f C,N=0, 
PyA— Eye ' __ P y/C + EVA 
■■ V(A+C) ' " V(A + C) • 
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11. EeSDLTICJQ EftUATlON, 

The rectangular axes being parallel to the axra of the curve, 
Uf + Ry +S3: + F = 0. 
Formulas for the removal of the terms R)/ and F. 

R_ _ Mi' + Rfc + F _ R'— 4JV lf 

21^'"" ■ S" ~ 4MS ' 

III. Resulting EiiUATioN, 
The axes being chose of the curve, My' -|- Sa; = 0. 
2. When B is posilive, 

The first class of formulas ia, tan. 2o! — / ■ - — ^ , N = A -|- C, 

ing equation, Ni>^ -I- Eij + S* + F = 0. The second class of for- 
mula3is,ffl= — ON'*" — Znh — ' ^'^^ equaUon is 

EXAMPLES. 

1. Construct the curve, which is the locus of the equation 
f—4xy-\-ix' + 2y — '7ce—l i=: 0. 
Here A = 1, B = — 4, C = 4, D = 2, E = — 7,F ^ — I, and, as 
B is negative, we must employ the first collection of formulas, which 
give ian. 2a. = — ^, M = 5, N = 0, R=yv6, 8= — fV5. 
Hence, when the axes are parallel to those of liie curve, the equation 
becomes, 5j^+"^v'^ — I V 6a; — 1=0, Again, formulas II 
give, 6 = — ^ V5, « = — #f\^^J these, therefore, are the ordin- 
ate and abscissa of the principal vertex of the curve, the equation to 
livhich, in reference to the axes of the curve is, 5tf — I V 5 a; — 0, 

The construction of this curve, is (berefore as follows : 
Let AX, AT be the prirairive rectangu- v y^ " 

tar axes. On the former take AC = 1, and ^i i r- 

make the perpendicular, CD =— J. Draw ^ \/ // 
DAB, and bisect the angle BAX = 2a by "^■/^'^ // / 
the line AX' ; then the rectangular axes, ~ /a -V f — 7 — ^ 

AX', AY', are those to which the first trans- / //\\ / 

formed equation refers the curve. " / // i?/ 

Again take AE = — ^^ >/ 5, and the ^••••A// j^ 
perpendicular EA' = — ^^yS, then the e^:;;;^ 
axes A'S", AT", parallel to the former, ^"^ 

will be those of the curve. Having thus the axes and the parame- 
ter ^ \/ 5, the focus and directiix are readily determined, and thence 
the curve constructed. 
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2. Construct the locus of the equation if-^-Ssy -\- ar' — 6i/+9— 0. 
Here A=l, B=3, C=l, D— — 6, E^O, F=9, and, as B is posi- 
tive, the second coUection of farmulaa must he used, which give 

tan. 2a = ^ ±M = 0, N = 2, R = — 3 V2, S ^ — 3 V2, 

Hence the equation of the curve, when the axes are parallel to those 
of the curve, is 2:1^ — B\/2y — 3i/2k-!-9— 0; and when ttiej coin- 
cide with the axes of the curve, the coordinates of whose origin are, 
«=f \/2, 6=1 / 2, the equation is 23^ — 3 V3i/=0,ora^=f y2y. 
Hence, as in the preceding example, the curve may bo constructed. 
In the first transformation of axes, since tan. 2a is infinite, 2a ifc a 
right angle, so that in this transformation the new axis of x will be 
45° below the primitive. 

3. The equation of a parabola being if — ixy -\- 4^ — 8y->(-3x- 
— 2 = 0, what will it become when the curve is referred to its axes ? 

Jim. »/'=13V5^-H25. 

4. Required the principal parameter of the parabola whose equa- 
tion is ,4^' — 4i^ + ar* — 2y — 4a^+10=0. Am. pt= Vf 

5. What is the principal parameter of the parabola represented bj 

the equation y" — 2ivy-\-ii? — 3)/ = 0? Ais. p — 5— „ -^ ^ 

(133.) The student must bear In mind, that the various formulas 
given in this chapter for the construction of lines of the second order, 
apply only when the different equations refer the curves to rectangular 
axes, which, indeed, aie in most cases employed. With regatd, how- 
ever, to the varitties of the three curves, the tests by which they may. 
be discovered, and the formulas for their cOnstcuctioii, apply generally, 
because m discussing these varieties we have considered the axes to 
have any inclination whatever, and because moreover the criteria 
(pp. 175, 176), by which the three classes of curves are disringuished, 
apply for every inclination of axes, as we are about to show in the 
following chapter, which has for its object the determination of the 
locus of the general equation when the axes are oblique. 



CHAPTER II. 

DISCUSSION OF 1 



By the sepiwalion of the variables. 
(134.) This equation may be put under the form 
Rj. _L- T) O P P 

J* ^, .. - — - J/ ^- T ^4" T * 4" "a ^^ "^1 whi^^hi solved iis a quod 
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ratic, gives for 1/ the expreasion ji = — ± oT'^J^^' — 

2AE).K + D5_4AFj (1). In like maime 
IS of y, the expression 



4AC) 3^ + 2 (BD — 2AE) .x + V — 4AF j (1). In like maimer, 
we have for a, in teiTas of y, the expression 



E'— 4CF^ (2). 

Either of these expressmns will furnish an indefinite number of 
points in the locus, when this is not ima^nary, since the first will give 
the ordinates corresponding to any assumed jibacissa, and the second 
will give the abscissa corresponding to any aaaumed ordinate. If we 
wish to determine points in the curve from the equation (2); v 
first, for any assumed abscissa, j;, draw an ordinate I 

equal to ii~> determining some pant, P ; then, / 

if this ordinate be prolonged, and the distances PM, 
PM' be taken thereon, each equal to the line represented by the 
remaining part of the expression for g, two points of the locus will thus 
be determined. P therefore is the middle of the chord M, M'. The 
same construction for another value of x will determine anothei' point, 
P', and two new points, m, m,', of the curve, which will, as before, be 
equally distant from P'. Hence, calling the variable ordinates of 
these points, P, P', &c. Y, since we must always have 

y = ~ — it follows ftiat the locus of these points is a straight 

line, which, because it bisects all the chords in the curve drawn pa- 
rallel to the axis of y, is called a diameter of the curve. Similar rea- 
soning applied to the expression {2) will show that the straight hne 
By + E . 
2C 

■ the chords drawn parallel to the axis of x. These diameters are obri- 
ously the same as tJiose represented at (129). 

Having thus the equations of two diameters, we can always readily 
find the centre of any locus of the second order, to whatever axes it 
be referred ; for, representing the coordinates of the centre by o, b, 
we shall have, by substituting these for the coordinates in each of the 
preceding equations, and solving them, as at (126), tho values 

_2A E-BD 2 CD — BE 

"" B" — 4AG' ~ B'— 4A0' 

(135.) From these remarks it appears that the nature of the curve 
depends upon the irrational part of the expression (1), or [2), and 
that it cannot exist when this irrational part becomes 0, or imaginary 
for every value of the variable it contains. Let us examine the cir- 
cumstances under which these irrational expressions can become real, 

24 a 2 



represented by the equation X = „ is a diameter, bisecting 
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imaginary, or nothing. We shall first take the expression (1), and 
shall suppose that the quantity under the radical is decomposed into 
two fectors, each containing x ; in other words, we shall suppose the 

^ , . 5 , 2(BD— 2AE) , D'— 4AF 

^l«t.on of the equation . + -^^-^^ ^ + (FZr4AC) = ** 
(3) to be effected, and that the resulting values of x are a; =: ^ and 
X — /3', then we know- i^Al^. p. 175-6) that the mulliplication of the 
factors (j; — /3), {x — ^'} will produce this equation, and consequently 
the quantity under the radical (!) will be (B'^ — 4AC) (.i — /3) 
(a; — /3'} (4). Fj however, B' — 4AC = 0, then the expression 
\indei' the radical will have only one iactor containing x, discoverable 

jy 4j^f 

by solving the simple equation x + ■ 7rrT^\ = ** i ^^ '■^^'^f 

2 (iJJJ — 2AiL) 
putting 5 for the value of a:, in this equation, the expressions under 
the radical will be 2(BD — 2AE) [x—S], The form (4) therefore 
only exists when B* — 4AC ^ 0, orB' — 4AC7 0; let us' examine 
tile expression in the first case, viz. 

(136.) JTkm W—4AG L. 0. 

I'here are three circvunstancee to consider in this case : 

1. When Ih6 roots (3, /3', are real and unequal, 

2. When the roots are real and equal. 

3. and lastly, When they are imaginary. 

Suppose, first, that the roots are real and unequal, ^ being greater 
than ^', then {Mg. p. 180) if in the expression (B^— 4AC)(x — ^)- 
{x — /3') any quantity greater flian )S, or leas than ^', be substiHited 
for if, the product (a: — ^)-{x — /3') will be positive, and since, by 
hypothesis, B' — 4AC is negative, the whole espression will be nega- 
tive, and therefore, for all such values of x, the expression for y will 
be ima^oary. But, if we suhstjtute for x any value between 13 and 
/3', then the product (x — /3) ■ > - /3') will be negative, and conse- 
quently the expression (4) will be positive ; for all such values of x, 
therefore, there correspond real values of y. 

From this discussion it follows, that, under the condihons we have 
supposed, the curve always exists, and' that it is comprised between, 
or limied, hy two parallels to the axis of ordinate's drawn at the 
jeapective dislaneea of /3' and /3 from the ■ origin, for between these 
parallels all the values of x Which give possible values for y are com- 
prehended. By applying precisely similar reasoning to the expres- 
sion (2), it would result that the curve is also limited by two parallels 
to axis of X ; as, therefore, these paraUek meet the former, and form 
a parallelogram, circumscribing the curve, it 
that the curve must be limited in all direetioi 



the annexed diagram. The curve, therefore, , , 

necessarily be an ellipse. j I I 
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Suppose, secondly, that the roots /3,^' are real and equal, then the 
expression (4) is {B''—4AG)(x — /S) (x~^'); where, since it is 
tmuossible to substitute any value for x between the roots /3 and /3', it 
is, by the preceding reasoning, also impossible to render the expres' 
sioi, for y real by any substitution for 3:,"except in the single case 
j; = /3, which recders the irrational part of the expression 0, and 

reduces the value of i/ \.oy = "^tt^ — hence, when the roots /S, 

f3' are equal, the curve is reduced to a point, of which the coordinates 

o ^ B/3+D 
^e,3a.d g^. 

If, lastly, the roots be imaginary, (hen whatever value we substitute 
for Xf in the equation containing, them, the result will be positive 
{^l;;. p. ITS) ; hence every value of y will be imaginary, so that, in 
this case, the curve cannot exist. We may now therefore infer, that 
when, in the general equation, B°— 4AC ^ 0, whatever be the incli- 
nation of the axes, the Jocusia an ellipse, if the roots of the irrational 
part of the expresa.on for y be real and unequal; but it is merely a 
point, if these roots he equal, and it is inna^ary, if the roots be so. 

(137.) Let us now discuss the equation upon the second hypothe- 
ae, WhenB'—iACrO. 

Resuming the espesaion (B' — ;4AC) (a: — ^)(.b — ^'), and rea- 
soning aa before, in reference to the roots /3 and /3', we find that here, 
when these roots are real, and (3 greater- than /3', every value of x 
greater than /3, of less than /3', will, because B" — 4A0 is positive, 
render the expression for ij real ; while, on the contrary, every value , 
comprised between the limits jS and /S' will render the expression for 

J imaginary. As, therefore, without these limits x may increase inde- 
nitely, both positively and negatively, it follows that the curve must 
consist, of two infinite detached branches, proceeding in opposite di- 
rections, and separated from each other by the distance between two 
parallels to the axis of y, of which fho abscissas are respectively /S 
and 13', for within these limits there exist no possi- 
ble value of y, This curve therefore is the hyper- 
bola. 

If the roots ,3, 0' are equal, the expression above 
is (B' — 4AC) {o! — ^)'; and hence the value of u / 

Br + D , vJB"— 4AGJ 
becomes y = g- + ^^-^^ ^ (^- 0) 

— B±^SR'— 4ACi D±/3vSB''— 4AC! , 

thelocus is a«/8(enio/(ioosh"a^/i(Kiies, which intersect, since the co- 
efficient of a: is hot the same in both. When the roots 0, /3' are ima- 
^aary, flien, since eveiy value g^ven to x, in the equation containing 
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them, gives a positive result, the wholo expression under the radical 
will be positive, and, therefore, the value of y will be always real. Ae, 
therefore, 3: may take any value from to infiniij, in both directioiis, 
it follows that the curve is unlimited in both directions. It moreover 
consists of two distinct branches ; for as each double ordinate, or 
chord drawn. parallel to the- axis of y, is bisected by the diameter 

■whose equation is, y = ~- one half of the curve must be 

situated enthely below this line, and the other half above it ; neither 
can have a point in coymiou with this diameter, bi 
cause theirratioaalpart of the value oft/ can neve 
vanish ; hence the curve mi^t be an hyperbola, 

(137|.) There is a pafticular form of the general 
equation which ought here to be noticed, it is that 
where the squares of the variables are absent, when 
the equation becomes Bsif-j-Dj-f Ea7+F=0, (5), 

which gives for y the expression, y = — ■ j|~^ 

lue of y will always be real, whatever be the value of x, it follows 

that the curve extends indefinitely in opposite directions. As each 

value of X furnishes but one value of y each ordinate meets the curve 

in but one point. If the value — D -=- B be 

given to X, the correspondmg value of y will be ■ j\ 

infinite, that is, if a parallel to the axes of y be \ / \ 

drawn at the distance of — D -=- B firom the \ — \ 

origin, it will never meet the curve; but, as \ \ y-"^ 

every parallel drawo on either aide of this must ^ — T 

necessarily meet the curve, because no abscissa ' 

but X — — D -i- B can render the ordinate infiiut*, it follows that the 

curve consists of two distinct branch^, separated by the parallel 

whose abscissa is — D -=- B. The curve, therefore, is an hyperbola; 

and the parallel, whose abscissa is — D -=- B, is obviously one. of the 

asymptotes, as this parallel haa beea seen to he the only one which 

does not meet the curve. 

By solving the equation (fi), with regard to x we have a = — 

Dv + F . ,. , E . , , , , 

^_| — in wliir.li ovTvro==ir,>, — ^ ig the onlj Value that can be 






which expression — -, 



B, + E' 

^vea to J/, that will render x infinite ; hence we infer heie, that a pa- 
rallel to the axis ofa^, of which the ordinate is — E -=- B, is. the other 
asymptote of the curve. Hence equation (5) represents an hyperbo- 
la whose as3Tnptoles are parallel to the axes of coordinates, the 
coordinates (/, y') of the point of intersection of the asymptotes being 

D E 

ar = — -p-,if'= — ^, The asymptotes are therefore easily deter- 
mined when tlio equation of the hyperbola takes the form (5), 
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If the term Ar" had appeared in the equation (5) the same reason- 
m^ with regard to the expression for y woultl apply ; so that then 
a!sa the parallel to the axis o(y, of which the abscissa is — D -i- B, 
IS an asymptote. If Cy' appear in the equation, instead of Aa^, then, 
reasoning eis above on the expression for x, we find that a pavalle! lo 
the axis erf x, of which the ordmate is — E -i- B, ie also an asymptote. 
If both C = and D = 0, the axis ofy coincides with an asymptote. 
If both A = and E = 0, the axis of x coincides with an asymptote. 
If both D = arid E = 0; the origin coincides with the intersection 
of the asymptotes ; and when, in addition to this, the squares of the 
vaiiables are absent, both axes coincide with the asymptotes, and the 
equation takes the form B.i^ -|- F = 0. 

To determine the asymptotes from the general eqaatioa, let us 
actually extract the root of the expression under the radical, in the 
general value of the ordinate (1), we shall find this root to be of the 

oyi __ Q 4 p T?" IT' 

_ B3- + D VJB' — 4A: ; BD— 2AE 

^~ ■ 2A 2A ^■^2A,.. JB'— 4ACp 



IM i 



■+■ — ,— » + &c. Now it is here obvious that as x increases the 

term -, and all that follow will diminish, while those that precede 

will increase, and to these first terms the expression is finally reduced, 
when a; becomes infinite. Hence the curve continually approaches 
the two straight lines denoted by, 

B. + D V(B'-4 AC) BD-2AE 

Y 2A^± 2A '^+ B^— 4AC ' ^^^^"^ '"'^ 

are therefore the asymptotes to the curve. 

Comparing (hia equation with the equation at p. 188, which repre- 
sents the locus when it 'becomes a system of two straight lines, we 
shall find them to he identical. For, as that equation takes place only 
when the roots ^, ^' are equal, it follows that then (3 must be equal 
to minus half the coefficient of x, in the equation (3), which contfuns 

them, that is, we must have (i — ^ — T\r ' '^^^ value of /3 

renders the equation {p. 1S8) identical with that above for the asymp- 
totes. We may therefore say that, when the equation represents a 
system of strtught lines, the hyperbola degenerates into its asymptotes. 
(138.) We aheady Itnow that the asymptotes , intersect at the 
centre, this is also readily ascertained from their equation above ; for 
since at their intersection the two values of Y coincide, we must have 



;at>yGoogle 



ANALYTICAL GEOMETRY. 



for «, at that point, the value, x = - 

abscissa of the centre, and the corresponding value of Y it 

_r_.__ ..^ — T^i which (134) is the ordinate of the centre, 

2A B" — 4AC ^ ' 
Hence, when we wish to construct the asymptotes, when the equation 
of the hjTJerbola appears under the general form, we shal! have first 
to determine the centre from tlieso formulas, and then to draw through 
this point two straight lines inclined to the axis of x, at angles a, t', 
whose tangents* are respectively tan. a. =. — -^ - ' —HI — . 3 



2A 
and tan. a,' — — — — ^ i'\ -—'"'—. The product of these two tan- 



^-^B— y-jB^— 4AC; 
2A " """■ 
gents is tan. a ' tan. a' = — = — which, when C ^^ — A, 



_4AC_ 
' 4A= " 

comes tan. a, ■ tan. a' = — I, an equation which indicates (when the 
axes of reference are rectangular) that the asymptotes are perpen- 
dicular to. each other (11). Hence, if, in the general equation, B* — 
4AC "7 0, and C = — A, when the locus is referred to rectangolHi 
axes, we may conclude tltat the equation represents an equilateral 
hj^erbola.. 

It must be here remarked, that, when A = 0, the preceding ex- 
pression for tan. a becomes f , which ia not a definite result ; but, 
by multiplying numerator and denominator by B + ^ \W — 4 AC j , 

it reduces to tan, a. = ^^ r- = — ;--, when A = 0. 

B+.y|B' — 4ACJ B' 

(139.) We shall now examine the general equation upon the third 
hypothesis, viz. When B' — 4AC = 0. 

Under this condition, the general expression for any ordinate of the 
locus is J, ^ — ?:^±^± _L V J2(BD — 2AE) x + D''— 4AF j . 

If we put Sfor— -- rz — - — , the quantity under the radical 

^ 2(BD — 2AE) ' ^ ^ 

will be 2(BD — 2AE) ix — 0), m which the factor 2(BD — 2AE) 
may he either positive, negative, or nothing. 

If this factor be positive, the whole expression will be positive for 
every value of x greater than 0, but negative for every value less 
than ^ ; hence, in this case, the locus extends indefinitely to the right 
of a parallel to the axis of y drawn through the abscissa a: = /3 ; 
therefore this parallel is a tangent to the curve, to the lefi of which 
no point in the locus can be situated. 

>e Tectnngular { ifthejnro oblique, then 
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If the factor 2(BD— 2AE) be negative, then, on the contrary, tlie 
locus would extend indefinitely to the left of the parallel, whose 
abscissa, is /3, and no point in the curve could be situ- 
ated to the right of it. 

In each of these cases, therefore, the curve will h 
iiinited to one direction, but unlimited in the opposite 
direction ; it must therefore be a parabola. 

If, lastly, 2(BP — 2AE) = 0, then the, expres- 
sion for), becomes i/ = — ^ ■ ± ^VJD^- 

4AFj, denoting a system of parallel straight lines, 
which, however, coincide, when D^ — 4AF = 0, and 
which become imaginary, when D' — 4 AF /. 0. 

Because the condition B' = 4 AC or B = 2 V ^ AC I characterizes 
the parabola and its varieties, the three first terms in the general equa- 
tion of this cm-ve will always form a perfect square, viz. 

(140.) We might now proceed to inquire into the form of the gene- 
ral equation when it representsoneof the varieties of the three curves, 
and dience derive, as in the preceding chapter, criteria by means of 
which these varieties may be distinguished. For the varieties of the 
parabola the tests of their existence which have been given in the 
preceding chapter are the simplest that can be employed, and may be 
readily applied in any case of doubt. But.for the other curves, the 
shortest and most direct way of proceeding will generally he to solve 
the equation, with regard to one of the variables, and then to find the 
roots of that part of the resulting expression which is under the radi- 
cal, (he nature of these roots will mtJte known the nature of the locus 
conformably to the preceding discussion. The examples we shall 
here give will further illuatiate this, 

Conshttctiim of Cttroes of the second order. 



To determine the position of the curve of which the equation ia 
/ — 2m/+3a? + 2)/ — 43; — 3= 0. 

As, in this example, B" — 4 AC Z. O, the curve must be an ellipse ; 
let us therefore fii-at proceed to determine its limits. For this purpose 
let 133 put the equation under the following form, viz. y' — 2 {x — l)y 
=: — 3ar^ + 4« + 3 (1), which, solved first for y and then for x, 
givesy = :F— 1± VS— 23;= + 33: + 4f (2). 

^_y_JZ- ±i^\ — Sj-" — 2j-|-13j (3). Equating the irrational 

1 ± 3 

part of (2) toO, wehavea^ — a;— 2 = .■. a; = — - 
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g real and unequal, viz 



conaequently, the roots of ibia eqiialioii 
/3 — 2, and^' = — 1, we Itnow (136) that 
the curve exists, and that it is included between 
two parallels, LL', MM', to the axis of i;, of 
which the abscissa, AG, of the one is equal to 
— 1, and the abscissa, AH, of the other equal 
to 2. 

Solving, in like manner the equation 2j/-\- 
!2i/ — 1 3 — 0, we obtain for the roots the values 



irvo is also comprehended between two paral- 

s to the axis of w, of which the ordinate, AK, of the one ia 

_^ 2 I 27 1 t/27 




— , and the ordinate, AK', of the other - 

The ciHve is therefore circumscribed by the parallelogrnni LM'. 

To find the points of contact of the paitiDels LL', MM', we must 
construct (he diameter, Y = a; — 1,(134); for, as the abscissas ^ 
and 0' of these points render the irrational part of the equation (2) 
nothing;, the conesponding ordinates must belong as well to the dia- 
meter as to the curve. This diameter cuts the axes in the points 
31=1 and )/ = — 1 ; if, therefore, through these points the hue II', be 
drawn, the two points of contact vrill be determined. Constructing 
also the second diameter X^ j(w -\- 2), which cuts the axes in the 
points 3; =; I, and y = — 2, we obtain the other two points of contact, 
F, P. 

To find the points where the curve intersects the axis of y, suppose 
«= 0, the equation (2), and we have for the ordinates of those points 
y ^ 1 and y — — 3 ; hence these points, D, D', are readily deter- 
mined. In like manner, supposing j; = 0, in equation (3), we have 
for the abscissas of the points E, E', where the purve cuts the axis 
(rf X, thevalueeofa? = f + JV13anii'^ = S-— +V13- The eight 
points thus determined are amply sufficient to make known the posi- 
tion of the curve. But there is another mode of proceeding by which 
an indefinite number ofpointsinthecurvemay be determined. Thus: 

Draw, 'as before, the parallels LL', MM', and then construct the 
diameter, U', from its equation, Y = a^ — 1 The middle point, 0, 
of this diameter is the centre of the curve, therefore the abscissa, Am, 
.1 + ^'^ ' 



- = ^, because and / 



ofthect 

abscissas of the extremities of the same diameter. Hence, drawing 
the ordinate mN, we shall have the direction of the diameter conjugate 
in 11', since this ordinate will be parallel to the tangent at the vertex 
of that diameter j therefore, putting for x the value .r = i, in the ex- 
""l, the irrational part gives for the semi-diameter, ON, 
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V j — 2x'-\-2x-i-i\ = — - — — ON; hence we have a syatem of 

conjugate diameters given in length and direction to construct the 
ellipse. This constructitai is as follows : 

On the given diameters, AB, CD, taken as 
principal axes, oonstruct an ellipse ; then, if the ^-^—^lii^ 

double ordimt«B, a6, CD, cd, &c. of this ellipe 
-be inclined to AB, in the given angle, while 
Iheir length remains unchanged, their extremi- 
mities, a', 6', C, D', c', d', &c, will be all upon ' 
the required curve, which niay therefore be drawn through them. The 
truth of this ia obvious, for the curve thus traced will, by construction, 
be such, that ihe squai-es of the chords parallel to one diameter, CIV, 
are as the rectangles of the parts into which .they divide the other, 
AB, and AB, CD',' are the given conjugates, both as to the length 
and direction. 



To construct the curve of which the equation is 

f — 2xy — Sx^ — 2y^7x—l =0. 
Since here B'* — 4AC 7 0, the curve is an hyperbola. 

We shall prtfceed first to deiermine the asymptotes, because, when 
these are know'ii, and a single point in the curve found, we can easily 
obtain aa many more points in the curve as we please (97). The 
ecpiation of the asymptotes is given at (137) ; but as it is adviseable 
to proceed independently of the general formulas, we shall here deduce 
the equation of the asymptotes from the g^ven equation of the curve, 
which furnishes for y the value 

Hence, for the two asymptotes we have the equation Y = ^ + 1 

For X = we have Y = ■— |, and Y = 2^ j 
therefore, making AS= —J, and AS' = 2i, the 
points S, 8' will be those in whii^h the asymp- 
totes cut the axis of y. In like nmnner, for 
Y = we have x = Jj, and * = 2^ ; therefore, 
making As =■ fj, and As' — 2J, the points s, s' 
will be those in which ihe asymptotes cut the 
axis of .k: consequently the lines SS", s's" are 
the asymptotes sought. It remains now to de- 
termine a point in the curve, and for this purpose 
suppose a: ^= 0, in the proposed equation, and their results for the or- 
dinatea of the points where the curve intersects the axis of y, the 
value3y=l ±V2; therefore, making AP = 1 +V2i and AP' =i 
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— .J 2, iwopomtB, P, P', in Ihe curve will lie deleimmed and thence 
as many more as we please {97). When the axes of reference do 
not meet the curve, a. point must he determmcd, by eonstiucling the 
value of y, correeponding to an assumed value of j. 




To construct the curve of which the equation is x^ — '^%-\~^ — 1 = 0- 
This equation represenla an hyperbola, the axes of coordinates b( 
parallel to the asymptotes (137). The expression for jj is 

y =: r, which becomes infinite only 

when a; = 2 ; therefore, if AB be made equal 
to 2, the line LEL', parallel to the axis of ,j;,g-_ 
will be one of the asymptotes. In like mr"^ 

■ t ■ 2g-4-l 

ner, the expression for x, vjz. x = -^-f-r , u' 

comes infinite only when y = — 1; hence, if AC = — I, the line 
HCH', parallel to the axis of x, will be the oiiier asymptote. 

To find a point in the curve, suppose a? = 0, in the proposed eqtia- 
ticm, then i/ = — Jr ; therefore, making AP = — ^, the point P will 
be in the curve, and the construction will be effected as before. 



To construct the locus of the equation 

f—ixy-\-4x'-\-2t/—7x—l = 0. 

This curve is a parabola, because Bf — 4AC = 0. By solving 
Hie equation, fii^st for y, and then for x, we have y — 2x — Id- 
V J3^4-2; {l),^=\y-\-^±^V St!/+4T'jJ(2), and equaling the 
irrational part of (1) to 0, we have 3j;, + 2 ^0 .■.!c = — g; conse- 
quently the ordinate, LL'; of which the abscissa, AG, is — |, will be 
a tangent to the curve, which will be situated to the right of this fan- 
gent because the coefficient 3 of ^ under the radical is posUme. 

To find the point of contact we must construct 
the diameter Y = 2a: — 1 j for, as the abscissa, /3, 
of this point renders the irrational part of (1) ^ 
nothing, the correspcaiding ordinate must belong 
as well to this diameter as to the curve. Hence, ^ 
supposing first j; — 0, and then y = Oj in the equa- 
tion of the diameter, we have for the points where 
it cuts the axes, Y = ^ 1, and a^ — |'; therefore, 
makbg AC = — 1, and AD = ^| and then, draw- ^'-^ 
ing the diameter, E^, we shall have the point of contact, P. 

Equating, in like manner, the irrational part of the expreaaon (2) to 
0, we havefj^ + ^TV ^'^ "■"!!=■ — ^¥k'i hence a parallel to the axis 
of s, di-nwn through the point.P', of which the ordinate is — 2|J, will 
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be also a tangent to the curve. The point of contact will he deter- 
mined by constructing the diameter, E'P', from its equation, X = 

ly + h 

To determine the points where the curve intersects the axis of x, 
suppose 1/ = 0, in the proposed equation, and there results for the 
abscissas of thcee points the values or = |(7 ± ^65) j hence these 
points, I, r, are readily determined. In like mariner, putting x = 0, 
we have for the ordinate of the points K, K', where the curve cuts 
tlie axis of y, the values y=: — 1 ± V2. The points thus found are 
sufficient to determine the track of the curve, but others, if required, 
may ho found by assmning different values for a?, in (1), and con- 
structing the resulting' values for y. 

(141.) We shall terminate this chapter with a table of the condi- 
tions which must exist among the coefficients of the general equation 
of the second degree, in order that the locus. may meet llie axes of 
reference. The necessity of the several conditions in the various 
cases is obvious, from an mspection of the general values of x and y, 
exhibited in art; (134.) When E° - 4CF7' 0, tie locus has two 
points of intersection with the axis of x. 

When E" — 4CP ^ 0, the locus has one point of contact with the 
axis of «. 

When E'^ — 4CF Z. 0, the locus has no point of intersection with 
the axis of a:. 

When D' — 4AFy 0, the locus h^ two points of intersection with 
the axis of y. 

When D' — 4 AF = 0, fjie locus has one point of contact with the 
axis of y. 

When D* — 4AF z. 0, the iocns has no point of intersection with 
the axis of y. 



CHAPTER III. 



FBOBLEM I, 

(142.) Given the base of a triangle and the sum of the tangents ol 
the angles at the base, to determine the locus of the vertex. 

Let AB be the given base, through M, the mid- 
dle of which, draw the perpendicular, MY ; then, 
taking MX, MY for axes, and denoting the ver- 
tex of the triangle by (a^, i/), half the base by &, and 
the sum of the tangents hy s, We have 



i.^A = 



J + . 
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2by 



^ consequently, S3^-l-26y-s6'=:0, or «2'+2i(3/~—)=:0 
Hence the locus is a parabola. By removing the origin to a point, 
P, in the axis of y, of wluch the ordinate is — , that is, by substituting 

y+7 



or 9:° = 

its principal axe 

the base, A, B, 



, in the equation of the locus, it becomes S3^ -\- 2ijj = 0, 

- J/ ; ao that P ie the vertex of the curve, and PM, PX', 

'e aubstilute — ^sb for ^, there result for x the 
■■ the curve passes through the extremities of 



PROBLEM II, 



(143.) Given tl 
gles at the base, t 



tail, Z B - 



base and the difference of the tangents of the a 
determine the locus of the vertex, 

? before, we have v 

2^ 



,. Z.A = 



S = ^,dh 



gput 



r^;^ 



for the difference of the tangents. Hence tlie equa- 
tion of the locus ^s2xy-\-d^ — dl!''= 0, which be- 
longs to an hyperbola, and, since the terms cont 
iog j^ and y are absent from this equatirai, it follows 
(137} that the axis of j/ coincides with an asymptote, and since, more- 
over, the term containing ai is also absent, the origin is at the centre. 
If ± 6 be substituted for x, in the equation of the loons, the resulting 
v^ue of y is ; hence the curve pt^s^ through the extremities of the 

The other asymptote may be constructed by mbana of the expres- 
sion at (138), which gives for the tangent of the angle a, wliich it 
makes with the axis of g, the vahie tan. a, = — J-d. 



(144.) Given the base of a triangle and the difference of the angles 
atlhebase, to determine the locus of fl\e vertex. 

Taking the sMce axes as before, and putting a, a', for the tangents 
of the angles at the base, and ( for the tangent of their difference, we 
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Consequently the locus is an hj^erbola, and, because the terms 
containing the first power of the variables is absent, the origin is at the 
centre. Also, since the coefficients of o? and y are eqiial, and oppo- 
site in sign, the hyperbola is equilateral (138). It passes through 
the extremiues of the base, since for a: ^ ± 6, i; =^ 0. When the 
vertex coincides with B^ the angle A is 0, and (he angle B is that 
contamed by.. AB, and a tangent to the curve at AB ; this angle 
therefore is equal to the given difference-; consequently, if MC make 
an angle with AM, equal to the difference of the angles at the base of 
the triangle, MC, being parallel to a tangent at B, will be in the di- 
rection of the conjugate to AB, therefore the lines which bisect the 
angles.CMA, CMB, will be the asymptotes of the curve (85). 



(145.) It is required to find the locus of a given point in a straight 
Ime of given length, of which the extremities move along tile sides of 
a given angle. 

Let AX, AY, be the sides of the given angle, 
BC the given hne, and P the given point ; then, 
drawing the ordinate. PM = y, and putting 
CP 1= a, PB = fr, and the cosine of the angle 
A ^c, we have {Trig. p. 54.) a» = MC'-' 

if — 2MC • c;/ ; hat 6 :«:;«; MC ^ 

hence, by substitution, tt'^-r^ 4"!/' 'j-^ ■'■ ^^ — 2a6cM/ + 

6*^*— aV = 0. Hence the locus is an ellipse, of which the centre 
is at the- origin. If the angle A is right, then e — 0, and the equation 
is aV + by' — a'i? ; in this case, Aerefore, the principal diameters 
of the curve coincide with the sides of the given angle. Hence is 
suggested an easy method of tracing an ellipse ; thus, having drawn 
the perpendicular hnes, AX, AT, apply to them the extremities of a 
rule, BC, of which the parts BP, PC, are respectively equal to the 
semi-minor and semi-major axes of the proposed curve, then in every 
such position of BC, P will mark a poiutin the curve. 




(146.) Two straight lines are given in position, from any point, in 
one of wliich, a perpendicular is drawn Co the other, and from a given 
point in this latter, with a radius equal to the perpendicular, an arc, 
catting the perpendicular in P, is described. It is requhed to find the 
locusof ihepoint P. 

Let DX, DN, be the lines given in position NM, a peippndicular 
from the latter to the former, and A the given point ; then rte must 
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always have AP = NM, Put NM = Y, PM ^ y, 
AD = p, and the tangent of the angle D = a ; then, 
taking the rectangular axes, AX, AY, we have 
for the equalioa of DN passing through' the point ■'" 

C- p, 0). 

but Y^ = s= + /, .-. 3S + 2/' = o?j* + 2oV + "yi 
equation of the loGua is J* + (1 -^«^) x? — 2a'px — a'p'= 0. If the 
angle D ia 45°, than 0=1, and the equation is jf" = 2px +p° = 
2p {x + 5-)' which characterizes a parabola, of which the abscissa of 

the vertex is — ^p, that is, the vertex is at the middle of AD, and, 
since p is also the semi-parametBr, it follows that A is the focus. 

If the angle D ia less than 45", then u Z 1, and the iocua is an 
ellifKie, and because y enters in the equation only in its second power, 
there are two equal values of f iw one value of x ; hence the axis of 
a; is a principal diameter of the curve. If the equation be solved for 

a;, the ratioDalpart of the resulting expression will be - — i— ^thisther©- 

fore, (134) is the value of the abscissa of the centre, hy substituting 
it for z, in the equation of the locus, twice the resulting value of y, 

viz. — '~j>j ''^^'1 ^^ ^^'^ length of the diameter, parallel to the 
axis of y. For the length of the other principal diameter, take the 
ditFerence of the two values of x, which the equation gives for y =: 0, 

2ttp 
and we obtain the expression 5-. 

This diameter may however he found rather more easily, for since, 
in the equation of the'locus, when the origin ofthcaxesis removed to 
the centre, ar* will preserve the same coefficient, it follows that, denot- 

ing the transformed by y'^ + ^ *' = E?, we must have -53=1 — « . 

but we have found 4B' = t^^J bence 4A'' = - ,^_^ y— 

If the angle D is greater, than 45°, the locus of F is an hypeihola, 
of which the centre and axes may be determined as in the case of the 
ellipse. When the given lines are pEvrallel the locus is obviously a 
circle, because then MN or AP ia constant. 

PROBLEM VI. 

(147.) To find the locus of the vertex of a parabola which shall 
touch a given striiighl line, and have a given focus. 
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Let AB be the given straight line, and F, the focus ; 
draw the perpendicular, FP, and tluough a vertex, V, 
draw FVA, join also PV. Then (108) FA ■ FV ^ 
FP, therefore PVF must be a right angle ; cense- 
q uently the locus of V is a circle, of which the diame- 
ter is FP. 





(148.) To find the locus of tlie focus of a paraboli 
touch a given straight line, and have a given vertex. 

Let V be the given vertex, and AB the given 
tangent ; then, for every position, P, of the focus, 
the perpendicular, FP, subtends a right angle at the. 
vertex, V. Let VY, parallel to AB, be taken for 
the axis of y, and VS, perpendicular to it, for theg 
axis of X ; then, by similar triangles, VDF, PDV, 
we.have VD=^ : DF = a; : i PD=a : y .-. if=etx. 
Hence the locua is a paikbola, of which the axes are 
VS, VY,and parameter PD or VE. 

PROBLEM VIII, 

(149.) (Jiven the ba.se and altitude of a triangle to find the locus 
of the intersection of perpendiculars from the angles to tiie opposite 

Let c represent the base, AB, of the triangle, then y 
the altitude, a, being constant, the locus of the vertex, C, 
is a parallel to AB. Hence, taking AB, AY, for the 
rectangular axes, and putting {3/, j/) for any point in 
the locus of C, we have always y' = a, and for the / 
equation of BC, passing through the points (e, 0) and (x', y'), 
y — — £- — (x — c], and for the equation of a perpendicular to this, 

through theorigin, we have»=: — x, at the point P, where this 

y 

line intersects the perpendicular, CD, i = / ; therefore, substituting 
a for .1/, and (c for ^z', in the foregoing equation, we have for the locus 
of P the equation ay ^ ex — x', which characterizes a parabola. 

For a; = we have i; — ; therefore the curve passes through A, 
but does not again meet AY ; so that AY ia a diameter. Por y = 6 
we have not only x-= 0, but also k = e ; therefore, the curve passes 
through B ; hence the principal diameter bisects AB at right angles ; 
> find the vertex, put x ^ ^c, which gives y =^ — . By 
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removing the <ffigin of the axes (38) to the vertex, that is, to the 
point {-, 
metei' is 



(160.) Given the base and the sum of the sides of a triangle, to find 
the locus of the point of intersection of lines from the angles bisecting 
the opposite aides. 

Let Mbe themiddleofthebase, AB,antl take S „ 

MB, MY, for rectangular axes. Put {x', i/) for 
the venexjC.of the triangle, and (*, y] for P, one 

of the points in the locus, then (19) y =~ 

.■.*^^.-. (^',y)-(3^,3!,). 

Now the Incus of (a:', y') is an eUipse, of which the principal dia- 
meter, 2 A, is equal to the sum of the given sides of the triangle, and 
the foci A and B. The equation of the locus of (a/ y',) is therefore 
Ay + K*^^ = -*-°^' i. hence, by substitution, we have for the iocus 
of(s,^,) the equation Ay -j- B'a^ =^ 

-g- or (- )' f-\-{^^^ = { g)' ■ { ~ )=, an ellipse of which the pnn- 

cipd diaineters are one third those of the former. 

If, instead of the sum, the difference of the sides had been given, 
the locus would have been an hyperbola,, since, in ihatc^e, the locus 
of (fl/, y',) would have been an hyperbola. 

But, if the sura of the tangema of the angles at the base had been 
constant, then the locus would have been a parabola, {Prob. I.) 



(161.) Given the base and sum of the sides of a triangle, to find 
the locus of the centre of the inscribed circle.' 

Let AB be the given base, and P the centre of one of the circles, 
of which j> is the point of contact with the base ; then it is known that 
the distance dip from M, the middle of the hase, is Y c 

alwaysequalfohalfthedifferenceoftheaidea. This _ ^j/\ 

is easily proved ; for, since two tangents drawn to L£ -i!\f " 
a circle from any point are equal, we have AC — ,,^___~Sy\ 
CB^ Ap'— Bp"= Ap~Bp = 2Mp. This be--*C ii'^ P 

ing premised, tajte MB) MY, for rectangular axes, " 

put MB = c, C = {x', y',) and P = {x, y), then the area of the trian- 
gle, ABC ~ ■tfc, or putting A. for the given sum, AC + BC, the area 
of the same triangle is y(^■^\~l:)\ eonsef|uently, y'c= y{k-\~c) 
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.-. y' — ■'-— "'" ' . Now, since the locus of C is an ellipse, of which 

A, B, aro the foci, and 2A, the major diameter, we have (47) 
^(AC — CB) = ea^ = X .-. x' = X -i- e = Ax -^ e. Hence, Buhstitut- 
in'g these values of a/ and w', in the equation of the locus of (i', y'), 
viz. in A^ y^ -J- B' a/* = A' B", we have for the locus of P, the equa- 
tion (A -|-c)°jf'-|-B'a;'' = B^c*, which characterizes an ellipse, of 
which the axes coincide with the former. For * ^ we have y =: 

— -j-- , and for tf — we have r = c ; these values of x and y are 

those of the principal semi-diameters of the locus. 

If, instead of the sum, the dilference of the sides had been g^ven, 
then, since half this difference, that is, tc, would have been constant, 
the locus ofP would have been a straight line ihroughp, perpendicu- 
lar to the base. 




(152.) Given the base and the sum of the sides of a triangle to find 
the locus of the centre of the chcle touching the base, and the prolon- 
gation of the other two sides. 

Taking the same axes as in the last problem, 
let P be the centre of one of the circles, and p its 
point of contact with the base ; then, as before, 
Mp=—x=:^{AG — GB)=:Bx'.:x'^—Ax-i'C. 

Now, as the centre of the circle must always 
be on the hne bisecting the angle C, that is, on ' 
the normal, through the point (a/, y'), we have by ' 
substituting this value of x', in the equation of the normal, the expres- 

B'u' — Acy' — A"«' (A-f-c)cu' — c , , _ 

8,on y = ^ B' = "" A^ / ^ A^T^^^ *" ^^*^- 

mine y', which iay' = — — — y. These values of ar'and i;',substi- 

tuted in the locus of [x', y'), give for the locus sought the equation, 
(A — c)'^-J^B'a^^ B^i;", which is that of an elhpse, of which the 
minor diameter is 2c=AB| and major diameter 

^H_ = :^^l^r^±_^= y f±f . c. If; instead of the sum, the 
A — c A — c A — c 

difference of the sides had been given, then, since x would have been 
constant, the locus of P would have been a straight line tiirough p, 
perpendicular to the base. 



( ] 53.) Given the base and the difference of the sides of a triangle, 
to find the locus of the centrn of the circle touclung one side, and the 
prulongalion of the base and of the other side. 
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Let P be the ceiilce of one of the circles, and 
p, p', p" the seveml points of contact ; then 
Ap" = Ap, or AC + C/ =^ AB + Bp .-, Ap 
= ^ (AB + AO + BC), and, taking AM or A 
^AB from each aide, we have Mp — i(AC + 

Now, since the locus of C is an hyperbola, of which AC, BC, are 
mdii vec tores, we have (79) ^{&.C-\-hC)=ex'=^x .-. a/~ Ak-j-c. 
Also, since P must always he on the line bisecting the angle BCP", 
that is to say, on the normal through the point (a/, j^), we shall have 
to determine the value of i/' from the equaton of the normal, when 
x' is replaced by \x -~c. This equation is 

These values of x' and t/', substituted in the locua of {x', y'), give 
for the locus sought the equation (A-j-c)')/' — B'a; = — B'>?, which 

characieriaes an hyperbola, whose principal axes are 2c ajid-j--r-- 

y — 1. lij instead of the difference, the sum of the sides had been 
given, then, since half this sum, or x, is constant, the locus would have 
been a straight line perpendicular to, and through .the extremity of, 
liie major diameter of the ellipse, which is the locus of C. 



(164.) Two straight lines aie peipendicular to each other, and 
through two given points in one, straight lines are drawn, fonning, 
with the othei, angles, the product of whcee tangents is constant: 
what is the locus of their mter=:Pction ? 

Let the perpendiculai hnes be tttken for axes, and the equations of 
any pair of the intersecting lmeBbe^=; aa: -\- b, y = ax -\- (3, Then, 
by the conditions of the problem, the quantities on, b, and ^, are con- 
stant ; hence, multiplying the two equations together, and reducing, 
we have for the equation of the locus y" — acu^ — (ft-f-/3)y-|-6^=0, 
which characterizes an hyperbola, if aa is positive, and aneilij»e if 
00 is negative. Because a; enters into this equation only inits second 
power, there are for every value of y two equal values of a ; therefore 
the axis of y is a princifwl diameter of the curve. If we put j; = 0, 
the resulting values of y are obviously Z> and /3, the difference of these 
is the value of the diameter, which coincides with the axis of j, that is 
A = ^{b — ^). Also the sum of the same values gives twice the 
ordinate of the centre, therefore Y = ^(ft + /3). 

To find the other principal diameter, put this value of Y for y, in 

the equation of the locus, and there results a; = B — ,. , r . 

^ V ( — ""■) 
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.f aa = + 1, thelocuais an equilateral hyperbola, and, ifaa:= — 1, 
t is a circle. In every case, the part of the a-sis intercepted by the 
given pointa is a principal diameter ot the curve, as the foregoiag va- 
lue of A proves. 



(155.) From two given points two straight hues are drawn so as to 
intercept a ^ven .portion of a straight line o^ven in position: what ie 
the locus of the intersection of those lines 1 
■ . Let EF be the line given in position, and A, B, 
the g^ven points ; let also AP, BP, be two hnes in- 
tercepting the given portion, CD = m, then P is a ^ 
point in the locus. Draw the axes, AS, AY, the ^-' 
one parallel and the other perpendicular to EF, jj^ 
put AO ~p and (j/| y') for the point B, then flie equation of AP is 
y := ax .-.when y =p, OC = p-T-a, also the equation of BP is 

y — y' = a'{3: — a;'), ■.■ when j =p, QD— ^ '^ , . 

.-.OD— 0C = CD= ^~^ 7"- '^- — ^ = m, that is, substituting 

I for a, and^--^, for a', (i^zftJ^l^ ,' ^Jl = ™,,hi. 
X X— a/ y—y' y 

equaticai becomes, after redaction, (^ — mji;' — y'^-j-C'"!/' — f')y 
-|- Wa: = 0. Hence the locus is an hyperbola. 

As, in this equation, the square of one of the variables, viz. i*, is 
absent, the axis of a; is paralleled to an asymptote ( 1 37), the ordinate of 
which is py^ ~y' -—Pi hence the line EF is that asymptote. 

To determine the centre, we m^y solve the equation of the locus 
with regard to y, and, by omitting ■ the irrational part, in the result- 
ing expression for if, we shall have the equation of a diametec, in which, 
by putting p for y, we shall obtain for x the abscissa of the centre, 
which is therefore thus determined. Having found the centre, we 
may construct the other asymptote; thus, assume any value for x, 
and construct the two values of y corresponding ; two ptants of the 
curve will fae thus deterroined, either of which is at the some distance 
from the known asymptote that the other is from the asymptote 
sought, the distances being measured along the line passing through 
the two points, and in opposite directions ; hence the centre, and a 
point in tiie asymptote, being found, the Lne may be drawn. Or, with- 
out first finding the centre, we may delormine in this way two points 
in the required asymptote, which will determine its position. 

FKOBLEM XV. 

(156.) Tangents to a parabola form a given angle with eachoiher 
wl«iL is the locus of their point of intersection ? 
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Let / represent the tangent of liie given angle, and (a, «,) any point 
of interaection; then, if the equation of the parabola be y^— 2m3^, the 
equations of tangents through aoy points [x", if), (a/', y") of ihe 
will be (106) yy' ^= m(x-\-x'),yy" — m (a; -!-■»/'). 
of the angles which these tangents form with the 
lively m~y',m-i-y", we have fov t the tangent 

of their difference the expression (= — ,,-; — J: 

it remains therefore to determine ■^, y", in terms je'* 

of X, y. For this puipose, substitute iot .2irx', 

2mx", in the equations of- the tangents, their 

equals y'^, y"^, and we have the two equations 

j" — 2yy'H- 2flu; = 0, i^" ^- 2?;?/" + 2ma! = 0, in which the 

the one are the same as those of the other ; therefore, by the tlieory of 

equations, yg" = 2inK and !/' + ¥"=2j/ •■ (3y)* — 8m2:={j;" — y'f] 

hence, substituting, in the square of the expression, for ', we have 

"■= -SSI.=feS' ■■■»--"-(^+'")— 

^ftn'=0; consequently the locus is an hyperbola, of which a principal 
diameter coincides with the axis of .c, since there are two equal values 
of J for « = 0. If we put y = 0, in the equation, Ihe difference of 
the roots will be the length of this diameter, and half their sum, the 
abscissa of the centre ; this abscissa therefore is — (1 -i-f-\-\)m:= 
— (cot' P + 1) m = AO By substituting it for x, in the equation 
of the locus, we get for the square of the semidiameter parallel to the 
axis of y the expression 
j/'^-m'S (1 -f- (=) + 1 j =-,«Hcotr'. P + 1)= ~«.= cosec.^P. 

Now, instead of determining the other diameter by taking the dif- 
ference of the roots of the equation, as above swggested, we shall obtain 
it more readily from the^e considerations. We know that if we had 
removed the origin of the axes to the centre of the curve, that is, if, in 
the equation of the locus, we had substituted se — (cot,''P + i)m 
for X, the equation would have been transformed to the form of 
i;' — (B*3:'-^A')= — W. But, in this transformed equation, the 
coefficient of 3? will be the same as in the primitive, viz, — ^ ; conse- 
■" " cosec.^ P 



quently -^ = tan.= P, and B' — iti" cosec.'' P, .-, A' = 



,''P 



-■, A = — — '- . \it = \, that is, if the given angle be 45°, the 

locus will be an equilateral hyperbola. If f = infinite, that is, if the 
given angle be 90", then the denominator, in the expression for f, 
must be ; that is, 2* + m = 0, or jr = — ^ ; in this case, there- 
fore, the locus is the directrix of the proposed parabola. 

If; is negative, that is, if the given angle is obtuse, the equation ol 
the !oci>R will remain unaltered, since t enters only in its second power. 
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Hence we infer thai, if any pair of tangents intersect at an angle, P, 
and any other pair intersect at an angle, P', supplementary to the 
former, ihe locus of P will be one branch of the hyperi>ola, and the 
locus of P' the other branch. 



(157.) Tangents to a parabola form angles with the principal dia- 
meter, the product of whose tangents is given ; what is the locus of 
the pdnts of intersection ? 

Let one of the points of interaection be (a, ?/),andone of the points 

of contact (a:', y') ; Qiea from the equation of the curve y" ^= 2nix' 

y \ 
.: y = — ?(!), and from the equation of the tangent, i/y' ^ ma: -j- 

mx' =:mic-\~— [ (2). Also, for the value of «, the tangent of the 
angle which the tangent through [xf, y') makes with the principal 
diametei we have a = — , ,■. y' = — . 

oubstituting this value of if', in equation (2), and- reducing, we have 
fl? — ^a + — = 0. The two values of a contained in this equation 
belong to the two tangents drawn from the point (x, y), and, as their 
product, p, is given, we have, by the theory of e 



Hence the locus sought is a straight line, perpendicular to the princi- 
pal diameter, and at the distance — from the vertex. 



(158.) To find the locus of the intersecliona of pahs of tangents to 
any line of the second order when they make angles with the princi- 
pal diameter, such that the product of their tangents may be a given 
quantity. 

This problem has just been solved for the parabola, and may, by 
employing a siEailav procesSj be extended to the other two curves. 
Thus, representing a point of intersection by (x, y), and a pdnt d" 
contact by (a^^, y'), we should have, from the equation of the curve, 
Ay -j- B^'t'^ = A^^ (1), and from the equation of the tangent, 
A'^' -|- Wxx' = A^^ (2). Moreover, the expression for «, the tri- 
gonometrical tangent of the angle, this line makes with the principd 

diameter is 1 -i-a = — gj-> j . . . (3). 
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Hence, by deteimitiing a/and^, frooi equations (1) and (2), anci 
substituting their values in (3), we shall ultimately obtain, as in last 
problem, an equation between a', y, and a, and the locuh will then be 
determined, as in the case referred to. As, howeypi, this process will 
be encumbered with some very complicated expressions, we shall em- 
ploy the following more ample and elegant method of investigation, 
. including in it the preceding problem. 

The general equation of a line of the second order, when referred to 
the principal diameter, and tangent through its vertex, is ^ = ntc + 
ns/'; therefore, from the equation of the curve, we have y' = "«/-[- 
iwr^ (1), and for the tangent, «, of the angle, formed by the axis of 
X, and a straight line through the points (x, y) and {x', y'), we have 

theexpression « = ^^^^/. ■■/ = !/— <w4-<*«' C^). Substituting 
this value of j' in (1), and arrajig^ng the result according to the power 
of a;', we have the equation 

{a^—n)x"-\-{2ay — 2a'x~m)x'-{-y' — 2aay + €^x^ = (3) 
This equation gives two values for a; ; but, since, by the conditions 
of the problem, the line through the prints {x, y), (a/, y') must have 
only one point, viz. (3/, y'), in common with the curve, the two values 
of y, in (3), must be equal, in other words, the eqiiation must be a 
complete square. Hence, by the theory of equations, 4 (n" — n) (/ — 
iaxy ~\~ ifx^) =: (2ay — 2a'' x — m)'. Reducmg this equation, and 
arranging the result according to the powers of a, we obtain finally 
. ^JW f + ^w ai^ , mi' + inf _ 

The two values of a, contMned in this equation, belong to the two 
tangents drawn from the point (x, y) ; and, since their product, p, is 
given, we have, by the theory of equations, 

p= ■ --^ hence n/ — pnx' — pnu:-\- — = . . . . (4), 

the equation of the locus required, which is, therefore, an hyperbola, 
or an ellipse, according &b p is positive or negative. When, however, 
w = 0, that is, when die proposed curve is a parabola, this locus be- 
comes a straight line in which x=^ — showing that it is perpendicu- 
lar to tiie axis, and that it coincides with the directrix when p — — 1 , 
or when the intersecting tangents include a right angle. Since equa- 
tion (4) gives two equal values of y for ar = 0, it follows that a prin- 
cipal diameter of the locus coincides with the axis of a;. If we put 
y = 0, in the equation, half the sum of the roots of the resulting equa- 
tion in X will be the abscissa of the centre ; this abscissa is therefore 

-^. Substituting this abscissa for a;, in (4), we have for the square 

2it 
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li-diameter parallel to the axis of if, 



consequently, dividing the expresaionfor B' by - 



numerically leas than «, the locus wUl be impossible, for, in this case, 
the foregoing expressions for the squares of the semi-asea will both 
be negative. 

IFp ~ — 1, that is, if the intersecting tangents to the ellipse or 
hjperbola foim a right angle,, the locus will be a circle, of which the 
radius is A = B= VK(1— ") j_ ^^^^ jf^ ^ _j_ i^ the locus will 



be an equilateral hyperbola, of which the principal si 
given by the same expresision. 

If we suppose ^e intersecting tangents to be parallel to conjugate 

diameters, thenp = n {82)=^— - ; putting a and 6 for the principal 
semi-conjugates of the proposed eUipse, or hyperbola, also m = — ; 
therefore, by these substitutions, in equation (4), the iocus becomes 
y" ± -^ar' ± 6* = 0, which characterizes wi ellipse, when the 

proposed curve is an ellipse, that is, whenp is negative, but when the 
original curve is an hyperbola, then this equation being the same as 
f l-x-^b) z^O .-.■!/= ± I-3T + 6I. This equation charac- 
terizes the asymptotes, which are, -therefore, the loci of the interaectiona. 



(159.) What is tlielocusof the centres of all the circles which pass 
hrough a given pcint and touch a given straight line ? 

Ana. A p 



What is the locus of the centres of all the circles which may touch 
two given circles? -^n*- An hyperbola. 

PROBtBM XX. 

The directrix and a point in a parabola being given to determine 
the locus of the vertex? Sffis. An ellipse. 

FRODLEM XXI. 

Given the base and vertical angle of a plane triangle to determine 
the locus of the centre of the inscribed circle ? ^ns. A circle. 



Upon a given base Irianglea are constructed having always one 
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angle at the base douHe the other ; what is the locus of liieir veiticfts t 
Aiis. An hyperbola. 

PROBLEM XX I II. 

From any point in a given straight line two straight lines are drawn, 
the one perpendicular to the giveo line, ttnd the other to a given point ; 
if the perpendicular be made equal to the other, what will be the locus 
of its extremity? ,3na. An equilateral hyperbola. 

Notes conwining solutions to all the problems proposed by the Author p. 267. 



CHAPTER IV. 

MISCELLANEOUS PROFOSiTIONa ON THE THREE CURVES, 
THEOREM. 

(160.) If to any line of the second order two secants, parallel to the 
sides of a given angle, be drawn, then the two rectangles contained by 
the parts intercepted between their point of ititersection and the curve 
will have a constant ratio, wherever tliat point of intersection may be. 

Let AX, ay be paraUel to the sides of a given an- X 

gle, A', and intersect any line of the second order, i 
tine points P, P" and p, p'. The equation of the curv 
referred to these Imes as axes is A/ + Bxy -\-Cx'-\- ; n 
Di(+Ej:+F=0,inwhicli, if we put 3/=0, the result- \ A 
ing values of x will be the abscissas AP, AP', that is, y ' 
these linos will be given by the roots of the equation ■*■ ■* 

C^ 4- Ej^ + F = 0, or 3:= +~ ^ 4- Z. := 0, 

.-. AP ■ AP' = F -^ C. In like manner, putting a; = 0, in the equa- 
tion of the curve, tile resulting values of y will determine the ordinates 
Am, Am', that is, these lines will be determined by the roots of the 

D F F 

equation, j)^ -|- -rV + -^= 0, .: Ap ■ Ap' = — 

F F 
consequently AP ■ AP' : Ap • Ay : : t^ : -7- — A : C 

Now no change can lake place in the coefficients A and C of ^and 
x% by removing the origin, A, without altering the mcUnation of the 
axes, that is to say, these coefficients will remain the same, although 
we put 1/ + ^ fo'' Vi ^^^ x-\-afoV3:; consequently, so long as the 
two secants' remain parallel to the two given lines, the ratio of the 
rectangles AP ■ AP*, Aj> ■ Ap' will be the same, wherever A nwy be. 

PIIOBLEM. 

(161.) To determine the general equation of the tangent to a line 
of the second order. 

Let {x'j y'), (%", y") be two points on the curve, then, for the secant 
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pacing through tliem, we have the equation y—y'= ^^— i^j^-j^) [ 1 ), 
and frorn the equation of the curve, 

A3/"= + Bx"y" + Ca7"= + Dj/" + Ea/' + F ^ J '^■^' 

Taking the difference, A{j'^ — y"^) -f B{x^y' — x"y'') + 0(3:'' — 

;c'^) + D{y'-r) + E{f-a:") = 0. 

Substituting, in this equation, {y' + y"){y' — y") ioty — i/' , 

and a^ [y' — y") -\-y" {:^ — it") for x'y' — s"v"i 
itbecomes iy'-y") [A {y'+y") + B^+D] + (a;'-^') [G (:^+ 

from which we obtain "- — V, = — , ,T „ 1 tw 7"t %- 
3/ — x" A.{y -{-y ) +Bar + D 

By substituting this value of —, — ^ in (1), and then, supposing the 
points (x', y"), (x", y") to coincide, we have for the equation of the tan- 
gent passing through {x',^),y^y'= - aW+Ba'+ D^^""^^ ^^^' 

If the tangent ia to pass through a g^ven point (ct, /3), without the 
curve, then, in this equation, we must substitute for the general syia- 
bols X and y, the particular valiies a and /3, and the unknown pomt of 
contact, ty, y'), may be determined, analytically, by means of equa- 
tions (2) and (3), or geometrically, by constructing the loci of these 
equations. 

M. Putssanf* has given a simple and elegant method of arriving 
at the general equatiwi of the tangent. He refers the curve to pdar 
coordinates, assuming the pole on the curve, and then inquires what 
angle the revolving line must make with the fixed axis, when the 
radius vector becomes 0, that is, when the line becomes a tangent. 

Thus if it be required to draw a tangent through any £^^ 
point, P, in a line of the second order, represented by the \/^\ 

equation i^ = ma:-\-it^ (4), let there be substituted for x |l_I 

and y the values x = af-\-'r cos. w, g = y' + r sin. w, or \^^^ 
rather, for simplicity, x = x" -^ tf^y = y' -\~ rq (5), m ^ 
■ which y and y' are the coordinates of the point P, and we shall have 
the transformed ^t\Ma^M>-u{y' -\-rqf='m{x/ -\-rp)-\-n{x' -\-rj>f (6), 
characterizing the proposed curve, when related to polar coordinates, 
of which the orig^ b P, and the fixed line parallel to the primitive 
axis of .E. If, this equation be developed, and the terms arranged 
according to the powers of r, (he result will evidently be of the form 
M»-*-}-Br + C = 0. 

Now it ia easy to perceive that the term C, which is independent o* 

* Recueil de diverses propositions de Gfom^trie. 
97 S 2 



;at>yGoogle 



210 ANALYTICAL GBOMETRT. 

1-, muBt represent i/'"^ mr' — nx", and this being equal to 0, by equa- 
tion (4), the transformed equation will he simply Mr + B — 0. 

When, therefore, r = 0, that is, when the radius vector becomes a 
tangent at the point P, there must exist the condition B =: ; so that, 
by equating the coefficient of the first power of r, in the developemen! 
of (6), with 0, we have 2y' q — mp — 2npx' = 0, 

whence '- =: — '■ — = tan. to ^ — -5-; — ■ This then is the expres- 

p C06.0) 2y' 

sion for die trigonomeliicaltangent/of tbe angle formed by the tangent 
to the cuiTC at P, and the axis of x, and consequently the equation of 

the tangent isy — ^ = — — (x — k), in which (a, /3,) denotes 

W 
any given point in the fangent, and (a/, y') the point of contact. If 
this latter be the given point, the equation is 

y — y* = - , [x — a/) (7). The same reasoning, applied lo 

the more general equation, Aj'-{-Ba^+ Ca^ + Dtj-J-Ea^+F = 0, 
showa that, after 'substituting rhe values (5) for a: and y, we need 
attend in the result only to the coefficient of the first power of r, which 
beuig equated to 0, will furnish the value of - , or tan. w. This equa- 

P 
tion will be 2Ay'q + B (ga:' + p^) + 2Cpx' ■^'Dq+Ep^O, 

whence i- = tan. u = — „. , w , 7- w and therefore the equa- 

P 2Aji'-\-Ba/-\-u 

tion of the tangent through Ihe point {x', y') is 

K — j/ = ™ — ' — —= (x — x), the same as was deter- 

mined by the first method (3). By reduction, this equation becomes 
(2A)/'+Bj:'4-D) j' + {2Cx' -I- By' + E) .r + By' + E^ -f 2F=0, 
in which may be observed this analogy to the equation of the curve, 
viz. that, if tbe accents be elfeced, each term in the equation of the 
curve will appear twice in that of the tangent, from which circum- 
stance the following rule has been contrivSi for arriving at the e<pia- 
tion of the tangent, with the proper accents, by means of the equation 
of the curve. Substitute, in the equation of the curve, ar'i for ^, y'y 
for y^, x'y for xy,, and r*, i(' for x, y. 

Repeat the equation thus written, taking care, however, to change 
x' into x, and x into x", as also ^ into y, and y into y' Tiie sum of 
these two equations will be the equation of the tangent. 

Thus, let the pambola of which the equation is y' = px be pro- 
posed, then the two equations lo be Etdded wii! he, y'y — px/ 9X\A 
yy'^psc; therefore 2j/'y=B(i/-|- 3!) is the equation sou^t. If we 
taie the general equation j^ = mx ^- n:^, we shall have to add the 
equations Yy — msc/ -\- m.'x, yy' == ma; -j- n^^ ; therefore 2'^^ ■= 
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(m 4- 2n»'} a; -J- m,r' is the equation of the tangent, and to this form 
equation (7) may be reduced. 



(162.) If through aay given point, chorda are drawn to a line of 
the second order, and tangents be applied to their extremities, these 
tangents will intersect on a straight line. 

Let the coordinates of the given point be a, 6, and let {x',y'), 
{x", y"), represent the extremities of either of the chorda paKong 
through it, let also (a, 0), be ooe of the points of intersection. Then 
ibi the eqiKitions of tangents passing through these points we have, 
by employing the expression at the conclusion of last problem, - 
2y'0={m + 2ny)a + ma/il),iy"0 = {m-}-m<c")c-. + mx"(2). 

Nowthe equation of the line joining the points of contact of these 
tangents must be 2y/3 = (m-|-2«3:) «+»ia;j for this equation must 
represent some straight line, being of the first degree ; and it passes 
through the two pMnts (a/, j/'), and (a:", y"), because equations (1) 
and (2) subsist; therefore it can represent no otlier than the chord of 
contact. As (a, S), is always a point on this chord, we have 26,3 =^ 
(m + 2wa) a -j- ma, this equation being of the first degree in a and ^ 
shows that the point (a, jS) is always on a straight line, 

THEOREM. 

(163,) If a curve of the second order be referred to a system of con- 
jugate axes, and a point in its plane be found, such that its distance 
from any point whatever in the curve he a rational function of the 
abscissa of that point, then the point thus found can be no other than 
a focus of the curve. 

First, for the ellipse. 

Let (a/, y') denote the fixed point found, then for its distance from 
any point (x, y) in the curve, we have (14), D'^js; — a7')'-j-(^ — y'f 
-\-2{x — a/) (y — y')BOB. A, where A is the inclination of the axes. 

Or, developing this expression, and puttiog for y its equal 

B'—^-^,wehe.veD'' = ^~^~^—2s'a!-\-a:^ + y"..]^ 

Now it is obviously impossible that D cannot be a rational function of 
r while the irrational fijnction /< B" Ts" ( i^mains in this ex- 
pression ; hence the term in which it enters must disappeai tbat is, 
the point {I'l y') must be such that 2 (x — a/) cob, A — 2)/' = 0, for 
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every value of x. This condition gives the equation x — 3/ = r ■ 

But the first aide of this equation is indeterminate, inasmuch as x 
is ; the second side therefore must also be indeterminate, although, by 
hypothesis, y', aod cos. A, have certain fixed values, these values 
therefore can be noo^er than y' = 0, and cos. A = 0, or A *= 90°, 

in which case alone x — ^ = J7 — "" indetermmale quantity. 

If follows, therefore, that the conjugate axes must be the prmdpeU 
axes of the ciuve, and that (since y' =? 0) the fixed point must he 011 
one of them. With this condition the expression for D' becomes 

Tf = — -^ — ar" — 2x'x-\-{x"-\-'B''),&nA we have now to inquire 

in what circumstances the root of this square can be a rational fniic- 
tionof X. In order to this, assume D = bx~Ji~a,.%lr'3^-^2bax-{-^= 

— r^^-^' — ^3:'x + {x"'~^ B'), then, comparing the coefficients of 

the like powers of x, we have for the determination of x' the conditions 

6' = — ^p — , 2&« = — 2^, «^ = a;^ + B^ From the first two we 

get a' = -T o -n i. and this value of «", substituted in the third gives 

^ A* — B^' ' 

- f — ^ = W~{-x'' .-.a/^ ± VJA'— B^J = ± e. Hence^has 

two values (hat will satisfy the proposed condition, viz. x'= -\-c and 
3/ = — c, showing that the points sought aie no other than the foci. 

The same process apphes to the hyperbola when the sign E' ia 
changed. 

Second, for the Parabola. 

Since, in (he parabola, 1/ = vj2/(iBj, therefore D' = *= — {23:' — 
2p) 3^ + 3/= + ^ — 2/ {x~-x') COS. A+\2{:o—x') cos. A — 
2y'\^/2px\ hence we must conclude, as before, that 2(x — x') 

COS. A — 23/' = 0, .-. x~x'= — ^ = ^' ^ "before, .-. 1^=*^+ 

2{p-a/)x + w'^. Put D'=(.;'+9)= = ^ + 2gx+9'=.^ + 
2{p — x') a: + a:", then, comparing the coefficients, q=p — x' Mid 
f — a?", ,'. q = x', .-. p=: 2)/, .-. x'^p, the abscissa of the focus. 



(164). To determine a cube which shall be double a given cube. 

Let the side of the given cube be a, and that of the required cube 

e, theii we are to determine x from the equation x^—2c^,.or x*=2a^x. 
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Substitute, in this equation, ias 'j? ; x' ■= ay (1), andi 
it becomes a'y' = 2o'»; at y' = 2ax (2). Now equa-\ 
tiona (1) and (2) represent parabolas referred to the 
same ax^, the parameter of the one being a, and that 
of the other 2a. At the point where these parabolas in- 
tersect the abscissa will be ' common to both, therefore 
this value of a:, satisfying both the equations (I) aiid (2), must e 
satisfy the proposed, so that the side AM of the required cubeniay b 
determined by construction. 

FROBLEM, 

(165,) To trisect aji angle. 

By trigonometry, p. 43, cos, 3A = '■ -=5- 

or, putting cos. 3A =^ a, and cos, A = a', we have 

^ :- ^ r- = 0, from which equation we are t 

4 4 

vaiuos of at by construction. 

Multiplying the terms by a^, it becomes 

X* — a^ —a = 0. In Ibis equation assume ar" = lRj; (1,) 

3R 

and it becomes^ — -z-y — iw = .... . (2). 

If these two equations wluch denote parabolas be constructed in 
reference to the same axes, the abscissas of their points of intersec- 
tion will be the tiiree values of the cosine of A to radius R. 

Th^e values correspond to the three analytical values cos. A, cos. 
(^ff + A),cos. (fflf+A), since the given cosine, o, belongs equally 
to either of the three aics 3A, (2ff + 3A), (4* 4- 3A).* 

The two last problems may serve to show the application of curves 
to the solution of equations. If the equation do not exceed the fourth 
degree, the roots may always be determined geometrically by the in- 
tersections of two lines of Uie second order. But this mode of deter- 
mining the roots, of equations is never employed in practice, the most 
accurate as well as most expeditious method being that of numerical 
approximation. The best method of approximatmg to the roots of 
equations is that discovered by Mt. Horner, and printed in the PJA- 

• The same cosine equallv belongs lo the ares C6»-|-3A), (Si-1-3A), &o. but 
the cosine of the third part of eilher of these will always be the same as one of the 
three cosines in the text ; thus cos. (2i+ A = cos. A, cob. (2i + iir-j- A) = cob. 
(|,r -I- A), &e. Also since the cosino a will remain the same, although 3A be 
neeitive.it will remain the same aXm for every arc in the series. — 3A, (Si --3A ), 
(4ir ■ 3A), (St— 3A), &C. bat fortbese also the same veraarks apply, that is, 
(he cosine to the thirii part of either wiU be one of the cosines in the test; thna: 
COS. (^i— A) = oos. [2i— (|»-A)J=cos. (A, + A),co3. (i.-A) = cM. 
(f.r + A),&c. 
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lonopkical Transacliims for 1819, (see also my Algebra, chap, vi.) 
For further applications of the theory of curves to the construction of 
equations the student is referred to Bourdon, Application de tVllgebre 
a la Gemueirie, Laceoix, Trigonomelrii, and Lardner's Jilgebraic Ge- 
ometry, in sections xx and xxi of which will be found majij interest- 
ing remarks on this subject. 



(166.), Five points being given onaplane, of which no three are 
EiCuaEed on the same straight line, it is possible to describe a line rf 
the second order which shall pass throu^ them all. 

For, let the general equation Af + Ba^j+C^^-f Dy-(-E3;=F (1), 
be divided by A, and it will then assume me form y^ -f- bxy -j- ex' + 
dy -\-ex =f (2), so that the equation of the second degree, in its 
most general form, contains, five coetficienta, *, c, d, e, and f, the va- 
lues of which may be arbitrarily assumed, they may, therefore, be ao 
determined as to subject the curve, into whose equation they enter, to 
pass through the praots (a, /3), « /S^, {a",/3"), (a'", ^"'), {«"", 
0""}, since we shall have, for this purpose, the five simple equations 



+fa 


f> 


+ "I " 


-dfl 


+ » 


= / 


+ 4.' 


(3' 




-J/3' 


+ »' 


= / 


+ 6«' 


/3" 


+ «'" - 


-d[i" 


+ »' 


= / 


+ *,.' 


'fS" 


^ca"" - 


-dH" 


+ .." 


= / 


+ fc.' 


"/3" 


' .+ ca.""^' 


^dfS" 


' + «" 


' = / 



ftom which the values of the unknowns, 6, c,d, e, and^ may obviously 
be determined, and these values substituted in equation (2) will 
render that equation the representative of the required curve. If we 
are not restricted in the choice of axes of coordinates, they may be so 
assumed as to render some of the preceding equations of coiidition of 
simpler form. Thus, by taking one of the points, as {a, fi], for the 
origin, we shall have for the first equation merely =/, and if each 
axis bo di'awn through a separate point, as (a', 0'), and (a", /3"), the 
next two equations will be ^■"+ rf^" =/ and cn,"^-[-ea" =/. If 
the curve sought ought to be a parabola, only four arbitrary points 
must be assumed because, in the equation of this curve, only four of 
the five coefficientsarearhitrary.sinoebetweenlhe two, wand ft, there 
must exist the relation a° — 46 = ; as here a has two values, a posi- 
tive and a negative, for the same value of b, there may be two para- 
bolas passing through the same four points. But no curve of the 
second order can intersect another in more points than four, since the 
coefficients determined by the five preceding equations, admit each of 
but one value. 



(167.) To determine a cui-ve which shall pass through any pro- 
posed number of given points. 
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Let US represent the given poinis by {h, (3)i (a', j8'), («", (3"), 
(a'", /S'"), (a"", ^'"'), &c- then it is obvioija that several curves might 
be described passing thxoi^h theae points, some expressible by equa- 
lions, and others not. But it is desirable to knoW which of all the 
possible curves is the simplest, or adniits of the easiest deBcription. 
Now those curves are most easily described of which any ordinate is 
a rational and integral functiiDn of the abscissa, because the value 
Df the ordinate corresponding to any assumed abscissa will, in this 
case^ uever be encumbered with radicals. These curves are included 
in the equation y = A -{-Ba; + Car" + Da:' -|- &:c. and they are 
called parabolic curves, because the parabola, of which the equation 
is y = A -)- Be -}- Cs^, is obviously one of them. The order of the 
curve depends upon the highest power of x ; the common parabola is 
of the second order, and that in which a^ is the highest power of s is 
of the third order. Sec. 

Hence, if we take the parabola whose order is equal to the number 
of proposed points, we shall have to determine the same number of 
coefficients, A, B, C, &c. from the simple equations 
^ =A + Ba +Ca.^ +W +&c.-] 
^' =A + Bc.' +Ca'' ■+D«'= +&C. I , , 

^'" == A + Ba'" -{■ Ca'"' 4- Da"" + &c. J 
To do this in the simplest manner, let each equation be subtracted 
from the next, and we shall have 

(ia'_5) = BK-«) + C(a''-«=) + DK-a=) + &c. 
(^'-^") = B(«"-«0+C(*"=-a") + D{«'«~O + &C- 

and by division 

^'^ = B + CCa' + a) + DK + «'« + '^') + &C.=« 

^S^^=-B+C (a";t-a') +D („'^+a'V + «'^) + &c. = a' 1(2). 



The values a, a', a", are known, because the first member of each 
equation is kiiown. Now theae equations are of the same form as 
those originally proposed, and A is found eliminated ; hence, by per- 
forming a similar process with these equations as witli the first group, 
we shall have 

.''-I- }■■■■■ (')■ 

In these equations, the next coefiicient, B, is eliminated, and, by con- 
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tinuing the process, we shall elimiriRte the coefficients one by one, 
till we come to the last, the value of which may then be determined 
from the final simple equation, and thence all the others. 

Suppose, for example, only liiree points (a, /3), [a', &'}, and {a", 
/3"), are proposed, then the equation of the curve is 
V — A -j- Bi + Car*, and the equations (2), (3), become 



^^ = B'+C(a' + a) = 



B+C („" + «')-« 



-— = C = &. Substituting this value of C, in equafioi 

have B = a — b[a.' + a). Also, since firom the proposed ei. 
have & = A + Ba -|- Ca', we obtain for A, after having replaced B 
and C by the values just determined, the expression A ^^ — fla-|-iatt'. 
Having thus determined the values of the three coefficients, we have 
for die equation of the required cwve 

y = /3 — oa + haaf + (a — baf— ha.) x-\- b^, 
or y = ^-f a(x-a) + fi(c^-a) {^-a'). 
Lagramge, after having given this solution from JVewton, observes, 
ihat it may be much more simply obtained firom the following consi- 
derations : (Puissant, Probl^mes de Geom6trife,) 

Since i; ought to become (3, /3', ^" . when j; becomes a, a' a" 

■ IS obvious that the expression fory must be of the form 






A'0 + B'/3'.-4- C'^" -I- .... , where the quantitif 

must be functions of 3:, such that, when we put 

x = a; we must have A' = 1, B' = 0, C : 

^ = a', A'=0,B' = 1,C': 

r = a", A'=0,B'^0,C'r 

iequeiitly the values of A', B', C', &c. must nc 

.,_(£=^H-L-»-)(»-jO... 



A',: 



', C', 






«) ■ (' - »0 (' 






(«''-.) (»"-«') (»''-»'•) . 

where the nuraher of fectors in each numerator and denominator is one 
less than the number of given points. Hence the general expression 



+ 



— ') (.. 



-.")("- 
-»")(— 



•'") . 



^x — g ) (J^ — gQ (a: — 



^(."->)(„"— ')(."-g"')- 
Newton's method gives for the general expression for y 
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y=^ + «(^_a) + i(z-a){^-a') + c(^-«)(^-«')(^-»")- 

Tliese two expressions are different only in form, aa may be ascer- 
tuined by developing the values of a, b, c, &c, and arranging the terms 
according to the quantities, ^, 0', /3", &c. . 

Either of the preceding ^uea of y may be considered as a solution 
to this problem, viz. To determine the general relation which exists 
between two variable quantities, x, y, from knowing the relation which 
exists in the particular cases a:=a,y = /3; x = a',y = 0'; a: = a", 
y = 0" ; &o. 

This ia an important problem, being.the foundation of the method 
of iiilerpotation, since it enables us, from having a certain number of 
terms of a aeries given, the law of which ia not known, to arrive at an 
approximate expression for the general term of that series, and thence 
to interpolate between the given terms as many more as we please, all 
governed by the same law. Of the two general expressions for this 
purpose just given, the former is the more commodious in calculation, 
because the several terms may be computed by logarithms. Never- 
theless, the latter expression leads, to a very neat and commodious 
formula, when we suppose the quantities a, a', a", &c. to be in arith- 
metical progression, as is generally the case in pmctice. 

Let h be the common diiference of the progression, then 
«' = a-4-^a." = a-f 2A,K"=a + 3A, &C. let also x = tt+k', 
then X — a, = h',3: — a' = h' — k, x — a." = h' — 2ft, &c. Now, 
putting, fin- brevity, A|S, A ,8', AjS", &c. for the seveml differences, 
0'—§,0"—^',0"'—ff",-Sic. we have (2); 

A/3 , :^/3' „ A/3" „ - ■ ,■, ,5^ 

a = ~, a' = —7—, a" = , &c. putting, in like manner, A p, 

A',S', &c. for the second differences, A/3' — A /3, A /S" — A /3', &c. 

have 6 ~ - — -l^i f*' — rT"5li' &c. substituting also A'/3, &c, for the 






third differences, A'^/3' — A'/3, &c. their results c ■= -,-— ^- — ^TjiSiC. 



therefore the formula becomes 

-2ft.) 



.T-2ftT3ft— ^=/3 4 
plication of this formula, the followmg example 



To compute the logarithm of the number 31415926536 by means 
of a table of logarithms from 1 to 1000, calculated to ten places of 
decmals. 

Regarding the logarithms in the table as the particular values of y. 
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A/3 =-13809057 
A/3' = ■ 13765288 
A/3" = - 13721796 
A/3"'= ■13678678 



tiie corresponding numbers beiog the values rf x, He shall have, by 
taking Uie successiTe differences, the following values 
^ = tog. 3 • 14 ^ ■ 4969396481 
0' = log. 3- 15 = -4983105638 
0" =loa. 3- 16 = -4996870826 
^'" = log. 3 ■ 17 = ■ 5010692622 
|8""= tog. 3 ■ 18 - - 5024271200 
^"0 = — 43769 I »5fl_277| 
A=/3' =-43492 ^4= 274 U'/^ =-3; 
A'/3" = — 43218| A^ -^'4[ 
consequently A.S = ' 001 3809057, A^/3 = — ■ 0000043769 
A^/3 = ■ 0000000277, A*/S = — ■ 0000000003. 
Now ihe constant difference, h, is * 01, and 3 ■ 14 being taken for a, 
and 3 • 1415926536 for s, we have h' = 3: — a= '0015936536; 

hence 4- = " 15926536, — "^ ^ — _ i = _ ■ 42036732, 

k' — 2h hf h'-Bk h' 

„, ■ =^~ ^=-- 61367821, ~ - = -V-|=- . 71018366. 

Sh 3k " 4A 4/i ' 

These values, substituted in the formula 



GENERAL SCHOLIUM. 



( 1 68.) Having discussed pretty fully the various properties of ciirves 
of the second order, it remains to make a few general remarks upon 
the higher orders of curves, or those of which the equations extend 
beyond the second degree. 

If we have an equation of the nth degree, containing two variables, 
and which is not compounded of equations of inferior degrees, the 
curve which it represents is said to be of the nth order. But, if the 
equatioa is compounded of others of inferior degrees, then also its 
georoetrical repi-eeeEtation comprehends all flie curves represented by 
the component equations. Such an assemblage of lines is called a 
complex hne. For instance, the locus of the cubic equation 
f^ — axy' 4- bxy — ahx' — cy-\~acx =0, which arises from the mul- 
liphcation of the two equations ji-oa?=0 (1), aody*-f ^^-'^='' (2), 
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is not a simph line of the third order, but a complex line, consisting (rf 
the straight line represented by the equ^ion (1), and the parabola 
represented by equation (2). For the coordinates, (^, y), of every 
point in the sti'aight line rendering the factory. — (m equal to 0, the 
same coordinates must render the product (y — aw) (y -\-l>x — c), 
that is, they must always satisfy the proposed equation ; hence this 
straight line must belong to the locus, and in the same manner is it 
shown that' the parabola must also belong to the locus. 

It appears, therefore, that for an equation of the nth degree tt 
represent a curve of the nth order, it must be such that, when all the 
terms aie arranged on one aide, it may not admit of being resolved into 
rational factors. 

The most general form of an equation between two variables of any 
proposed degree is that which beside constant quantities, contains 
every possible combination of the variables, under the condition, that, 
wherever their product enters, the sum of their exponents shall not 
exceed the required degree. Thus the most general form of the equa- 
tion of the thiitl degree is 

Aj/' + By^ic + Cyi=-|- Da:' + Ei/''+Fya;+G:t^-l-%+Ka^+L=0 
that of the fourth degree. 

A/ + BA+Cfx'' + Ttyx^ + Ex" . 

&c. so that the number of terms in a general equation of the nth dp 
gree will be equal to those in 

(j' + «)' + (5 + »)— ■ + (» + »)— •+.■■■(» + ')"■ 

Now the expansion of aiiy power of a binomial consists of as roany 
terms as there are units in its exponent, and one more {Mg. p. 160) ; 
hence the smn of the terms in the above series of expansions is that 
of the arithmetical progression 

1 + 2 + 3 + 4+ n+l=.^(n+l)(n + 2); we infer, there- 
fore, that, in the general equation of tb^ nth degree, there are ^[n + 1) 
{»+ 2) terms, and consequently the same number of constant coeffi- 
cients ; we may, however, without diminishing the generality of an 
equation, divide all its terms by the coefficient of any one of them, 
and thus reduce the number of arbitrary coefficients to 
i(n+l)(» + 2)-l = |«(«+3). 

It follows from this, that a curve of the nth order may be made to 
pass through | »(«+a), points arbitrarily assumed, for the coordinates 
of each point being successively substituted for a, y, in the general 
equation, will give rise to ^ ii(n -j- 3), equations ip which the general 
coefficients are the unknown^ quantities, and which these equations 
are sufficient to determine j the values of the coefficienls being thus 
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ascertamed the locus of the equation will pass through the proposed 
points, but, if these are so assumed as to render it impossible for any 
simple curve of the proposed order to pass' through them, then the 
locua determined aa above will be a complex line of the proposed 
degree. If the points are all in the same straight line, the equaticn 
of the locua will be found to be reducible to the form (y-^ax-\- 6)" 
= 0, which represents n coinciding straight lines. 

Let us now inquire jn how many points it is posaible for a straight 
line to intersect a curve of ihe »ith order. Taking the general equa- 
tion of the »th order, and putting y = 0, we have the equation 

A'ax + B'a*-! +C'.i»-* + Vx-\-Q. = fi, the roots of 

whieh are the values of so many abscissas of the points where the 
axis of X cuts the curve. As the values of. the coefficients A',B' 
&c. are quite arbitrary, they may obviously be such as to render these 
n roots all possible and different from each other ; hence a curve of 
the nth order mag be cut by a straight line in n points, but not in 
more ; there are, however, not neceasqrity n points of intersection ; the 
number may be less, but caunot be inore. If the term A' af* be absent 
from the equation of a curve of the nth order, or can by any transfor- 
mation be removed, then there can at most be but n — 1 points of 
intersection between the curve and axis of a:; if also the term B'a^"— i 
be absent, then the number of intersections will be hntn — 2, and so 
on. When any particular curve of the nth order is proposed, then the 
coefficients. A', B', &e. become fixed, and the number of intersections 
will be », orw — 2, or n~4, &c. according as the equation has »!,or 
» — 2, or n — 4, &e. possible roots.* 

Between the curves of the second order and ihose of the highra: 
orders there exists a very intimate analogy. We can adduce here 
only the two following instances; 1. If two straight lines parallel to 
the axis of y, drawn in a curve of the »th order, be cut by the axis of 
X, so that the sum of the ordinatea on one side be in each case equal 
to the sum of the ordinates on the other side, then every other line 
parallel to these will be cut by the axis in the same manner. 

Let the equation of the curve be y» +(«x+6)y»-i + =0, 

and those of the two parallels, x=^ p^ and a; = 5, then we have 
3/" + (ap-t-t)!/"-' +&C. = 
2/» 4- {a/j-\-b)'y"-^-\~kc. = 0, 
and, since in each case the sum of the negative oi-dinates ia equal to 
tlie sum of, the positive, we have 

• If any roots of this equation are equal, it will intimate that the strtiight line 
passes throng ft singnfor point of the curve. Thus, if two roots are eoual, the 
corresponding point will be either a point of contact or a double point, that is, a 
point in which two branches of the curve interBeet, If three roots be equal, the 
correeponding point will beeiUiera pointof inffejAm, or a triple point, &c The 
investrgation of the singular poinia of curves belongs more properly to the D^tr 
tibial Caladut. 
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ap-\-b = 0, aq+b = .-. a{p ~ q) — .■. = 0; hence, 6 — 0; 
consequently, whatever he the value of x, we must always have 
(M -(- ft — 0, which ealablishea the proposition. 

The Une thus dividing parallel ordinaies is called a diameter. 

2. If to any line of the nth order two secants, pnr&Uel to the sides 
of a given angle, be drawn, then the continued products of the (larts 
intercepted between their point of intersection £tnd the curve will have 
a. constant ratio. 

For, teuking these two secants as axes, and putting successively 
« = 0, and x=0, the equation gives 

A'a« 4-B'3-'-i +03^—3 + ... .-P'aT + Q, = 
A 1^" + B ^-1 + C J/"-^ + P a; 4- Q. = 0. 

The roots of these equations give the parts of the two secants inter- 
cepted between their intersection, that is, the origin, and the curve. 

Hence, dividing the first equation by A', we have for the product 
of its roots, or of the parts of one secant, the expression Q,' -f- A'. 
In, like manner, for the product of the parte of the other secant we 
have the espression Q, -=- A. Hence these products are to each 
other as Q, -=- A' ; Q, -f- A, or as A : A', that is, they have a constant 
ratio. [See art. 160.) 

For further particulars respecting the higher curves the student is 
referred to the comprehensive summary given by Dr. Gregory in the 
third volume of HulUm's Maihematies, see also Lardaw's Algebraic 
Geometry, section xxi. 

We here termmate the second principal division, or first part of 
the present performance ; having now completed our inquiry into the 
general theory and properties of lines of the second order, usually 
called ancdytical geometry of two dhatmions, 



ANALYTICAL GEOMETRY 

OP THREE DIMENSIONS. 



SECTION I. 

(169.) The preceding part of the present treatise has been occupied 
in discussing the properties of the plane curves, that is to say, of lines 
of which all the points are situated in the same plane. In these in- 
quiries we have found nothing more to be necessary than to assume, 
in the same plane with the curve proposed, two fixed lines, or axes, 
and then to investigate the anal^cal expression which mnst charac- 
terize the position of every point in the curve, relatively to the assumed 
T2 
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axes. This analytical representation of the proposed curve contains 
implicitly all its properties. In this seoondpaitof our subject we pro- 
pose to extend ow inquiries to the coQsideration of lines and sui'fecei! 
not entirely situated in one plane, and where it will be necessary to 
empioy tlu-ee axes of reference, instead of two. We shall begin by 
determining the equation of a point situated in space. 



CHAPTER I. 

ON THE POINT AND STKAIGHT LINE 

Equattoa of a Point. 
(170.) I,;etZAX ZAT, YAX,be the three planes which, for simpli- 
city, we shall suppcse to intersect at right angles, so that the line ZA 
wifi be perpendicular, to both AX and AY. Let,, also, P be any point 
in apace, whose position it is required to determine relatively to the 
axes, AX, AY, AZ, 

Upon each of the assumed planes let fall, 
from the point P, the perpendiculare Pp, 
P/)', Pp", then, if the lengUis of these per- 
pendiculars be given, the position of the 
point P will be determined. For, conceive 
the planes PC, PB, PD, to be drawn, form- 
ing with the planes DC, DB, the rectan- ^ 
gular parallelopiped AP, then AD=Pp, 
AO=Pp', and AB—Pp", consequently the , 
points B, C, D, are at given distances from 
the point A; if, therefore, through these 
points three planes parallel to the assumed 
planes be drawn, the point P will be thai in which they all ir 

The three planes, ZAX, ZAY, TAX, in reference to which the 
position of the pomt has been determined, are caUed the eoordinate 
planes, their intersections, AX, AY, AZ, are the axes of coordinates 
and the distances AB, AC, AD, of the three planes, parallel to the 
former, ftom the origin. A, are the three coordinates of the point P, 
where they intersect. The ccmrdinates of any point are generally 
denoted hy x, y, aadz; if these are known, tlie point, as we have just 
seen, is determinable ; hence the equations x=^a, j/=i, «=c, are the 
equations of a point. 

if the three coordinate planes be produced beyond their intersections, 
there will obviously be formed about the point A eight triedral angles,* 
four above the horizontal plane YAX, and four below ; hence to ex- 
press analytically in which of these angles the proposed point is 
situated, we must prefix to its ordinates the signs wHch they must 

• AnglaB formed bj the meeting of three planes in a point. 




asiGoOglc 



ANALYTICAL GBOMETny, 223 

take ftoni consideriog the axes of ordinates as positive, in one direc- 
tion, and as negative, in the opposite direction; thus, regarding the 
axes as positive in the directions AX, AY, AZ, they will be negative 
in tbe'opposite directions, AX', AY', AZ'; hence we shall have the 
following variationa of the signs of the coordinates for every possible 
position of the point P. 

If a; = + a, y = + 6, s 1= + c, the. point is in the angle AXYZ, 



* = —«.!/ 

x = —a,y = — b,z = + 

x = +a,y- — b,3 = — 
= ~a,y 



AX'YZ, 
AXY'Z, 
AXYZ', 
AX-Y'Z, 
AX'YZ', 
AXY'Z', 
AS'Y'Z'. 



(171.) Of the three coordinate planes that which contains the axes 
AX, AY, and which is generally the horizontal plane, is called the 
plmie ofxy; that which contains the axes AX, AZ, is called the plane 
ofxz\ and the third, containing the axes AY, AZ, is cabled the pione 
ofyz. If the proposed point be situated in the plane of xy, then its 
distance, a, from this plane being 0, its equation will be a; = a, y = i, 
s = 0. If it be on the axis of x, that is, on the intersection of the 
planes of xy and xz, then its distance from each of these planes being 
0, its position will he expressed by the equations x-=a, g = 0, s = 0. 
But if it be at the origin, that is, at the common intersection of the 
three planes, then, its distance from each being 0, the equations of the 
point are a; = 0, y = 0, 3 = 0. In like manner, if the point be situat- 
ed in the plane of xz, its equations are x=a^ y= 0, 2 = c ; and if it 
he on the axis of x, or on the axis of s, we have, respectively x = a, 
y = 0, * = 0, 3; = 0, y = 0, z=2C. Lastly, if the point be in the 
plane of ys, its equations are i = 0, y = ft, s ^ c. 

(172.) The points p, p', p", where the perpendiculars from P meet 
the coordinate planes, are called the projeclwm of P, on these planes. 
If the petition of any two of these projections were given, it would he 
sufficient to determine the point P ; for a perpendicular from either 
projection to the plane in which it is, necessarily passes through the 
point P, so that P will be at the intersection of two such perpendicu- 
lars ; knowing, therefore, two projections, we can always, if required, 
determine the third. 

Suppose, for instance, the prqections p, p', on the planes of imf and 
a^ be known, or, which is the same thing, that we have given the 
equations of these points, viz. a!=a,y = h, and x^a,z = c; these 
two equations give for the third projection, p", the equations y = b, 
s = c, and any two of these combined give the equations of P, viz. 

If the coordinate planes had been oblique, instead of rectangular, 
the preceding equations would have been the same ; but the coiarriin- 
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a.tes a, b, c, would then have been oblique, and the projections of P 
■wotUd have been given by lines diawn from P, parallel to the coordi- 

0» the Equation of the Slraigtd Hne in Space. 

(173.) If, through any given straight line situated in space, a plane, 
perpendiculai' to either of the coordinate planes, be drawn, the inter- 
section of the two planes is called theyro^ecfton of the proposed bne. 
The plane thus drawn is called the projecting plant ; there are, there^ 
fore, three projecting planes, each of which contains the proposed line, 
and one of its projections, consequently knowing two of the projec- 
tions, we may draw two of the projecting planes, and, since the pro- 
posed line must be situated in each, their intersection will determine 
it ; hence, in ihe strtught line, as in the pomt, two projections are suffi- 
cient to detemune it. 

Let MN be a straight line in space, of y 

which the projections on the planes of 2* and 

of zy are mn and m'n', and let the equations 

of these projections be X — OS + a , . . . (1), 

y^i>^+^ (2). 

Assume ftny point in the projecting plane, x 
N»n, and through it draw in tiiis plane a pa- 
rallel to AY, then every point in this parallel 
being equally distant from the plane ofajf, and 
also equidistant from the plane of xy, it follows 
that for every point in this line the coordinates ^, 
one of the points is in the line tun ; but the coordini 
pointin mm are related, as in equation (1) ; hence aJso the coordinates 
5, z, of eveiy point in the projecting plane, Nni, are related, as in equa- 
tion (1). In a similar rnanner, the coordinates y, s, of any point in 
the line m' n' are the same as those of any point in the projecting 
plane, Nn»'. Hence, at the intersection, MN, of these planes, both 
Ihe relations (1) and (2) must exist, so that these equations which, 
taken separately, characterize the two, projections, represent, when 
taken t<wether, the proposed line, therefore a^ = os --|- « ( 

y = la + fiS 

are the equations of the straight line in space. 

Hence any assumed value being given to one of the coordinates, 
these equations will make known the other two, and thus ihe ihre« 
coordinates of any point in the line may be obtained. 

(174.) We have here supposed that the proposed lijie is projected 
on the two vertical planes ZX, ZY ; if, however, mie had been the 
horizontal plane, XT, then the equation of the projection on this plane 
would have eshibitei the relation between the coordinates, x, i/, of 
any point in the proposed line, and this, combined with either of the 
equations, (1), (2), would have equally characterized the proposed 
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Jiiie. But the rehtion between x ami ij, or the equation of the pro- 
jection on XT IS readily obtained by eliminaiing i, in the equaiiooH 

, , . h 6ci — a,e 
(1), (2), this elimination gives the relation y = - ^ — 

which is, therefore, the equation of the projection on the plane of ^y^ 
and in a simdar mannei may either projection be obtained from know- 
ing flie other two But the prqections usually employed are tliose 
on the vertical planea reprewnted by equations (1), (2), in which the 
vertical axis AZ, is considered as the axis of abscissas ; the horizon- 
tal axis, AX , as the axis of ordinatea for the projections on the plane 
of a;i; and the horizontal axis, AT, aa the axis of ordinates for the 
projections on the plane of 'ja. The constants, a and 6, denote the 
tangents" of the angles which the projections on the vertical planea 
make with the axis of s, and a, ^S, express the distances of the origin 
from the points where these projections intersect the axis of x and of y 



{175.) To determine the points where the coordinate planes are 
pierced by a given straight line, 

Let the given straight line be represented by the equations 

Then at the point where this line pierces the plane of sey, s — 
substituting therefore this value of a, in the above equations, we obtain 
for the coordinates, x, y, of the same point, x = a,y =ff. 

At the point where the line pierces the plane of 3:s, y =^ ; putting, 
therefore, this value of y, in the second equation, and substituting the 
resulting expression for « in the first, we have for the coordinates, x, 

a, of this point :f= — j— — ,z = — i*"^*^ lastly at the point where 

the line pierces the plane of yz, cc = 0, putting, therefore, this value 
X, in the first equation and substituting the resulting value of s, in the 
second, we obtain for the coordinates, »/, s, of thesame point 



(176.) To find the equations of a straight line passing through a 
given point. 

IjBt 'j/, y', «' be the coordinates of the given point, and let the equa- 
tions of the hue sought be a = ([«-(- a i . . 
y-fe + ^r--*^'' 
then we must have the conditions a;' = as' -f- " 
y'~ 6s'4-j8, 
which give for a and /3 the values a = x' — as' and l3 = y' — is' ; 
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heiioe, by substitulion, in equation (1), we have 

which are the equations sought, and characterize every straight linE 
that can be drawn through the point (x', y^, 2'), If the given point 
be the origin, theii x' = 0,y' =0,z' = 0, and the equations of a line 
passing' through it are therefore % = wi,y = bz. 



(177.) To find the equatinna of a straight line which passes through 
two given points. 

Let the two given points be (3/, 1;', s'), and (a^', y", e"), then the 
equations of the line passing through one of the points {x", y"-, z") are 

and, in order that this line may pass also through the other point 
(y, y", s*), there must exist the CMiditions 

3/—^'= a{z'—z") &nd.y'—y"=b(z' — z"), 

which determine for a and b the values a = —, -, 6 — — — '-y, 

s' — 7f" , z' — z' 
These values of a and I being substituted in equations (1), or in 
equations (2), last problem, either of which characteiizes a Mne 
throughoneof the points, will furnish the equations sought, which 

are, therefore, indrfferentiy either % — 3/' =■ -7 7, (a — s") I 

If ono of the points (i", yf', «",) he the origin, then the first pair of 

equations become % =^ —z,y-=.^ s, which reniainthe same, whether 

the other point be (w',y', r*}, or ( — ^, — y', — 3',) so that if (a^, Jf", 
a',) be a point on a straight line passing through the origin, ( — »', — 
y ', — s') will also be a point on the line. 



(178.) To find the equations of the straight line which passes 
through a ^yen point, and is parallel to a given line. 

Let {x', y', z') be the given point, and let the eqiialions of the given 
straight line be x = o'k + a' I 
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Then the equations of any line passing through the given point are 

^ , "~, Y ,; > and, ill order that this line may bepai'allel to 

the fonner, its projections on the vertical planes must be parallel to the 
projections of the former line, in other words, they must cut the axis 
of z at the same angles, so that we mxist have o =:^ a', b^= />', there- 

^ x' = a' (z z') ) 

fore the equations required are , ,, > ,; > 



(179.) Todetermine the conditions requisite for the 
two straight lines in space, and to find the coordinates of the point of 
intersection. 

If two strwght lines of which the equations are 

intersect, the coordinates of the point of intersection will be the same 
for both Unes ; hence, in order to discover what relation must exist 
among the constants in these equations in this case, we must elimin- 
ate the variables, and we obtain, first hy subtraction, 
(a— a')2 + a — k' = 0, (&— 6') s + ^ — ^'=0, and then by divi- 
sion, 3= = ^ — jy, hence the relation among the constants, 

when the lines intersect, is fixed by the equation, {of — k) (6 — b')^= 
[fi' — /3) (a — a'). For the coordinates of the point of intersection 
we have, hj substituting the value of s, just deduced, in the expres- 

si«isfor X and y, x^=: — —, y ^=—7 j;-, s ;= ,. 

If a ^= a', and i =: b', these expressions for the coordinates of the 
poini of intersection become infinite, therefore, this point being infinitely 
distant, the proposed lines must be parallel. 



(180.) To find the analytical expression for the distance between 
two ^ven points in space. 

Let M and N be tile given points, their coordi- 7. 
nates being respectively a/, y' «', and x", y", s", 
then, if the points M,N,be.projected on the plane 
of xy, the coordinates x, y, of ihe projections m, n, 
will be the same as those of the propcsed points ; 
hence for the distance iim we have the expression 

(14) m«* = (_x'—x'r+(y'—v'T 

Now, if MP be drawn parallel to imj, NPM wiil be a right angle ; 
hence MN° = mii" + PN* = inn' + (Nn '■ — Mnf, that is, calling 
MN, D, we liave D = V \{^'-^")H{y'-y"f-\-{^' — ^"fl 
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If one of the points, as (a/', y", z"), be the origin, then 

D= vS(^+y''+-^^;. 

This shows that, in a right angled pavallelopiped, the square of the 
liagonal is equal to the sum of the squares of the three edges. 



(181.) To find the relation which exists among the angles which 
any straight line makes with the axes of coordinates. 

Parallel to any proposed line.draw a line from the origin, and make 
its length, D, equal to ihe radius of the tables, or 1 ; then if from ita 
extremity parallels be drawn to the three axes terminating in tlie 
planes, &eee parallels will obviously be the cosines of the respective 
angles which they form with D, or, which is the same thing, tliey 
will be the cosmes of the angles that D forms with the axes. But the 
same parallels are the coordinates of flie point from which they are 
drawn ; hence we have, by substituting, in the expression for D, (last 
prob.) COS. a for x, cos. /3 for j/, and cos, y for z, the remarkable rela- 
tion eos.^a + cos.'^ -j- cos.^y = 1 (1), m which a, ,3, y denote the 
angles which any straight lines in space make ihe axes of x, y, s. 

To determine the values of each cosine, let us suppose that a and b 
are the tangents of the angles which the projections of the proposed 
line mtikea with the axis of s, then the equations of the line 1> w ill be 
x = az,y = h3, therefore cos. a=o cos. y, cos. /3 = icos. /; substi- 
tuting these values in 1, we obtain the expressions 



vK+c + ir '^^v'i«"+»"+i! 



PROBLEM VIII. 



intersection of two 



(182.) To find the expression for the angle of ii 
straight lines in space. 

Lei the two lines be represented by the equa- 
tions ^ ~ I ,o i and''^ ~i, ^!n, t aiMJ, pa- 
rallel to them, draw, from the origin, the two lines, 
AM, AN, then we have to determine the angle 
MAN Make AM, AN, each equal to the radius, 
1, of the tables, then, calling the coordinates of M, 
x', y', s/, and those of N, x", y", s", we have for the distance, MN, 
the expression jy = {x'—x"f+[y' — y"f + {s'—s"f. Now 
because AM, AN, are each equal to 1, we have, by equation 1, last 
prob. the conditions x'^-\-y'^ + s'^ ^ 1, and x"" ^y"^ -{- z"' =^1; 
therefore, substituting these valu^ in the developement of the expres- 
sion for D=, it becomes D" ^ 2 — 2 (^-'a/'-f i/'if" + sV). By 
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tneaos of this expression, we arrive immediately Rl the expression for 
the cosine of the angle MAN, which we shall call V for, by trigono 

metry, cos. V = — ^' ^^ . ^^ = --g- - which, by subeU- 

tuting the above value for If, becomes cos. V •= x'x"-\-y'y" -^ I'e'', 
and this, by last prop, is the same as cos. V = cos. a cos. a' -j- cos. 
i8co3. /3'4tcos, ycos. y' (I), where a, S, y, denote the aDgles which 
AM make with the axes of x, y,z, and a', /3', y', denole the angles 
which AN make with the same axes. 

By substituting for the cosines of these angles their values in terms 
of a,, 6, and a', //, as given in last proposition, the expression ( 1 ] 

taJces the form COS. V = - ■■ „ , ■ — ^ ,-. . 

If the proposed lines are perpendicular to each other, that is, if cos. 
V ^ 0, the numerator of this fraction must be 0, that is, we must 
have the condition aa'-f- bh' -\~1 ^ 0. 

It must be remarked that two straight lines in space may be in- 
clined to each other without intersecting, although this is impossible 
when both are in the same plane ; and the angle of inclination is 
always me^ured by that included by two parallels to them, drawn 
from one point; so that the foregoing expressions for V, the inclina- 
tion of two straight lines in space, apply, whether they actually inter- 
sect or not 

It is also important to observe that the results in this and in the 
preceding problem do not preserve the same form, when the axes of 
coordinates are oblique, since the expression for D, which enters into 
these results, becomes obviously more complicated, when the planes 
are not rectangular. In all the other problems, the inclination of the 
axe§ will not aifeet the form of the results. 



CHAPTER II. 



(183.) If a straight hne move in a direction parallel to itself along 
another straight line, given in position, the surface generated will be a 

The generating line is sometimes called the generatrix, and the 
line along which it moves the directrix. 

The intersections of any plane with the coordinate planes are called 
its traces. 

U 
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(184,) To find the equation oflhe plane. 

Let BC, BTJ, DC, be the traces of any pro- 
posed plajio, which may, therefore, be supposed 
to be generated by the motion of DC along DB. 
Let the equation of the trace BD be z=mx + p 
(1), and the equation of the trace DC, z=ny 
-\-p (2), p being = AD, the a of each trace 
at the origin, A 

Now, since the generating line is in every 
positiito D'C parallel to DC, the value of s ' 
D'C will always hea=ny + (3). 

At the point D', where this line meets the^ 
trace BD, y= 0, because this point iain the plane of a^a, so that ihe 
value of s at the same pomt is, from.equation (3),s = ^. But, by 
equation (1), the value of « at this point is 2 =mx-\-pi consequentiy 
= ma; + j> (4), x being the same for every point in D'C as for 
JZV, because D'C' is throughout equi-distant from the plane yx. 
Hence, substituting the expession for /3, in equation (3), we shall 
have the following relation among the coordinates of any point in the 
proposed plane, viz. z = mx -\- ny -\- p (5). 

This, therefore, is the equation of the plane. 

If the coordinate plahes are rectangular, as, indeed, we shall always 
suppose them, m and n will denote fiie tangents of the angles which 
the traces BD, DC, make with the axes of x and y respectively. The 
symbol p denotes the value of a at the origin ; if the proposed plane 
pass through the origm, then p = 0, and tiie equation is s=i»Kt + )k/. 

The equation (5) le usually put under the form Ax -{- Bij + Cz 4- 
D =^ 0, being a complete equation of the &st degree containing three 
variable, it comes from equation (5} by multiplying by the arbitrary 
quantity C, substituting A for wC, B for nC, D for pC, and then 
transposing all to one side. 



(185.) Having given the equation of a plane to determine the equa- 
tions of its traces. 

Let the equation of the plane be As + B)/ -f Cz -f- D = 0, then 
for every point in this plane, which is situated likewise in the plane of 
xi/, that is, for every point in the trace, ori the plane of cty, we must 
haveB=: 0; hence the equation of this trace is Aa; + Bsi-f-D=0(l). 

In like manner, for every point in the trace on the plane of xs we 
have y = 0; therefore ■ the equation of this trace is Aa^ + Ce-f- 
D = (2). And, similarly, the equation of the trace on the plane of 
js is Bj + Ca + D = (3). 
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If, iu (1), we put y = 0, the resulting' value of x, viz. x = r- 

will be the distance of the origin from the point wheie the axis of i: 

pierces the proposed plane ; ot, putting x = 0,v/e have y — — 5 for 

the distance of the origm from the point where the axis of y pierces 
the plane. In lite manner, for the point where the axis of z pierces 

the plane, we have ^ = — ^-j hence, when D = the plane must 

pass through the origin. 

As to the angles which the traces make with the axes of x, y, wa 
have for their trigonometrical tangents, as given by the three pie- 

• . , A A B 

ceding equations, the expressions, — ^, — -^, — =. 



(186.) To find the equafionof the plane which passes throngh tiiree 
given points. 

Let the three points be (x',y', s'), (x", y",^")t and (x"',y"', s"'), 
then, the form of the equation of the plane beingAa;+B^+Cs-|-I'=0, 

or ^ 3?-f j=r- i/ + ^z = — 1 (1), we have to determine the va- 
lues of A, B, C, D, so that the following conditions may be fuUilled, 

Bv applying the common equations of algebm (see Alg. p. 69), we 



find for the values of the unknowns, ^j^, ^, =j-, the following ex- 
pressions, viz 

A ^'(!f'—y"')-^"i!l'-y"') + ''"(y'-3") 

n - y ( j'V - /' V) — I" ( j-j"' — j"'!0 + 1"' (v'^" — > V) 

B »'(y'— z"')— 1"(»'— »"0+i"'(z' — /Q 

D"- y(./V"-y"V')-i"(jV"-j"'0') + ."'(jV'-»"/) 

C_ _ . ,-(,»_ :,:-') _^-(y- ^") +/"(.,'- ,--) 

D ~ yt/'z'"— »"V) — i"(jV"— /'Vj + i-'-lj-^"— y-V) 
hence'cbe equation of the plane, folfilling the proposed condition, is 
determined by substituting these values in equation (1). 

If the plane is required to pass through but one point (i', )/', s'), 
then the equation of every such plane is Aa; + By + Cj + D = 



asiGoOglc 



ANALVTIOAL GEOMETRY. 



;' + Bt/' + Cs' + D, or, rather, A {x~x') + B{y — y') + C 
-^0 = 0. 



(187.) To determine the conditions which must subsist in order that 
a straight line may he parallel to a plaae. 

Let the equation of the plane he A» + By 4" Ca ■+■ ^ = 0, and 
the equations of the stmight line x ==az + o.\ 
y = b^ + ^i 

If these ejcpressions for x and y be substituted in the equation of 
the plane, the resulting value of z will he that of a point common to 

both straight line and plane. This value is s = — -j — -T TiFn^=^ 

which, substituted for z, in the equations of the straight line, give the 
other two coordinates of the point where the straight line pierces the 
jdane, on the supposition that they are not parallel. If the straight line 
have an indefinite number of points in commtm with the plane, that is, 
if it be wholly in the plane, then the foregoing expression for z., is 
susceptible of an indefinite number of values, that is, we must have 
Aa-j B^4 - D _ " 

« + Bb + C ~ 

.8 + D-O, Aa + B64-C=0 (1). 

But, if the Ene is merely parallel fo the plane, then, by drawing 
from the origin a line and plane, respectively parallel to the former, 
there will be.coincidence, but then a ^ 0, ^ 0, and D = ; hence 
the conditions (1) become simply Aa-|-Bfi ^- C ^0 (2), which is 
the cmtdUion of parallelism. 

Hence, if it be required to draw through a given point (x', y', zf), a 
Straight line parallel to a plane, we have only to substitute, m equa- 
tions (2), p. 226, any assumed value for one of the coefficients, a, h, 
and then to determine the other from the condition (2). 



(188.) To determine the conditions of parallelism of two planes. 

Let the equations of two planes be As; + By + Cs -f D = 0, 
AV + B'y+ C'z + ly = 0. 

If tiiey intersect these equations, both exist from the line of inter- 
section ; hence, eliminathig one of the variables, z for example, we 
havoi for the other two coordinates of any point in this line, the rela- 
tion (AC— A'C) z+ (BC—B'C)y+ {DC— I^C) = (1). 

But (173) the relation between the coordinates s and i/ of anv 
straight line in space, is the same as the relation between x and y in 
the projection of that line on the plane of xy, consequently equation 
(l-i is that of the projection of the intersection of the two pknesouthe 
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plane of xy, anci similarly, hy eliminating s or </ from the praposed 
equations, we shall obtain the equations of the projection of die same 
intersection on the plane of i/z, or of xz. 

When, however, the proposed planes are parallel, the intersection, 
and, consequently, the projection of it is impossible, so that equation 
( ! ) cannot exist for any values of a: and y. But so long as the coefK- 
cients of a: and y, in that equation, exist, the equation itself may be 
satisfied, for by giving any arbitrary value to one of the variables, thsit 
of the other becomes determinable, so that the equation becomes im- 
possible only when the coefficients of x and y become 0, that is, in 
order that the planes may be parallel, there must exist, the conditions 
AC — A'C = 0, BC — B'C = (2). 

The same conclu^on is immediately deriveable from the expres- 
sions at (185), for the tangents of the angles which the traces of a 
plane make with the axes, for as the traces of two planes on either of 
the coordinate planes must be parallel, if the planes themselves are, it 
follows, from the expressions referred to. that we must have 
A^_A/ B^_B^ ;^_A/ 
B ^ B" C "" C ' C ~ C 

Tho first and second of these conditions, which, indeed, include the 
third, are the same as the conditions (2). 



(189,) A point being given in space, to draw through it a plane 
parallel to a given plane. 

Let the equation of the given plane be Ax -\- By -j- Cz -|- D =; 0, 
then, representing the given point by (i', y', z',), the equation of the 
required plane will take the form (1S6) 

A'(^-yj + B'(y-a') + C'(z-zO = 0, 

But, since the two planes are parallel, we have, by the conditions 

(rf parallelism. A' ^ — C, B' =: -=q-C' ; hence the equation becomes, 

by auhstitulion, A{x — a!') + B[i/ — i^) + C (2 — z'} =0, or Ax-\- 
% + Cs — ( Aa:' 4- Tiy' + Cx') = 0, ^Ax-\-Byj-C2 + D'== 0, 
where D' is put for — (Aa/ -|- By' + Cz') ; so that, if two planes are 
parallel, it is always pcBsihle to render the three first coefficients in 
their equations the same in each. If the point {1:', y', z') is the origin, 
then D' = 0, and the equation is Ax -{-By -f- Gs = 0, whicli cha- 
5 every plane passing through the origin. 



(190.) To determine the conditions which must subsist, in order 
that a straight line may be perpendicular to a plane. 

Lb: the e^iaatiom of the projections of the straight line be 
j: = «s + « (I), and )/ = 6s 4- (2), and the equation of the plane 
Ax + By-\~Gz + -D==0 

30 5 U2 
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Then, since the Sine is perpendicular to the plane, every plane 
passing through the line must be also perpendicular to the same plane; 
hence the plan^ which project the lines will each he perpendicular 
both to the proposed plane and to the coordinate plan^ on which the 
tmijection is made. But a plane which is perpendicuW to two planes 
13 perpepdicular to their intersection. ; hence the projecting planes are 
perpendicular to the traces of the proposed plane; but, if a plane is 
perpendicular to a Hoe, every line in that plane is perpendicular to 
the same line, and, as the projections of any line are in the projeciing 
planes, it follows, therefore, that if these latter are perpendicular to 
any traces, so also are the projections. Now for the traces of the 
proposed plaae we have the equations 

Aa;4-C2 + D = 0( ix = — {Cz-i-A) — D 
By + Cz + 'D=Or \y=-~{Ce-i-'B) — D, 
and we have io express that the lines represented by these equations 
are respectively perpendicular to those represented by equations (1), 
(2). This is done by piitling (11) a= A -;- C and i=B -r C which 
are the conditions required. 

PROBLEM VIII. 

(191.) To draw a perpendicular from a given point to a plane, and 
to determine its jengih. 

Let the plane be represented by the equation Ax-\-'By-{-Cz-\-D 
= (1), then, if the given point be (s', y', s'J) the equations of there- 
quired line will take the form a: — a/=a(z — s'), and y — y'=b{z — z'). 

But, for this line to be perpendicular to the plan^ we mtiat have, by 
last problem, «^A-i-C, t^=B-i-C, hence the equations of the pro- 
posed line are 3^3)'= (A -fC) (j—z') and lJ—!f'=(B-i-0} (z—z') (2). 

If we knew the point where this perpendicular meets the plane, we 
could at once determine its length, from the expression at (180) for 
the distance between two given points. Now since at this uriknown 
point the coordinates are ^e same both for the perpendicular and the 
plane, we shall determine it by findiug what values of x, y, and z will 
satisfy the equaiions (1) and-(2), when it will remain only to substi- 
tute these values in the expression 

F^ ^^cc-x'T + iy-y'r+l^-'ri (3)- 

As, however, the expressiMis x — x', y — y', z — z', occur both in 
the equations (2) and (3"), it wiU he best to find the values of these 
which are common to those equations. For this purpose, assume 
Aa'' + Bi/'+ Ca' + D =!>', and subtract it from (1), there results 
A (3;_j/)-j-B(!/— i/') + C{3 — z')4-I>'=0. Substituting here 

tilt! values <£x—x\ y~y', in (2), we get z — z' = — ^j;;j_jj,, q, 

_ ,_ AD' _ ,^ BD' 

,'■* ' - "A'+B'+O"^ ^ A^+E'+0='" 

D'VJA ''-HB+C''j_ jy _ Aj'+B»j' +Cy+D 

A^+B=+C? " V (" A=+B'+C')^ ^(^K'JrB'JrC) ' ' 
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If it were required to draw a plane through a given point (a', y', ^), 
that should be perpendicular to the line, through the same point liien 
the equation to such plane would lake the form (186) A (a; — x') + 
^(^^-S'j + C) (^ — z') = 0; and, therefore, from the relations 
B — A-rt!, i;^B-i-G; the equation sought must be 



(192.) To determine the inclination of a given straight line to a 
given plane. 

Let the projectiiMiE of the given Kne be represented by the equa- 
tions 3;=as4-« and \j-=^hz-\-§, the equation of the given plane being 
As + Bj/ -f- Cz -|- D = Oi then, if from any point in the line a per- 
pendicular be drawn to the plane, the angle included between this per- 
pendicular and the other line will be the cotoplement of the inclinalion 
of the latter to the plane, therefore the cosine of this angle will be the 
sine of therequiredinclinalion. Now, representing the pei-pendicnlar 
by the equations s ~ a'z ^ a', and ■^ — l/%-\- ^', we have for the 
cosine of the included angle the expression (182) 

coa. T= — r-irr .i"," - ,- ^ Vi , •» , .^i therefore, substituting for 

a', I/, thfr values a', = A-j-C, i'— B -i-C, and denoting the inclma- 
tion of the proposed line and plane by I, we have 

«»■ ' = (-J+- /+j")fA-+B-+C ')' " "■• '™ " '""'"" " ""• 
plane, sin, 1 = 0, therefore, as before determined, (1S7), the condition 
of parallelism is Aa-(~B6-j-C~0. 



(193.) To determine the inclination of two given planes. 

Let the equations of the given planes be 

Ax+By+Cz-\-V=0 .... (1), A'a;+B's+C'z+D'=0 (2) ; 

then, if to eiich plane a perpendicular line be drawn, the inclination 
of thes' peipendiculare will be the inclination of the planes; hence, 
representing the perpendiculars by the equaiiona 
x^az-j-aix = (t'z-{-a't ^ ^ relations a=A 4- O, 

b=B-^G, a'=A'-^0', 6'— B'-rC, and, therefore, for the angle, V, of 
indination .ougM ,. h.v. „, V=--^^^,^^^<^+±j,-^-, 
_ AA'+BB'H-CCy 

_ , ^B>+C')(A=' + B» , , 
rallel, then cos. V = 1, and we have the condition (AA'+BB'-f-CC) 
=(A' -h B'+C) (A^ -f- B" + C), which reduces to (AB' - BA')' 
+!AC'-CA')"+ (EC'-CB')"=o. 
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But the square of any quantity being always positive, the sum of 
any number of squares can never be 0, unless they themselves are U ; 
hence the final conditions are AB' — BA' = 0, AC — CA' = 0, 
BC— CB' = 0, as before determined (18S). 

If the planes are perpendicular to each other, then cos. T = 0, bo 
that,, in this case, we have the condition AA' + BB'+CC = 0, 

If one of the planes, the second, for instance, coincide with one of 
thecoordinatepknes, asthepjaneof j;i;, then,in equation {2), z — 0, 
and X and p may be any values whatever, consequently that equation 
cannot subsist, unless A' = 0, B' = 0, and C ^ ; hence, substitu- 
ting these values in the expression for cos. V, we have 

co<. V.= — . ,„ , na "i~7^) *lis inclination of the plane <1) to the 

V |A +B +u ; 
plane of xy. 

In like manner, COS. V" = - , . ., , -y^ , ^„. the mchnation to 

the plane of xz and cos. V" = — r ^^ ^ ■ y^^ the mchnation to 

the plane of ys. 

By adding the squares of these three last equations together, we 
obtain the relation cos."V' + cos.'V" + cos.°V"' = 1, so that the 
relation (181) of the Inclinations of a line fo the coordinate axes is 
imalogoua to that of the inclinations of a plane to the coordinate 

The expressions for the inclinations of the second plane (2) to the 
coordinate planes will be obtained by accenting the letters A, B, C, in 
those just deduced, and if we represent them by cos. U', cos. U", and 
ros. U"', the expression for cos. V will be the same as 
cos. V ^ cos. V cos. U' -I- CM. V" cos. U"+ cos. V" cos. W" 
which result is also analogous to that (182). 

When the angle V is right, we must have the condition 
COS. V COS. U' + COS. T" COS. U" + cos. V" cos, U'" = 0. 



(194.) The results of the last four problems become much more 
complicated, when oblique coordinates are employed, instead of rect- 
angular; but oftheotherproblemsinthia chapter the results preserve 
ihe same form, whether the coordinates are rectangvdar or not. 

Before we conclude the present chapter, it will be necessary to 
prove the converse of the inference in prop. (1), viz. that every equa- 
tion of the first degree containing three veiriables, such as Ax -J- 
Bj/ -|- Cz -|- D = is the analytical representation of some plane. 

For, putting' this equation under the form z— . — ^^ x — jr V — ■ p 

and then constructing, on two vertical plane.?, perpendicular to ench 
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uther, and which may be designated aa the planes of xz and of vz, 
two lines, of which the equations are 

A D , B D , „ , 

z = ^-^3: — -:panaz=— — )/ — ~ the lines thus constructed 

may be regarded as the traces of some plane ; hence, finding, by prob, 
1, the plane of which these are the traces, we fall upon the equation 



-, orAa;-f By + Cs + D^O. 



SECTION II. 



n THE SECOND t 



(195.) A auifacB ia said to be of the second order, when it may be 
analytically represented by an equation of the second degree, contain- 
ing three variables. 



CHAPTER I. 

ON THE' SPHERE, ASD ON CVllNDBICAL AND CONICAL 



(196.) To determine the equation of the sphere 
Let r represent the radius of a sphere, and a., ^, y, the Ci 
of its centre ; let, also, {x, y, z,) denote any point on the surfeice of the 
sphere. Then, r being the distance between the points («, 0, y) and 
fa>. y, 2), wehave(180), (» — a)''+(i/— /3)^-f(K-^7')'=A or, 
developmg^ -1- y" + a?— 2a;c— 2/3;;— 2j'3-|-»= + ^ + /^r", 
J general tquaiion of the sphere, when related to rectangular axes. 
If the origin is on the surface of the sphere, then ci^-l-^''+ /=0. 
and, therefore, the equation become i* + y*-}-^ — ^ax — 2% + 
2yz = 0. 

If the origin is at the centre, then, the coordinates of the centre 
being each 0, the equation ia x' -\~ if -{• is" =: r'. If one of the coor- 
dinate planes, as the plane (f ay, passes through the centre, then 
y=:0, andthe equation is {x — a)' + (i/ — /3)' + s'=i'*; and, if 
on* of the axes, as the axis of a:, pass through the centre, then /3 ^ 0, 
and 7=0, and the equation is (a* — 0.)' + ^ -\- ^:=t^. 



iL 



PROBLEM II. 
(197.) To deterniine the intersection of a sphere with a plane. 
Let p represent the distance of the intersecting plane from the 
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centre of die sphere, and constitute three coordinate planes, originat- 
ing at the centre, one of wliich, as the plane of iW/, may be parallel to 
the cutting- plane. Then every point in the intersecting plane will be 
given by the equation z=p, and, consequently, by the equation in 
last pvobleni, all the points on the surface of the sphere, which are 
also common to the plane, must be given by the equation 31;'.+ if* = 
*^ — j^, which represents a circle ; this is, tiierefore, the intersection. 

FROBLEM III, 

(198.) To determine the equation of the tangent piano passing 
through a given point on the surface of the sphere. 

Let the given point be (y, y', z'), then the equation of a plane pass- 
ing thro«ghitisA(«— 3:') + B(if-Jf')-|-C{?— a') = 0,..(l), 
and, since the same point is on the surfece of a sphere, we must have 
(x'— a)''4-(/~^f +(a'— y)'=-r'. . . (2). Now, for the radius 
of this sphere, that is, for the line passing through the points (a, /3, y,) 

and (3/, 1^, s',) we have (177) the equations a; — '^'^'Z'ZZh ^^ — ^''> 

and J — y'— -, (z — a'), and it remains to express that this line 

is perpendicular to the plane (1). By (190) the relatione of perpen- 
dicularity are A=aC,B=6C, that is A= ^^C,B^ ^^=^ C. 

Hence, substituting these values in (1), and dividing by C, we have 
for the tangent plane sought the equation 

{j'_„) (;^„y) + (y'_^) (y-^)-[-(^'_y)(z_^')=0.. (3). 
As this equation must exist in conjunction with (2), which is the same 

we having, by adding il to (3), the equation 

(»"-»)(»-«) + (!)■-« (!/-ffl +(«'-r) ('-r) =/., 
which alone characterizes a plane touching a sphere, of which the 
radius is r, and the centre (a, ^, y,) in the point (a/, y', s'). 

If the origin is at the centre, then a = 0, /3 = 0, and y = 0, and 
the equation of the tangent plane is x'x + s/'y + s's — r°. 
CyUndrical Surfaces. 

(199,) The name cylindrical surface is given to every surface 
which can be generated by a straight line moving parallel to itself, 
and, at the same time, describing with its extremity a curve line. 

The curve described by the extremity of the generating line, is 
called the directrix, and, when it is a plane curve, is usually supposed, 
for eimpUcity, to be situated in one of the coordinate planes, the plane 

PROBLEM IV, 

(200.) To determine the general equation of a cylindrical surface. 
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Let the equations of the generating line in any position be 
:. = a3 + «i . ia = a:~az 

then, since the line is always parallel to itself, the values of o and 6 
will remain the same for any other position, but a, ^, repreaentiug the 
X, y, of the point where the line meets the plane xy, necessarily vary 
with this point. Now this point is always in the directrix, and, as 
this is a given curve, the relation between x and y, that is, between a 
and ,S, is given. Hence, if in the equation expressing the relation 
-between x and y, for every point in tiie directrix, that is, if in the 
equation of the directrix we substitute for x and y the foregoing va- 
lues of a and ;3, the result will be the equation of the sinface sought. 

Thus if the equation of the directrix be represented by the function 
F,:(x,y)=0, that of tiie cylindrical surface will be P: (a; — az,y—bs) 
=0. For example, if it be required to find the equation of an oblique 
cylinder of circuW base, then, supposing the base to be ia the plane 
of iji and the origin, of the axes to be at the centre, the equation of 
the base, or of the directrix, will be ai' + y" = i" i therefore, substitut- 
mg in this, x — ob for x, and j — bx for y, we have fat the equadon 
sought (:c — a?)'+(^ — bz)'=r'. If the base had been an ellipse, 
characterized by the equation A* i/^ -J- B*3^ = A^B", then tlae equa- 
tion of the cylinder would have been A'^ [y — bzf-\^&\x — azf=A? B*. 

If the cylinder is right instead of obhque, then = 0, and b = Q, 
and the equation of the cylinder becomes then the same as the equa- 
tion of the directrix, observing, however, that the equation of the di- 
rectrixis ^ways supposed to be accompanied by the condition * = 0, 
because the curve is considered as wholly in the plane of xy. But 
no such condition accompanies the equation of the right cylinder, on 
the contrary z may be taken of any value whatever, so that, while 
the equations a/' -|- 1/' = r", a = 0, represent a circle on the pb,ne of 
xy, the equations:^ -f- y^=: r*, s= ^ represent the right cylinder, 
having that circle for its base. 

ConiciA Surfaces. 

(201.) A comical surface h that generated by a straight line wMeh 
constantly passes through the same point in space, and describes with 

The given point is called the vertex, or, sometimes, the centre of 
the conical surface, and the curve line, described by the generating 
line, is the directrix, which, when a plane curve, is usually supposed 
to be situated in the plane of xy. 

From its mode of generation, it is obvious tliat a conical surface 
consists of two portions, united to each other by the vertex, which is 
the only point common to each. These two portions are called sheets, 
and ilius the conical surfece is said to be composed of two sheets, 
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(202.) To determine the general equation of a conical surface. 

Lei {ie", y', z',) represent the vertex, or centre of the surface ; then, 
MTjce the generating line always passes through this point, its equa- 
ttots in any position will be (176) 

y-j/ = 4(^-^')r' \y = bz + (i,'-bz') 

•. a = ■,, b=- — —,. Now here, as in the preceding problem, 

(.r* — az'), (y" — bz'), ia the r, y, of the point were the generating line 
pierces the plane of xy, which point is, therefore, always in the direc- 
trix ; but the iw) of every such point is given by the equation of the 
directrix ; hence, substituting, in the equation of the directrix, the va- 
lues {x — az'), and {y' — bz'), for x and y, we shall obtain the equa- 
tion of the surfece. Thus, if the equation of the directrix be repre- 
sented by the function F ; [x, ^)— 0, that of the conical surface will 
be !'■ : (k' — as', ^ — fo')— 0, where a and b involve the variable 
coordinates. By substituting for a and b their values above, the equa- 

V z — z' z — a' / 
Let it be required to find the equation of an obhque cone of circular 
base. Suppose the base to be situated in the pkiie of xy, and the 
axes to originate at its centre, then the equation of the base, or of the 
directrix, ia x' + j' := r*. Substituting, in this equation, 

-J- and^ ^ for x and y we have for the equation sought 

(x'z—xz'f-\-{ifz—y:^f = ^ {z— z'f. If the cone is right, that 
ia, if the axis of the cone coincides with the axLs of>, then a/ =t 0, 
y = 0, and this equation becomes z"' a? + s'° y' = »* (s — z')\ 

(203,) Let it now be required to find the equation of a right cone, 
having an elliptical base. 

Assuming, as before, the centre of the base for the origin, the equa- 
tion of the directrix will beAy-^-BV = A^B', and as the vertex is 
in the axis of z, we have x' = 0, and ?;' — ; hence, instead of ^ and 
y, in the equation of the directrix, we must substitute 

— — and ■ ■ and we have for the equation of the sur- 

fece AY+ B=a^= = (~~^ / ^^^^' ^^"'^ putZfors— < ™ for 
-jand n for — , the equation of the eUiptie right cone takes this simple 

form, )n°y'-i-n''aJ' = «^ii"Z^. 

(204.) Lastly, let it be required to find the equation of an oblique 
(lircular cone when the origin of the axes is not at the centre. 
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Here the equation of the directrix is {x — a)' + (j/— ^^)' = r^, in 

^s — «^ ff'* — y^ 
which, if we substitute for a? and y the values --■_^-^ , ■-_;;;—/ 

we have for the equation of the surface. 

If the origin of the axes be on the circumference of the base, and 
one of them, as the axis of x, pass through the centre, then a = % and 
6 = 0, and the equation of the directrix ia ir" + / = 2rx ; therefore 
the equation of tlie conical surface is 



CHAPTER II. 

ON SURFACES OF a EVOLUTION. 

(205.) Every curve surface generated by the revolution of a curve 
round a tixed axis is called a surface of reeolution. 

Hence the characteristic of surfaces of revolution is this, viz. that 
every section made by a plane pei^endiculai to the fixed axis is a 
circle, whose centre is in diat axis. 

The equations to the several surfeices of revolution will lake the 
most simple and commodious form, by supposing the fixed axis 
(sometimes called tiie axis of revolution) to coincide with one of the 
coordinate axes, as the axis of a. We shall here suppose this coin- 
pidence of the axia of revolution with the axis of s. 




(206.) To determine the general equation of a surface of revolution. 

Let DC be any position of the generating curve, z u 
then, drawing DM, parallel to AZ, and joining AM, 
we ^all have AM, MD, equal to the coordinates of 
the point D, as given by the eouation of the plane 
cun/e, DC. Put AM = r, and'MD = z, then, since 
in the equation of the curve one of the variables must 
be a' function, F, of the other, we have s = F : r. 
Now r is always equal to the radius of the circle, / 
described by the point D round the axis AZ, and it t 
is therefore related to the a; and if of that point by the equation 
r = V^T^+^ji hence the relation of the coordinates, x, y, s, of 
every point, D, in the surface of revolution, is given by tiie equation 
z = P: V(^4"y') ' t'^^i then, is the general equation of a surface 
of revolution. 

(207.) As a first example, let it be required to find the equation of 

the surface generated by the revolution of any staaight line about the 

31 X 
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axis of 3. Here the equation of the generating line in any posirion, 
when referred to the axis of s as axis of ordinates, and a perpendicu- 
lar to it from the origin, as axis of abscissas, is 2 ^: F: r — ar -f 6, 
therefore; substituting V Ja^ -|- j/'f for r, we have for the equation of 
the- suifeioe (a — 6)^— a" (a? -f- g^. Now, h is the ordinate, z', ot 
tile generating, line at the origin, and' the tangent a is the same as 
— z'-i-n (r is obviously the abscissa of the point where the line cuts 
the axis of abscissas,) hence, by substitution, the equation becomes 
(a — 3')'r'= z^a*-j-£^j/*, which agrees with the equation at prob. 
{5), as it ought, for the surface. here considered is obviously that of a 

8.) Let it now be required to find the equation of the surface 
d by the revolution of an ellipse about one of its axes. 

1. Let the minor axis be the fixed axis, coinciding with (he axis of 
s, then the equation ofthe generating curve will be AV+ BV=A*B*; 
hence, subetituting a? -j- r fw r', we have AV + B' (3^ -|- jf*} — A^B", 
the equatioB of the eHqjsoid' of reoohtlion. 

3. If the revolution be about the major axis, then the generating 
curve is represented by the equation BV + AV = A'B , and the 
surface by the equation- E's^ + A* (^c" -|- if) = A*B'. If A = B, we 
have s* + 3^ + y* = A' for the equation of a sphere, as before found. 

The eUipstad of revolution is generally called spheroid ; a jnvtaie 
spheroid when, the revolution is about the major axis, and an oblate 
spheroid when the revolution is about the minor axis. 

(209.) Let die surface be described by the revolution of an hyper- 
bola about one of its axes. 

Suppose, first, that the second or conjngato axis of the hyperbola 
is that which is fixed, then the equation of the generating curve is 
AV— BV=— A'':^, and, putting 3^4-/ for r', it becomes BV + 
y") — A'2'r=A^, the equation gf kyperboloid of revolution of a 
gingk sheet. 

Suppose, secondly, that the revolution is about the transverse axis, 
then it ia obvious that the surface generated will consist of two sheets. 
The equation of the generating curve will be B*2^ — AV = A'B", 
and that of the surface, BV — A^(x'-\-^) = A'B', the equation oj 
the hyperholoid of revolution of two sheets. 

If the asymptotes revolve with the curve, then in each of the pie- 
ceding cases there will be generated a conical surface of two sheets, 
asymptotic to the hyperboloid. 

(210.) Lei now the generating curve be a parabola revolving 
about its principal diameter, then the equation of the generating curve 
is r* := pr ; and, conseqtiently, for the surface we have a* -f- y^^i^pz, 
the equation of (Ae paraboloid of revolution, (if the curve revolve 
about the other axia, the surface generated will be of the fourth order ) 
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CHAPTER III. 

ON SURFACES OF THE SECOND OKDER IN GENERAL. 

The eqiiatioas which have j\i3t been shown to characterize surfaces 
of revolution are obviously only so many particular forms of the more 
general equations L^r" + M^ + Na= = P, (1), L:c^ + Mi/'^G^, (2), 

The first of theae comprehends the ellipsoid and hyperbofoid of re- 
voiutioa, and the second contains the paraboloid of revolution. 

We here propose, by discussing these equations, to ascertam in 
general the nature of the characteristics of the two classes of surfeces 
to which the preceding belong, leaving it to be shown in the next 
chapter that these two classes, together with the cylinder, compre- 
hend all the Hurfacea of the second order 

(212.) Before we proceed to the discussion of the equations (1) 
and (2), we shall remark that the surfaces which they represent na- 
turally divide themselves into two distinct classes ; those which have 
a centre and those which have not. The former class are represented 
by equation (1 ) and the latter by equation (2), This may be readily 
shown ; thus : Let {x/, y', s^, ho any point on a surface, represented 
by equalioa (1), and from this point let there be drawn a straight line 
through the origin, then we know (IT?) that ( — 3/, — y\ — z'), will 
be also a point on this line j but the same is likewise a point on the 
Burfece, for the equation (1) remains the same, whether the cotadin- 
ates X, y, s, be positive or negative. Now these points are at the 
same distance from the origin, viz- D = V S*^ + y^ + *^ii there- 
fore every straight line drawn through the origin, and terminating in 
the surface, is bisected at the origin, which point is, therrfore, the 
centre of the surface. 

Equation (2) cannot represent any surface which has a centre ; 
for if it could, the origin of the rectangular axes might be removed to 
that centre. If the e of this proposed centre be c, then the 2 of any 
point in the surface would be a 4- c> so that the .equation (2), when 
thus transformed, would still have a terra containing only the first 
power of-a ; hence, if through this new origin a straight Hne from any 
point (a/, jf", y), in the surface be drawn, the point ( — 3/, — p', — sr"), 
in the same hne, equally distant from the origin, cannot belong to the 
surface, for we cannot change z into — z, in the equation of the sur- 
face, without producing a change in the sign of the term involving z. 

(213.) If equation (1) be solved for x, we find two values numeri- 
cally equal, but of contrary signs, so that the plane of ys divides into 
two equal parts every chord drawn pm'allel to the axis of «. What 
has been said of the plane of ys equally applies to the planes of xz, 
and of M/; viz. each of these bisects all the chords drawn parallel to 
the interseotion of the other two. Any three planes, each possessing 
this property of biaecting every chord drawn parallel to the intersec- 
tion of the other two, are called a system of diametral pianes. Those 
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tchieh we have just noticed are no other than the reclangular coordin- 
ate piaoes I they are distinguished as the principal diametral planes * 
The curves traced on these planes by their intersections with the sur 
face, are called the princ^al sections ; and the intersections of the same 
planes, that is, the axes of cota'dinates, are called tlie principal axes 
of tke smfaee. 

(214.) As to the suriacea represented hy eq^nation (2), we find, by 
proceeding as above, that they have but two principal diametral 
planes, viz. the planes of xs aad of )/s ; nevertheless the traces of the 
surface on the three coordinate planes are called the principal sec- 
lions, and the coordinate axes the principal axes cf the surface. 
On swrfaees tvkick have a Centre. 

(216.) We shall now proceed to the discussion of equation (1), 
which it will be convenient to consider under, each of the three follow- 
ing forms, viz. La* + M^/" + Nz" = P 

Nz''—Mf—Lx' = P 
■which forms agree with those which we have already found to charac- 
terize the surfaces of revolution which have a centre. 
The EUipsoid. 
Let us first take the form L*? + Mf + Ns^ = P, which charac- 
terizes a snrfece limited iri every direction, for, if any stiaight line be 
drawn from the origin, its equations will he T^=as,y ^ bz. 

If these values of a; and y be substituted in the equation of the sur- 
&ce, we shall have for the s of the point where the line pierces the 

P 
surface the expression J = V a _i_ m?^X n' ^o™' w^i^t^^^'^ ^8" 
lues be given to a, b, the denominator of this expression can never be- 
come ; hence the value of z, and consequently those oix anij y, are 
real and finite, so that every diameter meets the surface. To deter- 
mine the principal sections of the aur&ce we must put successively 
x=:Q, y^O, 3^=0, in the proposed equation, and we have 
Mtf* + Nz° = P, the trace on the plane of ^2, 
La^-|-N2^ = P ^z, 

Lr' + My' = P _«/ 

These equations characterize ellipses referred to their principal dia- 
meters, these diameters therefore coincide with the principal axes of 
the surfiice. If P = 0, each ellipse will be reduced to a point, viz. 
the origin of the axes. By supposing P negative, the sections become 
imaginary, showing that in tins case, no suriace exists. 

Let us now examine the sections paraDel to these principal sec- 
tions, and made by planes, whose respective distances from the princi 
pa! planes may be represented by x = ± a, y = ± 0, a = it 7. 

• It will be hereafter proved that there can be but one system of vectangulflr 
diametral planes. 
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The equations of these sections will be 

Lb' + M/ + Ns^ = P, section parallel to yz, 

LR^ + Mj<*-f.N/=:P ay. 

These equations also represent ellipses referred to their principal 
diameters ; hence their centres must be on the axes of coordinates. 

Now, in order that these fellipses may exist, the quantities P — La', 
P — M/S", P — N-f must be positive, for, if such values, poative or 
negative, be given to a, /3, and y, as to render these expressions 0, 
then each ellipse is reduced to a point, and if greater values than these 
be given to «, j3, arid 7, the sections become impossible. Hence the 
surface is entirely comprised within six tangent planes, drawn paraDel 
to the coordinate planes, and <rf' which the distances from the origin or 

centre of the snrfece are A = v y-i B = v' ju' ^-^ ~ -^^ V' *' "^' '^' 
bebg put for the distances of the centre from the planes, which limit 
the aurfe.ce in the directions of a;, y, s, respectively ; in other words, A, 
B, C, represent the principal semi-axes of the sur&ce,* which, from 
the nature of the several sections, is called the ellipsoid. 

From the foregoing expressions for the principal semi-axes, we get 
P P P 

L= Tj-, M=-g5,N— -7=^, hence the equation of the surface be- 
comes, by substitution, A" B' 2? + A= O* )(' + H* C a" = A' B' C, or 
j^-}-^+j^= 1, ifte eqtioHowo/ (fte eHipsoid, related to its princi- 
pal axes. If any two of the semi-axes, A, B, C, be equal, then also 
two of the coefficients, L, M, N, will be equal ; and hence one system 
of paJ^lel sections must be circles, and therefore the surftice will be 
an eUipsoid of revolution. Thus, if B = C, then M := N, and we 

have A^3« -I- /) + BV = A' BVor -jj 4- 1^ + ^ = 1 for the equa- 
tion of the ellipsoid ofrenohiUon about the axis of a'. If A = B =; Ct 
the sur&ce is spherical, having the equation ar* + j/^ + .s° = A". 

Hence the varieties of the ellipsoid are the dlipsoul of vEvolution, 
the sphere, apoint, and an iinagtfiary surface. 

The Hyperboloid of a single Sheet 

{216.) The second form of the general equation of central surfeces 
of second order is hj? -\- My" — Nz" = P. 

*The principal semi-diaraetersaia also immedkfely obtained from the pro- 
poaed eouatiou of the aurlkcei thus, at the point where the axis of a; pierces the 
BurfacB, y ands ato ; hence forthis point the enualLon aives a!= A= / (P-rL), 
n like manner, « = B = i/(P^M), and 2 = 0=1/ (P-^N)- 

X2 
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The traces, or principal sections of the surface here represented, are 
M/ — Nz'=: P, the trace on the plane of yz, 
Li*_Na« = P xz, 

Lr'' + My' = P xy. 

Of these sections the first two are hyperbolas, and (he third an 
ellipse ; and, as each curve is referred by its equation to its principal 
diameters, these diameters coincide with the principal axes of the sur- 
fece. If P = 0, the hyperbolas each degenerate into a systerii of two 
intersecting straight lines, and the ellipse reduces to a point The 
surface in this case will be an elliptic cone, as will be seen presently. 
For the sections parallel to the principal sections, made by planes 
whose distances from the origin are ai=±a, j/= ±^, a^iy, 
we bave the equations My° — Ns^ = P — ha", section pai-allel to yz, 
I^ — N!« = P — M/3' 3:s, 

Ls* + My' = P + N/ iiy. 

Here, as before, the two formei: sections are hyperbolas, and the 
last an ellipse; and these sections are obviously always po^ble, how- 
ever distant the intersecting planes may be from the origin ; so that 
this surface is unlimited in every direction; it does not,, however, 
meet the axis of z, for, putting both x and j; = 0, in its equation, tile 

p 
resulting value of a is imaginary, viz. s = V — ij- But, for the 

other principal semi-axes of the surfece, the same equation gives 

P P 

2 = ^-, y=y— calling theselatter A,B, and the former C^ — 1, 

and introducing these terms into the equation of the surface, which, 
from the nature of its sections, and the continuity of surface, is called 
the hyperboloid of a single sheet, we have 

A'']) V — A'^Cy — B'C V = — A'B'KJ'. 

7? f ^ 

or Ti + pa — ffl = Ii '^^ equation of the hyperboloid of one sheet 
related to its principal axes. 

It has already been seen, that when P =; 0, in the proposed equa- 
tion, the trace of the surface on the plane of ot/ is merely a point, but 
every section parallel to this plane on either side of it is an ellipse 
given by equation hx' -\-My'' = Nj^; by making successively s=0, 
and y = 0, we find for the semi-axes of die ellipse the values 

N N ■ 

V — y^tji ^^y-Jy- ^^^^^ increase with y, that is, the elliptic sec- 
tions increase as the intersecting plane recedes from the plane of xy ; 
hence the surface can be no other than the elliptic right cone, having 
its vertex at the origin. 

This conical surface is asymptotic to the hyperboloid, as may be thus 
proved. Let the hyperboloid and cone be both cut, be a plane, pa- 
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rallel to the plane of xy, at the distance, y, from the otigin, then the 
equations of the two elUptic sections will be, respeclively, 
Lr^4- My" =- P + N/ aodLs''+ My= = N/. Now, if these see- 
tiods liave any point m common, the coordinates, x, y, of that point 
will he the same in each ; hence we must have 

p 
p _]- N y' = Ny* .-. ij-j -|- 1 = 1, which is impossible, unless y he 

infinite. 

If A = B, in the equation of the hyperboloid, then L = M, and the 
sections parallel to the plane of s^ become circles ; hence the equation 

C(aS-l.j,'')_AV = AH7, or.-p + ^,~~ = 1; characterizes 

ike h^erboloid of revokitim of a single skeel about the axis of «. 

Hence the varieties of the hyperboloid of one sheet are the hyper- 
boloid of reeolidion, and the corneal surface. It appears from the 
above that the equationof the elliplic rig-ht cone, having its vertex at 
the origin, is Ls? -|- M^* = Ns', or, substituting for the coefficients 

P ? P 

of this equation their values L =^ —5, M = r^, N = -^, and dividing 

by P, it becomes ■p+^ = ^ or A'Cy + B'C'.e'' = AWz', in 
which equation A, B, represent the semi-axes of the elliptio section 
which ia at the distance, C, from the vertex, Ifwe putmfor— and » 

for -^ the equation becomes nty + «'^* = n?r?:^, agreeing with the 

foi-mat (303). 

Or, if we pot p for —, and q for — , the form is qy' -\- pj^ = z' ; 

hence, if it were required to express the equation of an elhptic right 
cone, of which the section, two feet from the vertex, has for principal 
semi-diameters the lengths 5 feet and 7 feet ; then, since A = 7, 
B = 5, and C = 2, the equation is Ij/* + fa' = z'. 

The Hyperboloid, of two Sheets. 
(917.) The third species of central surfaces is represented by the 
equation Nz'— My' _ Lar" = P. 

For the principal sections we have the equatirais 

Nz° — M)/^ = P, the trace on the plane yz, 

Nb*— .La* = P cea, 

Mf + l^^—P xy. 

Of these sections the first two are hyperbolas, referred to their 

principal diameters, which, therefore, coincide witll the principal axes 

of the surface. The second section being imaginary, showB ihat the 
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suifece does not meet the plane of xy ; hence of the former hyperbolic 
sections one branch of each hyperbola ia situated above, and the other 
below, the plane ai xy\ so that the surface cqnaiats of two sheets. If 
P — 0, the hyperbolas degenerate into a system of straight lines, 
intersecting at the origin, and the trace on a^/ is a point. The sec- 
tions parallel to the traces, and of which the cUstances from the origin 
are respectively a; — Jj a, ^ =■ i ^, 2 = ± 7, are given by the 
equations Nz^ — My* = P-j-L»', section parallel to j/Zi 

M^= 4- Li? = N7'— P xy. 

Hence the sections parallel to the planes of yz, and xz, are ail 

hyperbolas, having their centres on the axis of x and j. The sec-. 

tions parallel to the plane of a^ are ellipses, provided the distance 

± V of the cutting plane from the origb be not so small as to render 

Nj^ — P negative, for, if it be, the plane will not meet the surface. If 

P P 

N/ ~ P = 0; then -f 7 ^ -i/ j^, and — 7 = — v^ j^ 

therefore, ^t these distances, each section reduces to a point, and no 
part of the surface can be between, these tangent planes j so that this 
value of 7 is the vertical semi-axis of the surfii.ce ; the two horizontal 
axes are imaginary. The expressions for them given by putting in 
the proposed equation, first 2 := 0, w=0, and then z ^ 0, a' = 0, are 

P P 

T — ^ — y-t!/ = V — Tj^. PuttingAy — landBV — 1 for these 

semi-axes, and C for the former one, and then, as before, introducing 
these expressions in the original equation, we have 

A^BV — AK:Y— ]ffC^:^ = A^B?C'^or J-f^ — J=_l 

(fee equation of the kijperhohid of two sheets related to its prmcipal axes. 
When P = 0, in the equation proposed, it may be proved, as in 
art. (216), that the equation then represents an elliptical conic surfece 
asymptotic to the hyperbdoid. If A = B, then L = M, and the sec- 
tions parallel to the plane of icy, become circles ; hence the equation 

AV-0-{^ + f) = A-a: or J + ^-J = -l 

represents the kyperboloid of revolution of two sheets. Hence this and 
the elliptic right cone are the varieties of the surface. 

On Surfaces which haoe not a Centre. 

(218.) We now proceed to examine the second class of surfaces 
and which are represented by the equation La^'-f-M^' — Q.x— 0. 

This equation involves in it the forms L.c' -|- Mif Gle, and 
Lj;' — Mi(* = Q.», or Mj' — Ijx'=^Q,z. The last two equations 
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represent the same surfaces, tbe axes of x and y being merely inter- 
changed, 80 that we need discuss only the first two equations. 

Tlie Elliptic Paraboloid, 

By pulling, in the equation Li'* -|- M'lf ^= Qt,^, the successive va- 
lues a^ = 0, )/ = 0, s = 0, we have for the principal sections of the 
surface the equations My^ —Q,^, the trace on the plane ofyt, 
Lr= - Qz xs. 

Hence the traces on the planes of yz and t2 are parabolas, referred 
to their principal axes, which, therefore, coiiioide with the axes of the 
surfece. Of tiiese traces the principal diameter of the first coincides 
with the axis of s, and the second diameter with the axis of y; the 
principal diameter of the second trace coincides with the axis of z, 
and the second diameter with the axis of x. The third trace, or that 
on the plane of zy, is merely a point, viz. theorigin of.the axes. 

For the sections parallel to the traces, and whose distances from 

the origin are respectively, a; = ± a,-y= ± ;3, « = y, we have the 

equations Mj/' = Q^ — La°, section parallel to ys, 

La:^ = ai~M^' xz, 

l.ir' + My' = 'Ny xy. 

The first two sections are, like the parallel traces, parabolas, whose 
vertices are not on the axes of the surface. The third section is an 
ellipse, whose centre is on the axis of s, and principal diameters pa- 
rallel to the axis of x and ij, and it will always be possible, however 
great the distance, j-, abovt the plane of »y may be ; so that the sur- 
fece has 110 limit ai)ove this plane, below it the sections are impossi- 
ble. From the nature of its sections, this surface is called the elliptic 
paraboloid. If L = M, the elliptic sections become circular, and then 
the surface is one of revolution about the axis of s; hence the equation 

Q. 
a? -|- 1/' = pz, where p = =-, represents the ethptic paraboloid oj're\>o- 

lution, which is the only variety of the elliptic paraboloid. 

The Hyperbolic Paraboloid. 

(219.) The surface represented by the equation La^ — Mj'=Gk 
has for its traces the equations 

My' = — Q,z, the trace on the plane of yz, 

lix" = Q,z, xz, 

hx'^ — Mf = 0, xy. 

The first two traces are parabolas, and the principal diameter of 

each coincides with the axis of z, the origin is the common vertex of 

both parabolas; but that in the plane of 3t/ is ie/oio, and that in the 

plane of 2- s is above, the plane of M/. The trace on th« plane of Xtf IS 

merely a system of two straight lines intersecting at the origin, their 
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equations being x= ±y ^—. For the sections made by the planes 

« ^ ± a, y — ± /3, 2 = ziz 7, we have the equations 
My' = Lo.^ — Q.Z, section parallel to yz, 

La^— M.i/' = ±Cuy xy. 

The first two sections are parabotos, whose vertices are not on (he 
axes, but the principal diameter of each ia parallel to the axis of 2 ; 
that of the first parabola is, however, ill the direction of z negative; 
and that of the second in the direction of z positive. But, let us 
examine these aeciiona mote narrowly, and, first, it may te re- 
marked that the coordinates j, a, of every point in the section parallel 
to yz are measured from the point a; =^ ± a of the axis of a: ; in other 
words, this point is the origin of the coordinates, y, z, of the section. 
Let us (hen remove this origin to the vertex of the parabola, whicb is 

done by substituting s -\- -r— for z, in the equation, which then be- 
comes Mjj' = Q,z % this equation being the same as that of the trace 
ou the plane of ,^a, it follows that all the sections pavallei Wj this plane 
are equal parabolas. Similar remaiks apply to the sections paiallel 
to the plaiie of xz ; but in these the vertices of the parabolas are all 
below the plane of ot/, ■while, in the farmer, the vertices are above 
that plane, as the transformation shows. Moreover, the vertices of 
the former series are all in the plane of xz, and those of the latter all 
in the plane of yz. The third section, or that parallel to the plane of 
xy, is an hyperbola related to its piincipal diameters ; its centre is, 
therefore, on the axis'of z. The form of its equation, however, shows 
that when the section is above the plane of ay, the transvei-se diame- 
ter- is parallel to the axis of a', and tiie conjugate parallel to the axB 
of If ; but, when the section is below the plaiie of x^, then, on the con- 
trary, the transverse axisis parallel to the axis of 1/, and the conjugate 
to (he axis of x, and at equal distances, -y and — y, above and below 
the plaiie of xy, the transverse axis of (he one section is the same ab- 
solute length as the conjugate axis of the other, and vice versa. 

Of all the hyperbolic sections above the plwie of sy the vertices are 
situated on the parabolic trace, on the plane of xz, for, putting y = 0, 
in the equation hx' — Mff = Q7, we have for the corresponding va^ 
lue of X, the semi-transverse axis of the hyperbola, or, which. is the 
s.mie thing, the distance of the vertex from the axis of s, the expres- 

Q. 
sion 0^ = q^-y. But, at the same distance, z = y, ti-om the plane of 

xy, there is a point in the parabolic trace, of which the diRlance from 
the axis of 2 is given by the same expression, viz. z' — j^-y] hence 
ibeEB two points coincide. 
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In a similar manner, it may be shown that of all the hyperbolic 
seetiona below the plane of aNj, the vertices are situated on the .para- 
bolic trace on the plane of yz. ' Having thus seen that all the sections 
parallel to the plane of ^z are parabolas, that these parabolas are all 
equal, and that their vertices are all on the parabolic trace on the 
plane of %z, it follows that if the parabola in the plane of y? be moved 
parallel to itself, its vertex always being; in contact vi-ith the parabola 
in the plane of xz, the surfece we are now considering will be gene- 
rated. It will be also generated by keeping fixed the parabola which 
we have here supposed to move, and moving the other under like re- 
strictions. From the nature of its sections, this auriace is called the 
hyperbohc parabolotd. The equation of the asymptotes of any hvper- 
bolicaectbn ]>" — Mi^ = ±0.'}', is known to be (71) La? — Mjf=0, 
or j; = ±y V(M-T-L). Hence, if these two Unes ale oonstmcted on 
the plane of xy, the perpendicular planes, passing through them will 
be those which contain the asymptotes of all the hyperbolic sections. 
Now these lines to be constructed on the plane of xy are the very lines 
into which the hyperbohc section degenerates, when the cutting plane 
coincides with the plane of ay, as we have already seen by the equa- 
tions of the traces ; therefore planes drawn through these, perpendicu- 
lar to the plane of a)/, continually approach, but never meet the snr- 
-fece, except at their intersections with the plane ofxy. 

From articles (218) and (219) it appears that the traces on the 
planes of yz and j-.z of surfaces which have not a centre are parabo- 
las, whose parameters are 

p= ± =rr, and p' = r,^, .-. M = ± — , and L = — ;. Hence, sub- 
■^ M' '^ L p p' ' 

stiiuting these values in the general equation hx' -4- Mij^ = Q,z, of 

these surfaces, and dividing by Q,, we have '—,± — =z, or pa^ ± p V 

— pp'i, for the equation of the paraboloid, which is elliptic, or hyper- 
bolic, according as the upper or lower sign ofp' has place. 

Timgent Plaaes lo Sttrfacea of the Second Order. 
(220.) If a straight line meet a suriace in but one point, it is said 
to be a linear tangent to the surface at that paint, aiid, since an inde- 
finite number of straight lines may be di^wn through a given point, 
there is obviously no limit to the number of linear tangents at that 
point. The surface which is the locus of th^e taiigents is called the 
tangent plEute at the proposed point, and that it is a plane we shall 
presently see. 



To find the equation of a tangent plane, drawn through any point 
Ml a central auriace of the second order. 
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Let a/, 1^, ?', be the coordinates of the proposed point on any sur- 
fece, incladed in the general equation, Lar'+Mif'+N2°=P - . . (1). 
Then anyHneat secant passing through the same point will be repre- 
aented by the equation. *-<= «(^-^,M (2)> whichaai:d 

b are quite arbitrary, because the secant may take any direction 
whatever. From equation (1) subtract L3;'^ + M)y'^+Nz'"= Pand 
there results L (x'—a:^)+M{y'—tf) + 'N[z'—z'') = 0, or 

When each secant becomes a tangent, then, at the prant (ar", y', z',) 
of contact, x^x','y = y', and x = s', and the various values of o and 

z — z" 

main arbitrary in equation (2), or in the equation just deduced, but be- 
come subject to the relation L ^— ^+ ^^-zzC y'+N3'=0 (3), 

Now this equation' remains the same for every point (x, y, s), in 
each tangent, and not exclusively for the point of contact with the 
surface, as is manifest from equation (2), which shows that the values 

— — — , - — p are constant for every point {x, y, z), on the line re- 
presented by that equation. Hence equation (3) represents the sur- 
face in which all the lineal tangents throng (z', y", z'), are situated ; 
the aurfece is therefore a plane. By developii^ this equation, it takes 
the form hi/x + Mg't/ + Nz'e = Ls" + Uy^+ Nz* = P, or (216) 

— j — J- ^-|-~j-^l which is therefore, the equation of the tangent 

plane. It appears, from equation (3), that, if a straight line (2) 
touch, the surface, the relation between the constants, a, b, must be 
such as to satisfy the equation Laa' + Mfrji'-l-Na' = 0. 

The equations, to the normal, or straight line drawn from the point 
of contact perpendicular to the tangent plane, are (191) 
«-.r-=^(i-j'),,-/=^(2_^). If M'=N, to to 

sur&ee is of revolution about the axis of r, and the last of these equa- 
tions, which represents the projection of the normal on the plane of 

3if, reduces to z'y = y'z, or y^~a; hence this projection passes 
(hroughlheorigm, and,consequently,thenormalniuatcut theaxiaof a. 
In like manner it may be shown that if L = N, that is, if the sur- 
face revolve about the axis of;/, the normal must cut this axis, and 
the projection on .the plane of xy will in a similar way show thai, 
when L = M, the normal will cut the axis d z, about which the sur- 
la.ce revolves. 
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To find Oie equation of the tangent pkne when the aurfece has not 
a centre. 

Eyart. (219) the eurfdces which have not a centre may be repre- 
sented by the equation pai'itp'y' =pj/'i .... (1). 

Any linear secant drawn through a point (a/, •^, s') on this surface 

will be represented by the equations J "),'—/ faZTo f "* (^)' 
in which a, and b, varying with the direction of the secant, may take 
any values whatever. From equation (1) take jia:^ ± p'y'^ i= jiji's', 
and we have ^(ar'— z'^)±p'{f — y'^) =pp'(z — s'), 

OTp -,{^-^^)drp'^—~{y-\-y')=pp'. Now, when each 

secant becomes a tangent then at the point (a^, y', z'), of contact, we 
have xi^s/^y — y', .and z = 2', and, therefbre, the coefficients a, b, 
in equation (2), become subject to the condition 2pa^ ± 'ip'by' = 

X — ce' V — i/ 

up' . . . (3), for the values ;, — — ^-,, remain the same for every 

' z — z' z — z" ' 

point in the same secant, or in the same tangent ; hence, substituting 
these values for a, 6, in (3), we have for the equation of the surfece, 
in which all the linear tangents are situated 

X x' y 1/ 

2p —x'±V^ ■i^y'=pp'; this represents a plane, which, when 

developed, becomes 2p3:«'±2Mj^=2j)p'e'-|-pp'C* — *')=l'p'(*+^)' 
the equation of the tangent plcme. 

Equation (3) expresses the conditions which the constanla a, b^ 
must have, in order that the straight line (2) may be a linear tangent 
to the surface. 

On Conjugate Diametral Planes. 

(221). We have already defined (213) a system of conjugate dia- 
metral planes to be such thai each bisects all the chords drawn paral- 
lel, to the intersection of the other two, and we have shown that such 
a system exists in every surface included in the general equation 
Lr -|- Mi/° -|- Na" = P (1), provided the coordinate axes arereciom- 
gWflf . It will be hereafter shown that there are an infinite number 
oi oblique axes, to which every such surface may be referred, without 
altering the form of its equation ; and hence we may infer, by imitating 
the reasoning at, (212), that there are an infinite number of systems 
of oblique diametiaJ planes in central surfeces of the the second order, 
these diametral planes .being no other than the oblique coordinate 
planes. If tiimi we suppose the equation I/ic^+My-f N'2'=P (2) 
to represent the same surface as equation (1), when die coordinates 
are transformed from rectangular to oblique, we may apply to this 
equation the same reasoning that we have employed in the discussion 
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of equation (1), and the only diiference in ihe results willbe that whal 
before were rectaapdar conjugate diameters, -will here be oblique coiv 
jugates, both as regards the surface itself, and the several iniereec- 
tions. From the form of equation (1) it was shown (215, &c.) that 
a plane drawn through the extremity of a principal diameter (not 
imaginary), and parallel to tile plane of the other two, was necessarily 
a tangent plane to the surfece ; hence, since (2) has the same 
form as (1), we infer that a plane through the exti-emity of one conju 
gate diameter, and parallel to the plane of the other two, touches the 
surface. 

From these remarks and from what has been shown in (215), (216), 
&c. we may infer that, if A', B', C, represent any system of aemi- 
conjugates belonging to a pentral surface of the second order, the 
equation of that surfece, referred to them as axes, will be 

TS "f" 573 "H fvT ~ ^1 *°^ it will be an ellipsoid, if A'", B", C^jare 
aU positive, an hyperboloid of one sheet if only two of these are posi- 
tive, and an hyperboloid of two sheets if but one is positive. 



SECTION III. 



CHAPTER I. 

ON THE ORTHOGONAL PROJECTIONS OF PLANE SURFACES. 

(222.) A plane figure is said to be orthogonally projected on a 
plane when each side of it is perpendicularly projected on the same 

THEOREM. 

(223.) The projection of a plane sinfece on a plane is equal to tha 
area of that surface multiplied by the cosine of its indmation to the 
plane of projection. 

Since any plane figure may be divided into triangles, it will be suffi 
cient to prove the truth of this theorem in the case of the triangle. 

Let, then, ABC be any plane triangle and 
let abc be the orthogonal projection of it on any 
plane, Ha. Produce the plaie of 4.BC to m^et 
the plane of projection in G-H apd perpendicular 
to AC draw the two parallels, AG CH then if 
through B the line KL l>e drawn parallel to AC 
we shall have for the area of the ti angle ABC ^^ 
the expression A ABC = J-AC ■ CL , also, if I be the projection of ta 
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we ahall have Aa6c = ^AC ■ cl. Now, if a. represent the iiiclma- 
lioB of the two planes, that is, the aDgle CHc, we ahall have 
ci = CLcos,«, .-. Aabc= aABC ■ cos. a. 



(224.) The square of the area of any plane figure is equal to the 
sum of the squares of its projections on three rectangulai pknes* 

Let S represent any plane surface, and S', S", S'", its three projec- 
tions on the planes of xy, xz, yz \ then, putting a, a', a,", for the seve^ 
ral inclinations of the plane of S to the coordinate planes, we haye, by 
last theorem, S'= = S' cos.' k, S"^ = S^COs.' a',.S"" — S'cos.^a". 
Now (193) COS.* a + cos.^a' + cos.'^B"= 1; hence 

Cor. If the projections of the same surfiice on 3 other rectangu- 
lar planes be S/, S,", 8/", then, as before, S'=S/^-l- S/"+S,"'^; 
consequently S''+S"^+8"''^^Si"+-S/"4- Si"", that is, the 
sum of the squwes of tke projections M ike same for every system of 
rtciaagidar •planes. 



(225.) If a surfece be projected on three rectangular planes, and. 
then these projections be orthogonally pro;ected on a given plane, the 
Slim of these last projections will be equal to the orthogonal projection 
of the surface, on this given plane. 

Let S represent the surface, and S', S", S'", its projections on the 
rectangular planes. Let also s' be its projection on any other plane 
inclined at any angle, V, to the plane of 8, then s" — S cos. V, also 
S' = S COS. a, S" = S COS. a', S'" = S cos. a!'. Now, if we repre- 
sent the inclinations of the plane of / to the rectangular planes, iiiat 
is, to the planes of 8', S", and S'", hy 0, ;3', /3", we shall have for 
COS. V the expression (193), 

009. V = cos, a COS. + COS. of cos. ^' -\- COS. a." cos. (S" ; multiply- 
ing this by a, we have Scos. V = a' = S'cos. /3 + S"cos.;3' + S'" 
COS. /3", which expresses the property aimounced. 

Cor. 1. Also, if S, T, U . . ■ ■ represent any number of surlaces 
situated in different planes, then we have, in a similar manner, the 
equations s' ^ S' cos. /3 -\- 8" cos. /S'+ S'" cos. ^", 
f = T'cos.^ + T"cos.^' + T'"cos,^", 
«'.= U'cos.^+U"cos.^' + U'"cos./3", 
where T, T", T"', and U', U", V", are the projections of T and U 
on the rectangular plsines, while t', «', are the projections on the plane 
of s'. If we represent the sum of the projections on the plane of :ry 
hy M', the sum of those on the plane of xs, by M", and the sum of 
those on the plane ys by M'", while the sum of ihe projections on the 

* Bv the square of an area, is meant the square of its numerical value. 
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fotirth plane is represented bym', we have, by adding together, the 
foregoing equations m' = M'cos. ^-}-M"coa. /3' + M'"cos. ,c" If 
we intioduce a fifth plane, whose inclinations to the rectangular planes 
are 7, y\ and y", and of which the sum of the projections of S, T, 
U . ^ . . thereon is m", we have 

m" = M'co9. 7+ M"cos.j^-|-M'"coa.5'". In the same way, for 
a sixth plane, lit"' = M'cos. S-\-M" qos.5' -\-M"' coa.&". 

Thus the sum of the projectums of any stries of areas on a plane is 
eqital to tke sum.of the projections formedott the same plane j' iy jirst 
projecting tdl tke fiffaree on a system, of recttmgtdar planes, and Ikea 
projecting these projections on the proposed plane. 

Cor. 2. If the three plaii&i containing the projections m', m", m'", 
are also perpendicular, we may consider these as the primitive planes, 
and we shall then have, converaely, 

M' = m'cos, /3 +m"cos.7 +m'"cos.S 
M" = m' COS. ff' 4- "'" cos, y' + m'" cos. S' 
M'" = m' cos, ^" + m'-'cos. 7"+ m'" cos. 3". 



(226,) The same notation being employed, it U required to prove 
that m" + m'" -\- m'"^ = M'^.+ M"' -f- M'"", when both systems of 
planes are rectangular. By squaring each equation, in the above 
group, and adding together the results we have 
M'''-\-M."'+M""=m'^ (cos,' ^ -f cos,' ^' + cos,' ^") 
-f-m'" (cos * 7 4- COS.' / -|- COS.' 7") 
-j-m"" (cos.* S -\- cos,' S' 4- COS.* 3") 
-\-2in'm" (cos.^-cos.7-1-co3.^''cos.7'4-cos.^"'C08.7") 
+2«!'m"' (ccs.|8-coe.S-i-cos,^''cos, 6' + cos .^" -cos .5") 
+2w"m"'(cos.7-co3.i5+co3.7'-cos, i5'+cos,7"cos, S"} 
Now, by art, (193), the fectors of m'*, m"^, and m"", are each 
equal to 1, and, by the same art- the factors of ,2mW, 2mW', end 
2m"m"', are each equal to ; hence this equation is the same as 
W^ + M'" + M"" = m"' + m"^ 4. W"^. 
This proves that, if any number of plane surfaces, kov>ever situated 
in space, be pri^eeted on different systems of rectangular pt(mes, and 
the prelections on each plane be coUected into one sma, then the squares 
of Ike three sums thus fimiiished by each system always amowit to the 
same quantity. 

Cor. The expression for the svun of the projections on any one of 
the pMes, as the plane of m', is m' = V J M'' -f M"* + M"" — m"^ 
— m"" j , which sum will he the greatest possible, when m" = 0, and 
m'" = 0, for then it becomes m' = V |M'^ 4- M"' + M'"';. 

Now there is nothing contradictory in supposing m" = 0, and 
m"' = 0, for, since the projection of a suriacs is equal to that surfece 
multiplied by the cosine of its inclination to the plane of projection, 
the projection must be considered as positive or negative, accordi'igas 
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the cosine la posilire or negative, or according as the mcUnation is 
acute or obtuao ; hence the sum of the projections of any number of 
sur&ces on one of the coordinate planes may become 0, on account of 
the oegative projections equalling' the positive, and when this is the 
case also widi another coordinate plane, then, as we have just seen; 
the projections on the third plane amount to a greater sum than they 
woiUd do under any other circumstances; this plane ie, therefore, 
called f/ie plane of greatest projection. 

(227.) We may readily determme the direction of this plane, or its 
portion in reference to the rectangular planes of M', M", M'", by 
means of th* conditions m" = 0, m"'=0 which exist simultaneously 
with it, for, introducing these values in the group of equations origi- 
nally employed, we have 

M' = m' cos. /3, M" = m' cos- ^', M'" = m' cos. ^" ; 

whence cos.^ = - =-^-j^P^-^^,-^;cos./3 ^— = 

M" ^„_ M'" M'" 



VjM"-|-M"^4-M"'*i' '^ m' ~,yjM'»-fM"'-|-M"'=S' 

in which equations, /3, /3', ^", denote the inclinations of the plane of 
greatest projection to the arbitrary rectangular planes of M', M", M'", 
and thus the position of this plane in reference to any system of rect- 
angular planes is determinable, when the sunas M', M", M'", of the 
projections on ^this system of planes are known. The situation of the 
plane of greatest projections is not fixed in space, fta: the projections 
on any plane being the same as on any parallel plane, it follows that 
every pkjie having the requisite Inclinations fo the rectangular planes 
possesses the characteristic property of ihe principal plane or plane of 
greatest projection 



(228.) The sum of the proiections on any plane eourtUy inclined to 
tlic principal plane is constant. 

Let T represent the sum of the projections of any number of sur- 
faces inclined at an angle 6 to the principal plane, and let s, s', e", 
represent its inclinations to the three primitive planes, then (227) 
T = M' cos. s + M" cos. s' -j- W" cos. s", but (228) M' = m' cos, /3, 
M" = m' COS. jS', M'" = m' cos, /3" : hence, by substitution T — m' 
(cos. S COS. ; -i- cos. 0' cos. e"-\- cos. 0" cos. e"). 

Now the expression within the parentheses represents the cosine of 
the angle S (206), therefore T = m' cos. fl, that is 
T= VlW'+W' + W'^i -COS.*; so that T is constant, if flis, 
and if cos, fl increases or diminishes, T will increase or diminisn pro 
prationally. 

Cor. On every plane perpendicular to the principal plane the sum 
of the projections is 0, for when S = 90°, then T = 0. 
33 Y2 
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CHAPTER II. 

ON TBB TRANSFORMATION OF COORDINATES IN SPACE. 

(229.) In order to transfonn the equation of a surface from one 
system of axes to another, we must fu*st find expressions for the pri- 
mitive coordiniittes in terms of the new, and these, substituted in the 
<mginal equation, will lead to the transformation desired. The most 
simple of these transformations is that in which the new axes are 
parallel to the old, Where the only change is in the position of the 
origin. In this case, if o, 6, c, denote the coordinates of the new 
origLn, and {a/, y', z\) represent any point in the surface, in reference 
to the old axes, then the coordinates x, y, z, of the same point, in refer- 
ence to the new, will obviously be t= a~{-x',y—b-\-'y',z=-c-^ii,', 
which are, therefore, the formulas to be employed, when the origin 
is merely altered. 

If the direction of the axes be altered, then the formulas for substi- 
tution are not so readily obtamed. We may affirm, however, that the 
values of the new coordinates must be linear functions of the old, that 
is, these values must be of the form x= a-\' mx' -j- m'y' -\- m'W 
y = b-\-nx' -\~ny-['n"z', and z = c -{-px' -{-p'y' ^p"z' ^ for 
these expressions must be such that, when they are substituted in 
the equation of the plane, the resuh raay not surpass the first degree, 
which it would, however, do, if either of the above equations surpassed 
the first degree. Having thus ascertained the form of the required 
expressions, it remains to determine the constant coefl^cients ■«, m, 
m', nt", &c. If we suppose a/ = 0, j' = 0, a' = 0, we shall have for 
the coordinates of the new origin i=iO, if = 6, a = c; these, there- 
fore, are easily determined. The remaining constants must depend on 
mutual inclinations of- the two systems of axes ; and, aa these rela- 
tions will not be disturbed by supposing the two origins to coincide, we 
Bhall, for greater simplicity, considw a, 6, c, as absent fixim the fore- 
going expressions, then w, y, t, representing the primitive coordinates 
of any point in space, the new coordinates i/, y", z', of the same point 
will be related to the farmer, as in the equations 

y = nj/ -{- n'y -|~ n''^" 
z =px' + p'y'-\-p"z'. 
Suppose the pmnt to be situated on the axis of a', then y' = 0. 
a' = 0, and, consequently, x = mx', y = jm/, z = pj/, 

■-■- = 7." = ?7.y = ^- 

('!30.) 1, Lei the primiline axes be rectangular and Ike new mtes 
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Then for any point in the axis of x', x' will he the hypolhenuse, and 
* the beise, of a rigtit-angled triangle, also a/ and 1/ willbe tlie hypo- 
tiieause and base of a second right-angled triangJe, and x\ z, will, in 
iike mannei, be the hypolhenuse and. base of a third ; hence, callitig 
the angles which Ihe axis of k' makes with the axes of a;, of »/, and of 
z, X, Y, and Z, respectively, we have 

in. = ^-=: COS. X, » = ~- = COS. Y, p = -r = cos. Z. 

For a point situated on the axis of y, we have 
X = m'y\ y = »y, s = p'y\ 
..m_-;,_coa, ,« _ — -COS. ,p_ — = cos. , 

where X', Y', Z', denote the inclinations of tJie axis of y' to the axes 
of X, y, nnd s, respectively. In like manner, for any point on (he axis 
of z' we have x = m"z', y = n"zf, 2 = p"a', 

.-. m" = ^ = cos. X", n" = '^-—— cos. Y", f = ^ = cos, Z", 

X", Y", '%", denoting the inclinations of the axis of z fo the axes of 
I, i/i a, respectively. Hence the expressions for the primitive coordi- 
nates in terms of the new are 

x = X' COS. X + y COS. X' + s' COS. X" 1 
!,^^'cos.Y + !,'cos.Y' + s'cos.Y" . . . , (A) ; 

*=^C0S.Z+^C0S,Z' + 2'C0S.Z") 

the nine angles which enter into these expressions being subject to the 
conditions (ISl). 

COS.' X ~\~ COS.' Y + COS." Z =11 

cos.'X' +cos,= Y' +co8.»Z' = 1 I (1), 

COS.' X" + cos-^ Y" + COS.' Z" = 1 j 
the values in other respects being arbitrary. But if the angles which 
the new axes form among themselves are given or fixed, then six of 
the foregoing angles become dependent on the other three, which are 
arbitrary, for, let V = the angle f ' " 

U = the angle | 
W = the angle ^ 
then (162) besides the preceding conditions we must also have 
COS. V = COS. X COS. X' -f COS. Y cos. Y' + cos. Z cos. Z' j 
COS. U = COS. X COS. X" -i- COS. Y cos, Y" + cos. Z cos, Z" } (2) ; 
COS, W= cos. X' cos. X"-l- cos. Y' cos, Y" -f- cos. Z' cos. Z" J 
we have thus altogether six equations, which are insufficient to deter- 
mine the nine angles involved in them, but, by giving any arbitrary 
values not inconsistent with the conditions (1) to three of these, the 
remaining six are all deducible from the given equations. Hence, 
that we may be able to fix the positions of the new axes in space, we 
must kaow the angles which they make with each other, and three 
of the angles which they make with the primitive system. If we 



igle ['', rt, 
igle [3/', z'li 



aB,Googlc 



260 ANALYTICAL 

know only the angles which the new system of axes make with each 
;ither, tben this system may take any position whatever, in reference 
lo the primitive system. 

(231.) 2. Let both systems be rectangular. 

In this case cos. V = 0, cos. U — 0, cos. W = ; hence the equa- 
lioDs (2) become 
«os. X COS. X' + COS. Y COS. Y' + cos. Z cos. Z' = ^ 

COS. X COS. X" -I- COS. Y COS. Y" + cos. Z cos. Z" = I (3), 

COS. X' COS. X" + COS. Y' COS. Y" -|- cos. Z' cos. 2" = j 
so that three of the angles formed by the new system wiih the primi- 
tive being determined, the remaining sis are given bythe equationa 
(1) and [3), and thus the constants in (A), the formula of transforma- 
tion become known. If one of the new axes, as the axis of a', coin- 
cide with the primitive axis of /,in case 1, andVbethe angle fo'med 
by the other two, both of which we shall here suppose situated in t je 
plane of xy, the formulas of transformation become very simple, for 
since, in this case, cos. U = 0, cos. W ^ 0, cos; X" = 0, cos. Y"=0, 
and cos. Z" =.' 1, equations (2) give coa. Z = 0, cos. Z' = ; hence 
equations (I) reduce to 

COS.' X + cos,' Y ^ 1) ( COS. Y = sm. X 
cos.'X' + cos.'Y'^lf ■■ Uos.Y' = sin.X- 
and the formulas (A) are, in this case, »: = a;" cos. X -|-i/'cos. X', 
)/ = it'sin. X + ?^sin. X' (A'), which are the same as those already 
given at (40), to pass from a system of rectangular axes to any other 
system situated in the same plane. 

(232.) To pass/™m rectangulair lo polar coordinates. 
Let P be any point {x, y, e,) in space, and 
draw AP from the origin, then A may be consi- 
dered as the pole, and AP = r the radius vector 
of the point P. Let AM be made equal to unity, 
or the radius of the tables ; then, denoting the in- Af^ 
alinalionsof AP tothe axes of a:,,^, 2, by a, ^, y, / 
we shall have (181) for the coordinates of M, the / 
values cos, a, cos. /3, cos. y, consequently, for the J 
soordinates of P, we have the values 

T = rcos. a,y = rcos. /3, J =rcoa.j' (B), which must exist in con- 
■unction with the condition cos.''a+ cos.^^'-f-cos.'y — 1. Other 
formulas for transfoiining rectangular to polar coordinates may be ob- 
tamed, in which only two angles enter, via. the angle PAP', formed 
by the radius vector and its prtgection on the plane of xy, and the 
angle P'AX, formed by this prqection and the axis of x. Call the 
first of these angles S, and the second .p, then, if/ represent the pro- 
jection of r, the right-angled triangles PP'A, P^A, give 

r' = rcos. 6,3: ^r" cos. (p,y = r'sin. (p,a = r sin, & ; 
hence x=r cos. 9 cos. <[i,y = r cos. 6 sin. ip, 2 = r sin. S . . . ■ ((J). 
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JfoU. — Whan the obv/ origin does not coincide with the primitive, 
then the coordinates, o, 6, c, of the new origin ni\ist be added to the 
expreaaiona for x, y, z, in the preceding formulas. 

With regard to the signs of the trigonometrical quantities, which 
enter the formulas (C), we must observe that, by supposing ip to vary 
from to 36tl°, as in (111), and i to vary from to ± 90, while the 
sign of »• always remains positive, the formulas will in all cases cor- 
rectly mark out the poa.tion of the point whose coordinates they ex- 
press. Hence the radius vector ought always to be considered posi- 
tive. In like manner the position of the point (x, y, z,) is correctly 
deietmined by the signs of the cosines which enter the formulas (B), 
r being considered positive. 

(233.) Of the preceding formulas of traneformaticm, those which 
enable us to pass from one system of rectangular axea to another are 
the most important. To effect this transformation the knowledge of 
three angles only is requisite, as we have already seen (230) ; but, as 
nine aiigles enter tbe formulas (A), the remabing six must be deter- 
mined from the equations of conditions (1) and (2). To remedy this 
inconvenience, new formulas were given by Euler, and afterwards 
employed by Lagrange and Laptece, which dispensed with the equa- 
tions of coi^ition, and gave at once the expressions fbr the new coordi- 
nates, in terms of the old, combined with the three given angles, viz. 
the angle formed by the axis of x' and the trace of the plane of a/y' 
on the plane of a?y, the angle formed by the same trace and the axis of 
X, and the angle at which the plane of x'y' is inclined to the planeof 
xy. By means of these three angles, the values of all the nine angles 
which enter the formulas (A) may be expressed, and thus the equa- 
tions (1) and (2) be dispensed with. We sliall proceed to investigate 
these formulae. 

Let AR be the trace of the plane of 
x'y' on the plane of xy, and conceive 
a sphere, of which the centre is A, and^ 
radius AT z= I, to be,pierced by the 
lines AX, AX', AR ; then the great 
circles which pass through the points 
of intersection, d, T, R, will form a 
spherical triangle TQ,R, in which we 
observe the following circumstances, 



TR = angle formed by the axis of 3/ 

TO. = angle formed by the axis of 3/ and a 

RQ = angle formed by the trace and axis of x, 

vR — incUnation of the plane ofi^'if' tothe plane of^cy. 

Hence, putting TR = 4-, Ta = X, RG = (f,, and Z.R = 
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have, by the principles of spherical trigonometry, {Greg(ny'a Trig.p, 
84.) COS. TG = cos, X = cos, 4. cos, ip + sin. 4- sin. (f cos. fl. 

Let now the great cii'cle TS be drawn, then, in the spherical tri- 
angle TSR, we have ST = angle formed by the axis of x' and axis 
of)/, TR = 4,,SRz^ 90° — 9, and Z. R = 180° — fl, 

.-.COS. ST ^ COS. Y = sin. (p COS. 4, — COS. (p sin. 4. cos, fl. 

From the poim where AZ pierces the sphere draw a great circle 
through T, then ZTP = 90°, and .il P = 90° ; hence the spherical 
triiui^e TPR gives TP — complement of the angle formed by the 
axes of x' aijd z, ,■ sin. TP = cos. Z =: sin. fl sin. 4; j we have ihua 
obtained expressions for three of the cosines which enter the formu- 
las (A). 

Again, let U be the point where the axis of y' pierces the sphere, 
and complete the spherical triangles URd,* URS, in the first of 
which we have UQ, = angle formed by the axis of y' and axis of a;. 

UE = 90° -I- 4,, Ra, = 9, and Z R — &, 
.". COS. UQ, = cos, X' = COS. flcos. 4' sin. 9 — sin, 4- cos. ip, and in the 
second ti-iangle, URS, we have US :^ angle formed by the axis of «', 
and axis of 1,, R8 ^ 90° — 9, UR=90O + ■\,, and < R=180° — fl, 

.*. COS, US = cos, Y'=:— COS. 4- COS. (p COS. fl — sin. 4- sin. 9. 
Drawing, now, the quadrantal arc ZUL, the triangle URL, right 
angled at L, gives UL = complement of the angle formed by the 
axes of y" and s, 

UR T^ 90° + 4., and Z; B — a, .■. sin. UL = cos, Z' = cos. 4. sin. a, 
we have thus expressions for three more of the angles which enter (A), 
and there still remain three to determine. Let V be the point where 
the axis of a' pierces the sphere, and draw the arcs VQ, and VSK, the 
former meeting TR in N, and the latter meeting the production of TR 
in K ; then AZ' being perpendicular to the plane of the circle TNRK, 
N and K will be right angles. The triangle NCIR gives 
NQ, = VG — VN = — complement of the inclination of the axes of 
2'and*-, Ra = (p, ZB = S, -■• sin.NQ = — cos.X" = sin.(psin.fl. 
The triangle KSR gives SK = VK — TS = — complement of the 
inclinations of the axes of %' and y, SR = SO, — Q.R = complement 
of 9, Z,R = ^i ■■. sin. SK — COS. Y''= cos. ip sin. 5. Moreover, since 
AZ, AZ', are respectively perpendicular to the planes of xy and of a;'j', 
the inclinations of these two lines measures that of the pknes, that is 
Z" = i .•■ COS. Z"^ cos.fl. 

(234.) Having now determined the expressions for all the cosines 

which enter the formulas (A,) we have, by substituting them therein, 

the following new formulas, for, transforming the equation of any aur- 

tace from one rectangular system of coordinates to another, viz. 

x — x' (cos. 6 sin, qt sin. 4- -f~ cos. (p coa. 4^) 

4- y' [cos. 6 sin, Ip COS. 4^ — cos. (p sin. 4') — s' sin. fl sin. 9, 

• RT produced wiU paea through U, because AR, AX', AY', are in one plane. 
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y:=x' (sin. 9 cos. ■]/ — cos. & cos. ip sin. -jj} 
— y' (cos. 6 COS. 9 COS. 4^ + sin. (p sin. -j-} 
-|- z' sin. fl COS. (p, 
2 = y sin. fl sin. ^^ 4". ^'sin. fl cos. '■\,-^e' cos. fl. 
(236.) These formulas become much more simple, where 4'=''i ^^t 
IS, when the axis of 3^ coincides with the trace AK, for, sincei in this 
case, sin. 4- = 0, and cos. 4- = 1, the formulas become 

3: = a/co.s.tp+if'sin.ipcos.fl — s'sin. d sin.ip 
y rrzx'eia. (p — y^ cos. ipcM. d-\- z sin. flcos. ip 
2 = ,'.!«.« + «' 00.. «. 

Of Intersecting Planes. 
(246.) The equation of a surface being given, let it be required ly 
letermine the equation of the mteraection made by a plaue whose 
inclination to, and trace on the plane of m; is given. 

Call the inclination 6, and the angle formed by the trace and axis of 
X, p,; then, calling the trace the axis of a;', and a perpendicular to it 
&om the origin, and in the cutting plane, the axis of p', any point in 
the curve of intersection referred to these axes, will be represented by 
(3/, y', 0,) and the same point referred to the original axes of the svir- 
fece is (a:, y, z) ; hence, by putting k' = 0, in the formulas above, we 
have x=:z a'cos.ip-j-^sin. ip cos. 6,y=: a;' sin. ip — if'cos. (p cos. 6, 
z = y" sin. S ; and these expressions substituted in the equation of the 
Burfece will give the equation of the curve of intersection, when related 
to the axes of x' and y', taken as directed la the cutting plane. 

The values of the angles 6 and ip are immediately determinable, 
when the equation of the plane is given. For, if diis equation be 

\x-^By + Cz + D = 0, then (193) cos. fl = — , ;, ,- ^—-•^^-^, 
and the equation of the trace on the plane of ej/ being (185) 
A*+Bi/4-D =0, we have tan. ^ = — ^. 

JVoU. Iii the preceding transformations, we have supposed the 
origin to remain fixed, if, however, this be not the case, then the coor- 
dinates a, b, c, of the new origin must be inttoduced into those 
expressions. 

(237.) Since the foregoing expresaions for w, y, z, are linear func- 
tions of x', y', it follows that, when they are substitutaJ in the equa- 
tion of any surface of the second order, the result will be an equation 
also of the second order, between 3: and y' ; hence every section of a 
surface of the second order is always a curve of the second order, and 
indeed, whatever be the order of the sui^co, no higher can be the 
order of the outve of intersection ; it follows, moreover, that a straight 
fine dhnnot cut a sur&ce of the nth order in more than n pointe. 

Let us suppose a conicsi surface; If a plane cut one sheet through 
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the section will obviously be a curve reluming into itself, and as we 
know it must be of the second order, we immediately conclude thai 
the section must be an ellipse. If the cutting plane be parallel to the 
generating line, in any position, (hen the plane can obviously meet 
only one sheet of the surface, the section will therefore consist of but 
one branch ; hence it canbe no other curve than the parabola. If the 
plane be parallel to the axis ofthe cone, then both sheets' will be cut, 
and the section will consist of two branches, and these will become 
two intersecting straight lines, when the axis coincides with the cut- 
ting plane ; hence the section must be either an hyperbola, or one o( 
its varieties. On these accounts tjie lines of the second order are fre- 
quently called Conic Sections. But the cone is not the only suvfece 
whose different sections furnish all the curves ofthe secnnd order, as 
we shall presently see. 

PROBtBM I. 

(238.) To determine the nature ofthe different sections of a central 
surface of the second order. 

In the general equation La* + My' -j- Njc^ = P (1), which com- 
prehends &ie ellipsoid and hyperboloid, substitute for a:, 1/, z, the vii-ues 
x= x COS. 'p-\-y COS. 6 sin. f-\-<t,y= ^ sin. (p — y cos. 6 cos. ^ -|- 6, 
and z = ^ sia d + c, and it hecomes of the form 

Af + 'Rxy + C(t' + 'Dyi-i:x + F = (2), 

the coefficients of this equation having the following values : 
A ^ L sin,* fl + M cos,=fl cos." ip + N cos.^ S sin.'' ip, 
B - 2 (N ~ M) COS. d sm ip cos. ip, 
C=Msin.''i))-f Ncos.>, 

D = 2 {Lc sin. S — Mb cos. S cos. ip + N« co,s. 6 sia ip), 
E = 2(Misin.ip-i-Nacoe. ip), 
F = Lc^ + M6^ + Na'— P. 
Now we know (124) that the curve represented hy the equation 
(2) will be an elhpse, an hyperbola, or a parabola, according as 
B* — 4AC is negative, positive, or 0. The value of this expression is 
B" - 4AC = — 4 MN cos.= S — 4LM sin.* i sin." ip — 
4LNsin.''9cos.=p (<J). 
Hence, if the surface is an ellipsoid, that is, if L, M, N, are all posi- 
tive, B° — 4AG must be negative, consequently every section erf au 
ellipsoid made by a plane is an elhpse, or else one of its varieties. 

If the surface is an hyperboloid of one sheet, then of the coefficients 
L, M, N, two are positive, and the third negative ; but, if the hyper- 
boloid have two sheets, then two of the coefficients are negative ; and 
one pceitive, so that the expression for B' — 4 AC must consist either 
of two positive terms and one negative, or else of two negative terms 
and one positive. In either case, the aggregate of the terms may be 
cither positive, negative, or 0. For, dividing each term by >in.'fl, and 
abstracting from the signs, they may be represented hy Q col." 6, 
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R sin," f , S COS.' (p, and it is plain that an infinite variety of values may 
be given to 9, that will render possible either of the conditions 
Q,col.'d 7(Esin.'ip + Scos.'(p),Clcot.''az.(B,3in.VmScos.''(p) (4), 

Q. Oft." S = (R sin.* ip 4- S cos.° 9), Q. cot.' fl=E aia.'' 9 m S coa.* <f) (5). 

By the conditions (4) it appears that any term may be made to 
exceed nnmerically the sum of the other two, and, consecinently, tlie 
afcgre^'ate of the three terms may take the sign of any of them, that 
is, it may be either positive or n^aldve. . The conditions (S) show 
that either leras may become equal to the sum of the other two, so 
that, whichever two have the same sign, their aggregate may become 
equal to the third, when the aggregate of the whole will be 0. 

Hence the section of an hyperbQloid by a plane Jiioj, like the cone 
which is a variety of it, be eitner an eHtpse, on hyperbola, or a parabola. 

Cor. As none of the Constantsa, b, c, enter into the expression (3,) 
the curve of intersection must continue of the same kind, however 
these otmstanls may be altered, provided only, that the angles 6, ip, 
remain the same, that is, parallel sections abeaya ghe the tame kind 



(239.) To determine the nature of the sections in surfaces which 
have not a ccnti'e. 

Substituting the formulas employed in last problem, in the geiieral 
equation Li' + M-f = Gix (1), we obtain a result of the form 
Aj,»+B^?/+Cr'+&c.=0,inwhichA?=Lsin.'a+Mcos.'flcos.>, 
B= — 2Mcos.flsm.pcos,(p,C=Msin.'9,..-, B«— 4AC=— 4LM 
aiQ.'dain.V....(3), 

If the suriace is the elliptic paraboloid, then the coefficients L, M, 
being of the same sign, the expression for B' — 4AC must be nega- 
tive, unless d 7= 0, or ip = 0, when the expression becomea = 0. 
Hence the intersectiona of an elliptic paraboloid must be either ellipses 
or pambolas, or else varieties of these curves. 

If the paraboloid is hyperbolic, then L, M, halving contrary signs, 
the expression (2) can never he negative, so that the intersections of 
the parabolic hyperboloid must be either hyperbolas or parabolas, 01 
else varieties of these ciuTea. 

Cor. It follows here, as in last problem; that because the expression 
(2) is independent of the values of the constants, a, b, c, parallel sec- 
tions' always give the same kind of cwrve. 



(240.) To determine the locus of the centres of any parallel sections. 

Let the sucfacehe central, then, when the sections are central curves, 
et lis suppose the coordinates in each to originate at the centre, and 
et us represent (3/, y', z',) the centre of any parallel section when 
34 Z 
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referred to ihe axes to which the surface is referred, then r', y', z', 
mean the same thing here aa a,b,c, in the preceding pioblems. Nnw, 
since the axes of the section are here supposed to otiginate at the 
centre, the terms Dtj, Ex, in equation (2), prob. 1, will be absent 
(126) showing that, in this case, we most have 
D = 2(Lr'sin.S — M/cos.flcos.(p + Na/cos.asin.(f.) =0, 
E = 2 (Ml/ sin. 9 + Ni/ COS. ip) == 0. These equations being 
linear, each separately represents a plane ; but, as they exist toge- 
ther, they denote the straight line, which is their intersection ; hence 
the locus of (a/, y', z',) is a straight line. If the surface have no 
centre, we should, in the sarne manner, find that, when the parallel 
sections have centres, these are all situated in the same straight line. 
Neither of the preceding equations having a constant term, it fol- 
lows (ISS) that the planes which they represent both pass through 
the origin, this point then belongs to their intersection. Hence the 
centres ofpai-alid sections are ail on the same diameter of the surface. 



CHAPTER III. 

DISCUSSION OP 1 



(241.) We shall now proceed to examine the equation of the second 
degree of three variables, in its most general form, and show that it 
can never represent any surfiice not amoiig those which we have 
already examined. This general equation is 

As*+By'4-C3:=+Dsy-f K2a;+FOT/+'Gz+H!/+K2+L=0(l), 
and we shall for siniplicity suppose it to refer tbe aurfece which it 
represents to rectangular axes. This supposition will not intheleast 
diEoinisb the generality of our reasoning, since, if the axes were ori- 
ginally oblique, they might he transformed to rectangular, by the sub- 
stitution of certain liMar functions of the new coordinates in place of 
the old, so that the degree of the equation would, remain the same and 
, its o'ffljer-TKf// could not exceed that of equation (1). 

Let us now transform these rectangular axes to another system, also 
rectangular, by substituting, in equation (1), the values (275) 

K = :;/ COS. S + ^' COS. X' + =/ COS. X" J 

i/ = 3/cos. Y + y'cos.y + z'cos.Y" V (A), then the resuhing 
z = :r'cos. Z4- jl'cos. Z' + i'cos. Z" I 

equation must be of the form A'z" + ^'y" -\- Cx'^ -\- D'z'y' -\- E'z'x' 
..j-FVy' + GV + Hy + KV+L — O (2), in which the coeffi- 
cients are functions of the nine angles wh'ieh enter the formulas (A), 
Now it has been seen (230) that Uiese nine angles are subject to only 
six conditions, and that, therefore, in order to fix their vtdiiea, thvee 
ff.ore conditions must be introduced among them, and the only limit to 
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the choice of these conditions is that they must not 
with the other six. 

Let us here suppose the thiee conditions D' =: 0, E' = 0, F' = 
then, if it can be ^owii that these maj exist conjointly with the con- 
ditions (1) and (2), ait. (230), wemay immediately infer that the 
^neral equation (1) may always be reduced to the more simple form 

. k.V' + By-f G'-^ + G's' + HY + K'l^ H- L = 0, 
bj- merely altering the directions of the rectaiigular axes. 

The expressions for the coefficients D', E', F', may be obtained 
without substituting the expressions (A) in every term of the equation 
( 1 ), the last four terms obviously have no influence on these coeffi- 
cients ; and, instead of actually aqiiaiin^ the expressions (A) for the 
first three terras, we need only attend to the products two and two of 
the three terms, in each, these products being the only parts of the 
squares concerned in the formation of the thtee coefficients under 
consideration. Also, in the three following terms of equatiori- (1), 
which contain the products of the expressions (A), two and two, the 
partial products arising from multiplying any term by that in the 
same vertical row, are not concerned in these coefficients, and are, 
therefOTe not to be attended to. Availing ourselves of these conside- 
■e find for the tenns FVy', EVz', ly^'y', the expressions 



2Ac. 
2Bcos.Yc 



Dco8.Zco» 




Dcos.Yco. 


Z' 


E COS. Zoos 


X' 


EodsXcos 


Z' 


F cos. Too. 


X' 


Fcos.Scos 


Y' 



1. 2' x'y'-\-2k cos, Z COS. Z" 
+2Bcos.Ycos.Y" 
-I-2CC0S, Xcos.X' 
4- Dcoa. ZCOS.Y'' 
4- Dcos.Yc03.Z" 
-j- E COS. Z cos.X" 
4- Ecos.Xcoa.Z" 
+ Fcos.Yco8.X" 



a/s'42Acos.Z'cos.Z' 
aBcos.Y'cos.Y' 
2C COS. X'coa. X' 
Dcos.Z'coa.Y- 
Dco3.Y'cos.Z' 



yy 



Hence the three equations of condition ar^ 



F cos. Y'cos. X' 
+ F COS. X'cos. Y' 



2ACOS.Z I cos.Z'+2Bc< 



+ Dcos.Y 
+ Ecc - ' 



4- Dcos.Y 

-f- Ecos.X 1 



;.X! 



+ 
+ P 

is.Z"+2Bcos.Y 
+ Dcos. Z 
+ Fcos.X 



;.Y' + 2Ccos.X \ 
+ Ecos. Z 
-i- F cos, Y I 

Y"+3Ccos.X| 
+ Ecos.Z 
+ P COS. Y 



+ Dco3.Y' 
+ Eco.i.X' I 



os.Z"+2Bcos.Y' I co3.Y"+2Ccos.X' I cos,X-"=0 
+ DCOS.Z' + Ecos.Z' 

+ Fcos.Z' 4- Fcos.Y' I 

(M COS.Z' +K cos.Y'+ P COS.X' =0\ 
or more briefly \ M cos. Z" + N cos, Y"+ P cos. X" = J (B). 

( M'cos. Z"+ N'cos. Y"+ P'cos. X" = j 
These, then, are the equations which must exist in conjunction with 
the following, if the transforinafion in view is possible. 
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• ■ (G). 
. . (H). 
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COS. X COS. X' -j- COS. Y COS. Y' + cos, Z cos. Z' = j 
COS. X COS. X" 4- COS. Y COS. Y" + cos. Z cos. Z" = ' . ..(C) 
COS. X' COS. X" + COS. Y' COS. Y" + cos, Z' cos, Z" = j 
co3,'X +cos.^Y -fcos.'^Z =1^ 
cos.^ X' H- COS.' Y' +.COS.' Z' = 1 J . . . . tD) 
COS. X" -f- cos, Y" + COS. Z" = 1 i 
Eliminating N from the first two of equtitions (B), by muKiplying thi; 
first, by COS. Y", and the second by cos. Y', and then, subtracting 
the first resnlt fi'om the second, we get 

M (cos. Y'^os. Z"-cos. Z' cos. Y") I j,, . 

+ P (cos.Y'cos. X" — cos. X'cos.Yi') ( ~ '^■' ' 

eliminating P from the same eqiiatious, we have 

M (cos. X' COS. Z" — COS. Z' cos. X") ) _ « /j^-. 

+ N(cos.X'cos,Y"--cos.Y'eos,X") f ^ ' '' 

In like manner, by eliminating first cOs. Y, and then cos. X, fi:om the 
firsl two of equation a |C) we have 

COS. X (cos. Y'cos. X"— COS. X'cos. Y") i 

+ COS. Z (COS. Y' cos. Z" — COS. Z'cos. Y") i 

and COS. Y (cos, X' cos. Y"— cos. Y'cos. X") ) 

+ cos, Z (cos. X' cos Z" — cos, Z' cos. X") ( 

i cos, Y' cos, Z"— COS. Z' cca. Y" = G,- 
Putting, for simplicity { cos, Y'cos, X" — cos. X' cos, Y" = R, 
( COS. X' COS. Z" — cos. Z' COS. X" = S, 
the four preceding equations become MQ, -|- PR=0, MS — NR=0, 
acos.Z + RcoB.X = 0, Scos.Z — Rcos. Y=.0, in which the 
quantities Q,, R, S, are the only ones containing the accented cosines. 
These three quantities may be eliminated from the four equations 

thus. The first and second give Q.~ =-j^, S 7=-,=-^^ which values, 

substituted in the remaining two, give 

P cos, Z — M COS. X - 0, N COS. Z — M coa. Y = 0, 
or, replacing, P, M, and N, by their values, these equations are 

{2Ccos.X + Ecos. Z + Fcos.Y)cos,Z 1. ,j , 

— {2AC0S. z4-I>cos.Y+Ecos.X)coa.Xf-^ '■^ ' 

(2Bcos. y4-T>cos.Z + Fcos.X)cos.Z | _„ nc • 

— (2AC0S.Z +Dcos.Y + Ecos.X}cos.Y } -"■■■■ (^ ' 

Now these two equations, together with coa.*X4-cos.''Y+cos,'Z— 1 

are sufiicient to determine the three angles, cos. X, cos. Y, cos, Z 

COS. X , cos. Y „ 1 

For, put m= - --=-andn= ,= .-.cos. Z= ■■- ;, —; — y-; — ft , 

' "^ cos. Z COS. Z :v/ 5 1 + rf + m" ; ' 

then dividing the first and second equations by cos.^Z, they becomo 
2(C — A) m + E (1 - m^) — i)mn~\-'Pn = 0, 
2(B — A) »+D(l — »') — Emn-fFra = 0. 

2[B — A)m + D(l— »<) ,.. ,. , 

From this last we £i:et E^T^ "*' '^^^'^^ ™'"^ 
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of m, substituted in the preceding equation, gives, after reduetioQ, a 
cubic equation; for, although the second term of. the equation will 
furnish a term containing the fourth power of n, viz. D^ En', yet, 
when the whole result is multiplied by (En — F)', to clear it of frac- 
tioiia, this tevnx will obviously be also given with contrary sign in the 
value of 0in»i,and is thus destroyed. This beinga cubic equation, there 
necessarily exists at least one real value for n, and, consequently, the 
value of m is real; and hence also the values of cos. Z, and of cos. X 
^m COS. Z, and cos. Y ^= » cos. Z. We have thus proved the reality 
of the three cosines cos. X, cos. Y, cos. Z. 

If now we go back to the equations (B,) and (C), and proceed with 
the first and third of each group, exactly as we have done with the 
first and second, taking care, however, to put the first of (B) under 
the form M' COS. Z + N'cos. Y + P'cos.Xs: 0,.to whichit is obyi- 
ously identical, we shall in the same way, establish the reality of cos. 
X', cos. Y' cos. Z'; and lastly, employing the second and third 
equations of each group, we demonstrate the reahty of cos. X''', cos. 
Y", COS. Z". Hence we may infer that it is always possible to re. 
duce the general equation (1) to the form 

A'z' + 'BY + C'J + G'g + B.'y + K'x-\-lj2=o (i'), 

by altering the position of the rectangular axes to which the surface 
represented by it is referred. 

(242.) We shall now show that the equation in this form may be 
finally reduced to the more simple form A'z'+B'^^+C'a^'+P— O(A'). 
For, let the origin be removed, by substituting in (!') the values 

3;=:ar'-|-o, i(^^'-}-6, s^z'-f-", 
then, putting P for the last term, it becomes 

+ G'l + H'l +^K'| 
in which the coefiicients of z', my', and of*', vanish when we have 

G' , H' K' ,_. ^ , 

theconditi{Hi3c= — ^^, b = — '^7> "• = — .-^„whicharealways 

possible when the coeificients A', B', C, are neither of them 0. But, 
if one of these coefficients be 0, then it will not be possible to remove 
the variable, whose square is absent ; thus, if A' =: 0, then, that the. 
coefficient ofa'naay be 0, there must be c = — G'-^O, that is, the 
new origin must be.infiniteiy distant fix)m the old, in the direction of 
the axis of z ; th^ origin, therefore, is not determinable. Nothing, 
however, hinders us ftom removing the other two variables, and thus 
reducing this equation to the form By + CV + P = , . . , (B"), 
and, as the quantity c enters P, and is still arbitrary, we may deter- 
mine it from the condition P = 0, which will finally reduce the equa- 
tion to By + C'^' + Q's = . . . ; (C). 

Bui, If not only A' = 0, but also G' = 0, in equation [l'), that is, 
if one of the variables z be entiretv absent from the equation, then 
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(C) is simply By + CV+P — 0, in which case the surlace is ob- 
viously (200) a cylioder, whose base or directrix on the plane of xy 
is either an ellipse or hyperbola, according as the signs of B' and C ' 
ore, like or unlike. If two of the coefficients A', B', C are 0, as A'= 
0, B' ~ 0, then the removal of the terms containbg the first poweia 
of the variables, whose squares are absent, is impossible, but the con- 

di^ons a = — — ^^j, and P = 0, may still exist, and will reduce th« 

equation to C'ri? -f- G'a 4- K'y = 0, When all tliree of the squares 
are absent ftom (1), the equation represents a plane. 

(243.) Fi-om the preceding discussion it follows that any surface 
of the second carder may be represented' by one or other of the follow- 
ing equatioiis,yiz.I*»^f My" + Ns' + P ^ 0, L^ + My" + Q,s ^ 0, 
Lr' + Mi," + P ^ 0, and l.^ + Gz + lij/ = 0. 

All the surfaces represented by the first two of these equations 
have been fully considered in Chapter iii. They were found to com- 
prehend ellipsoids, hyperboloids of one and two sheets, paraboloids, 
elliptic and hyperbolic, and, as varieties of these, the sphere and the 
cone. With regard to the remcdning two equations, the first we have 
seen characterizes cylindrical suriaces, whose directrices on the plane 
ofay are either eUipses or hyperbolas. The other equation is also 
that of a cylindrical surface, but of this the directrix is a parabola, for, 
suppose it to be cut by a series of planes parallel to the plane of ay, 
that is, by planes of which the equations are x=A:, x=k', x=k",Sic. 
then for the sections we have the equations Gs 4" Hy = — Lf , 
Gz + Hy = — Lfe", Gs + Hy = — LF", &c, and these all repre- 
senting parallel straight linee, it follows that we may conceive the 
surface to be generated by a straight Lne moving parallel to itself. 
This surface must, therefoi-e, be a cylinder. For the direcoii^ or trace 
on the plane o(xy put g = 0, in its equation, and we have La^ -|- Hg 
=:0, which represents a parabola, or one of its varieties- 

(244.) We may obviously infer from this discussion that the only 
conical surface of the second order is the elliptic cone, of which the 
circular is a variety, in other words, this conical soriace is always 
such that a system of coordinate planes may be found that will render 
the trace on the plane oi xy an ellipse or a circle. But we may assuine 
any curve of the second order on the plane of ot(, and thus, agreeably 
to art. (201), generate a conical surface which will also be of the 
second order. It follows, therefore, that, by giving diiferent inclina- 
tions to the plane of xy, the elliptic cone will furiush for traces on that 
plane all the curves of the second order, as was also shown from other 
considerations at art. (237). 

(245.) We shall now briefly discuss the general equation (1), in 
order to ascertain criteria by which we may know, without the trouble 
of transforming it, the nature of the surface, which it represents. 
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Solving the equation for i, we have, by ptitling Q, for the quantity 
under the radical, z = — ± — -r- V Q.. 



Also, solving for y, we have y == ""^^r ^ 'Sr '*' ^' ' 

ana, in like manner, for x,x — "■^=,p " — " ± "^"^ '^ ■ 

RepreseDting the rational parts of these expressions by Z, Y,and 
X, respectively, we have the ihree equadoiia, 
g_ Dn+Ex+G Da+F^+H E^+Fy+K 

2A ' 2B ''»^- 20 

which represent three planes which, from the foregdng general expres- 
sions for z, y, and x, are obviously such that they bisect the chords 
drawn pamllel to the axes of z, y, x ; each of these planes, therefore, 
pass^ through the centre, that is, it is diametral ; so that the centre 
of the aurfece, supposing' it to have one, must be at the intersection of 
these planes. Calling this intersection {x", y', s'), tho preceding 
equations give 2Az'-|-IV + E^ + ^ = ", 1 

2Bj' + Hz' 4- Fir/ 4- H = 0, > . . . . (1), 

203/ -I- Es' + Py' -f K = 0, ) 
irom which we get, by elimination, the three expressions for y, y(, 
and z'". The common denominator of these expressions we find to be 

AF + BE' + CD^— DEF — 4ABC ; 
hence, if this be infinite, the surfiice will have a centre, but if it be=: 
0, then the surface will not have a centre, that is, if the surface have 

acentre,AF« + BE^ + CD*— DEP— 4ABC '^0(2), Ifthesor- 

face has not a centre, AF°+BE'+CD= — DEF — 4AB0 = (3), 
If G = 0, H = 0, and K = 0, then {Algebra p. 62) the nomera- 
tors of the expressions for m', y', a', each become ; hence, if ia this 
case the condition (3) do not exist, the coordinates of the centre each 
become 0, that is, the centre of the surfiice must coincide with the 
origin, as is also at once manifest from the equations (1) themselves, 
which represent planes passing through the origin when the constants 
G, H, K, are absent, therefore, whatever he the inclinations of the 
axes, provided they oripnate at the centre of the surfece, the most 
general form of ttie equation is 

As= + %= + Oar' + Dzy + Ezs: + Fot; + L = 0. 
If, however, the condition (3) exists at the same time that we have 
G = 0, H — 0, K = 0, then Oie expressions for {x', y'jZ',) become 
each = f , intimating that there are an indefinite number of centres, 
or points, in which the three planes (1) meet ; hence tiiey must inter- 
sect in one common straight line, passing through the origin, and 
which ia the locus of all the centres of 3ie surfiiee. This surface 
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having innumerable centres in the same straight line can be no other 
than an elliptie or hyperbolic cylinder. 

(246.) Having given criteria (2) and (3) for discovering when the 
equation represents a central surfece, and when it does not, let us now 
inquire by what means we may know when a sm-lace is ascertained 
to be central, whether it is limited or unlimited, that is, whether it 
belongs to the class of ellipsoids or hjperboloids. 

If the surface be limited in every direction, then to whatever point 
in the sui&ce a line from the origin be drawn, this line wDt always 
have a finite length ; biit, should the surface be unlimited in any di- 
rection, then, as some of its points will be infinitely distant ftom the 
origin, tines drawn to them, from the origin will not be finite, and it is 
hence obvious that while, in the former case, every section of the sur- 
fiice is a limited curve, every section, in the latter case, which passes 
through either of the infinite Lnes which we have supposed to be 
drawn, will necessarily be an unhmited curve. This being the case 
with every such section, we need consider only those made by planes 
perpendicular to one of the coordinate planes, when, it is found that 
no one of these can possibly give an unlimited curve, we may con- 
clude that the surfece ia itself limited in every direction. 

Now the equation of any plane drawn perpendicularly to the plane 
of ara, and passing through the origin, is a; = « z. Combining this 
with the equatiwi of the surface (241), we have for the intersection 
the equation (A + Ca'+E«) z'+ (D + Fa) 2y + B/+ (G+Ka)* 
+ Hiz + L — Oi f^ndj in <"^*ler that this may represent always a 
limited curve, we must have (124) (D + Fk)^— 4 (A + Ca''4- 
Ea) E/LO (4.) whatever be the value of a, thatis, 

(F'— 4BG)a' + 2(DF — 2BE)a + D'— 4ABZ0, 
or, dividing by F* — 4BC, and then, dividing the expression into fac- 
tors, {a.-— ^), {a— ^'), {see art. 135), we have 
(F^ — 4BC) (a — jS) {a — 0') /.O. Now this OKpression cannot 
preserve the same sugn for every value of a, unless (a — 0) [a — ^') 
does, and that the sign of this may always remain the same, that 
sign must he positive, and the values of /3 and (S'- imaginary (-Big. p. 
180) ; hence, that the condition (4) may exist, we must have, in the 
first place, F^ — 4BGZ0, and,, in the second place, the roots ft p', 
2(DF — 2BE) D'— 4A B_ . 

F= - 4BC " ''+ F^ — 4RC " " """'^ ^^ ""^' 
ginacy, that is to say, the quantity under the radical which enters 
into the expressions for these roots, which quantity we find to be 
(DF — 2BE)^— (F^ — 4BC) [D'^— 4AB), must he negative, , 

Hence we may conclude that, when the general equation represents 
e. surface Umited in every direction, there must exist the relations 
F= — 4BCZ.0, (DF — 2BE)' — (F — 4BC) (D= — 4AB)^0. 



of the equation a'+ -W~T^7^ - "■+ =F 
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MiSCBLLAKEOUS P 



(247.) To prove that in a central surface of the second order there 
13 an infinite number of systems of conjogate diameters. 

Taking the general equation of these surfaces when referred to 
their rectangular conjugates, viz. Aa? -{- Bt^ -\- Cz? = J) . . . (1), 
aod substituting therein for x, y, a, the values in the formulas (A), 
at p. 259, we have for the same surface, when related to oblique 
axes, file equation 

AV + By + CVH-2 ( A cos, X cos. X'+B cos, Y cos. Y'+C cos. 
Zcos.Z')3:y 
4-2 (A cos. X COS. X"+B cos. Ycos. Y"+Ccos. 

2 COS. Z")3:z 

+2 { A cos. X'cos. X'-'+B COS. Y' cos. Y"+C cce. 
Z'cos.Z")!(2 = D, 
m which equation A', B', C, are put, for brevity, to represent certain 
functions of the cosines. Now the nine cosines which enter into this 
equaUon are subject to the three conditions (1), p. 259, and, in order 
that the three last terms of the equation may vanish, they must fulfil 
the additional conditions 

A cos. X cos. X' -I- B cos. Y cos. Y' + C cos. Z cos. Z'=0, 
A COS. X COS. X"-|-B COS. Y cos. Y"+ C cos. Zcos. Z"=0, 
A cos. X'cos; X"-f B cos. Y' cos. Y"-|-C cos , Z' cos. Z"=0. 
Hencj, if these six conditions have place, the cosines are such as to 
render the trwisfonned equation of the form A'i?-|-B')/''+C'3'=D [2). 
But to fix the values of these ctaines three more conditions are requi- 
site, they being nine in number, which conditions, being arbitrary, 
.may be infinitely varied ; hence the position of the axes of reference 
maybe infinitely varied, without altering the form of ihe equation (1), 
so, that (221 ) the systems of conjugate diameters are infinite in number 

PROPOSITION 11. 

(248.) In any central surface of the second order the longest of the 
principal diameters exceeds any other, and tlie shortest principal dia- 
meter is shorter than any other diameter. 

Let A, B, C, be the principal semi-diameters of the surface, and 
of which A is either the longest or the shortest, then the equation of 

■ 3? if x' 
the surface is (221) — -|-^+ .^^ 1, and the equation of a con- 
centric sphere passing through the axti-emity of the semi-diameter. A, 
is:r=4-^+y' = A^ .-.^^A^ — ^ — ^. If this sphere have any 
other points in common with the surface, the y, z, of those points will 
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be given by substituting this value of v^ in the above equation. This 
substitution gives 1^ — T^)^*"!" (f^^ — p)^"''' ^^'^'^^ ^''^' 
tion is impossible, except in the single case ^ z^ 0, z = 0, since by 
hypothesis, the two tenns in the first member of this equation are 
either both negative or both positive, and therefore can never destroy 
each other. 




(249.) To express the area of a triangle in space, by means of the 
uoordinates of its vertices. 

Since (224) the square of the area of any plane figure is equal to 
the sum of the squares of its projections on three rectangular planes, 
we shall be able to express the area of the triangle, provided > 
express the areas of its projections in terms of the given c 

Let BOD be the ^ven triangle in space, and draw 
lines from the origin, A, to its vertices B, C, D, of which 
the coordinates are x', if, x' ; x'^, y", z" ; x"\ y"\ s 
Now the projection of the triangle BCD on either 
the coordinate planes is equal to 3ie projection of ABC 
minus the projections of ABD, ACD, that is, for the 
projection (J BCD, on the plane of ari/, we have (21) 
x'^' — y'x" x"y"'~y"-x'" x Y' — y'^'" 
2 2 2 ' 

or i ( x'y" — y'x' + y"x"' — x'Y" + y'x"' — s/y'"). ' 
In like manner, for the projections on the planes of zx, yz, we h 
the expressions i [z'x" — isfz"-^x".e"' — z"x"' -\-ifx'" — zV"), 
and ^(j/k" — z'y" + ■*'V" — y"z"' + z'y"' — y'z'"). Hence, call- 
ing this last expression ^A, the prececUng, -IB, and the first, ^tj, and 
putting a for the area of the proposed triangle, we have 

a = ^^ — ^^ — ^ — - for the expression sought. 

(250.) CoroUary. If we determine the values A, B, C, in the 
equation Aa^ + B»f+C^ = D of the plane, passing through the three 
points {x", y', a'), {x", y", z"), and (x'", y"', x"'), by means of the 
three equations of condition Aa/ + B)/' + Cz' = D, hx" -\- Bi(" -|- 
C%" := D, and Ar'"-|-Bj"'-f-Cz"'^D, we find for them precisely 
the expressions above, and for D we have 

D ^ {x'f— y'x") z"'+ iy'z" - z'y") ^" + (zV- ^z")/" 

It appeals, therefore, that the coefficients, A, B, C, of the variables, 
in the equation of a plane passing through three points, denote the 
doubles of the projections of the triangle, whose vertices are these 
points, upon the piaoee of ji, zx, and a^. 

PROPOSITION IV. 

(251.) To express the equation of a plane by means of the perpen- 
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(Ucular, let fall upon it from the origin emd the inclinations of this per- 
pendicular to the axes. 

Representing the plane by the equation kx -j- Bi/ -(- Cz =^ D, we 
have for the portions of the axes o^ x, y, z, intercepted between it and 

the origin, the respective values -j" j ^ ' 7T • Now, if p be the per- 
pendicular from the origin upon the plane, and «, /3, y, be the r^pec- 
tive angles It makes with the axes of x, y, z, then 



= D^;^^^,B = D- 






Hehce, substituting these values, in the equation of the plane, and 
multiplying hy.p, we ha.ve ^kcos, a + ^cos. /3 -f-^cos. 7 ^ p (1) for 
the equation sought When the pkne passes through the origin, 
p=0, and the equation is x cos. a-\-y cos. jS-f-z eos. ^=0 .... (2). 



(252.) If the vertex of a pyramid, be at the origin of three rectein- 
gular planes, and its base be projected upon them, then if any point 
be a^umed in the plane of the base, the three pyramids whose baaes 
are the projections, and vertices the assumed point, will together be 
equivalent to the original pyramid. 

Let a represent the base of the proposed pyramid and p a perpen- 
dicular upon it firom the origin, then, if a, /3, y, be the inclinations of 
this perpendicular to the' axes of x, y,e, we shall have 

a cos. a = the projection of a on the plane ofyz, 



Now, by multiplying the equation of the plane (1), last proposition, by 

«, there results 3;a cos. a + !/" COS. /3 + 2« cos- y = «p (l)t 

.■,i. j:acos.a-|-iy(seo3./3 + Azacos,y = Aap .... (2). 

The iirst member of this equation denotes three pyramids, whose 
bases are the projections above, and whose common vertex is any 
point {x, y, z,) in the plane (1), last proposition, and whose perpendi- 
cular altitudes are respectively a:, jj, and 2; the second member repre- 
sents the proposed pyramid ; hence the truth of the theorem. 

(253.) CoroUaryl. Comparing equation (1), above with Aar-j-Bj 
+ Cs = D, since (prop. 3 cor.) when d is a triangle, we have A = 
2oc03.a, B=2acos. /3, C=2«coa. 7, .■. D=2ap, thatis, the expres- 
sion {x'y" — y'a;") z'" + igsf' — ^y") 3/" + (z V— 3;'s") !/'"-. (3 ) 
represents Six times the volume of the triangular pyramid, whose 
vertex is at the ori^n, and of which the comers of ttie base are the 
points (3;', y", z'), (a/', 1;", z"), and (a/", y"', s"'\ or, which is the 
same thing, the expression represents a parallelopiped of which three 
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contiguous edges meet at the origin and teiminate in the paints 
«!/',»'),(»",?", 2"), (•"',»", «"')■ 

(254.) Cor., 2. But those parts of the foregoing expression which 
are within the parentheses are obviously the projections of one of the 
feces of this paralleiopiped, viz. that face whose contiguous sides ter- 
minate in the points {x', y', z'), (a?", y", z"), upon the three coordin- 
ate planes; and these prtgections are severally multipUed hy the 
perpendiculars s"', if", y"', let fell upon them from the point 
(^"j y"'t^")' Hence the expression (3) ref resents the sum of the 
voliemea of three pamUelopipeds, having these prqjecliom for bases, and 
^"i y"', ^'"ifo^ altitudes. 

(266.) Cor.B. It follows, therefore, that, i/fftetierfea: o/'a(n(wig«- 
lar pip-amid be at the ongin of three rectimgular planes, and either of 
its faces be prelected on them, thm the three pyrannds constituted o» 
these bases, and hamng a common vertex m that comer of the oWgWffi/ 
pyramids base, tvhich is opposite to the projected face, shall together be 
equal to the original pyramid. 



(256.) To determine the position of a plane, so that, if a given tri- 
angle be projected orthogonally upon it, the projection may he similar 
to a given triangle. 

Let the plane of projection pass through a vertex of the given tri- 
angle, and let the perpendiculars, dropped from the other two vertices 
upon that plane, he a', z" ; let also the sides of the given triangle be 
A, B, C, and those of the triangle to which the projection is to he 
similar a, (*, c; then, on account of this similarity, the sides of the pro- 
jected triangle will be ^ J A' - z%--j\A?—z^\,''-^/\A^—z'^. 
Both the two latter projections are aJso V S B^— a"^i , V i <^ — {^' — ^"fh 
therefore -'(A*— 0=B'— ^"'. and^,(A'— £'')^C'— (z'-s")'- 

Hence we have these two equations to find z' and z". 

Substituting, in the second, the value of a"', furoiahed by the first, 
we have, after (lansposing, 

^^+B.-C-+°y^^=2^V (B--"J- + 5»-.) 

Squai-ing each side, and putting in the result single letters for the 
known coefficients, we have p' -\- pq^'^ + 5V' =: J-s"^ + sz"*, 

_- 2^ j^Vl. ^ :^ — p^. This quadratic determines z\ and thence 

we get a", as also the three sides of the projected triangle, and thua 
the position of the required plane hecomes known. 
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■" + a'"' = 1 I a-b' + a"b" + a"'6'" = i 

'' + 6'"= = 1 ffi'c' + a"o" + a"'c'" = [ (2). 



(257.) If the equations 

«"=_|.6"i4,c''"^l (iV"+*'*"'+'^'«-'" =0} (1) 

„/,/s ^ 4',/!^_ c"" z^ 1 I o'V" + b"b"' + c'V" = ) 
exist, so also do the equations 

a« + a-" + a""' = 1 I a'b' + a"6" + a"'6'" ^ 

i,/s _j_ ft//i ^. 6'"= ^ 1 ffi'c' + a' 

c'» + c"5 + c"''=l\W-\-b' 

For, assume <« = *'( + S"u + 6"'i! > , , . . (3). 
iz = c'l + c"u + c"'vi 
Then aquarin^ each equation, and adding the results, we have in vir- 
tue of the proposed conditiote s^ + y* + ^^ =; i^ + m^ + w^ - . . '4). 
Let IJ3 now determine from (3) the values of I, n, v in terms of x, 
y, z. In order to this, muUiply the equations (3) respectively by a\ 
ft', (/, add the results, and we shall obtain ;. 

Similarly, multiply by a", i", c", and we shall get ii, &c. thua 

« = a"x + ri, + o"*, (5). 

v^a"'x-\-b"'.y-\-c"'z,) 
Substitute these values in equation (4), and we shall have, by com- 
paring the coefficients of the like terms, the equations announced. 

PROPOSITION VII 1, 

(258.) If the conditions (1), in last proposition, exist, then also the 
following equations have place, viz, 

{a'b" — b'a'f + {af'b"' — 6"a'")' + («"'^' — ^""O' = 1. 

{h'c"—c'b"f-\-{b"<^" — c"b"'f + (fe'V — c'-'y)" = 1, 

{c'a"-.<^c"f+{o"a"'-a"c"'f + (c"V-«"V)' = 1, 

[a'b"— ViJ') c'" + (i/c"— c'6") a'" + {c'a"~a'c") h'" = 1. 

Put, for brevity, the first member of this laat equation, = /, then if we 

determine the values of (, m, n, in equation (3), last proposition, not 

by the process there directed, but By the usual algebraical method 

(see Algebra p. 61, where the operation is given at length,) we shall 

obtain these results, viz. 



(J'V"_rt'") 1+ (S"V_e"' 


6')!, + {yo"-rt")j 


1 

(c'V— a'V")a' + (c"V— «"• 


'e')S+(«'»"— '«") = 


I 

(a"6"'— 6'V") X + {a'"}/ — b" 


V),+ (o'6"-5V']^ 



Now these values must be identical with ttose marked (5), in the pre- 
ceding iavestigation, provided the conditions there announced have 
place here. 
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Hence, comparing the coefficients of the hke terms, we have 
l/V" ~ c"b"' = la', b"'c' — c"'b':= la", b'e"— c'b" = la'", 
c"a"' — a'V" = lb', c"'af — a"V = lb", c'a"~ a'c/' = lb'", 
a"b"' — b"a'" = Ic', a"'b' — b'"a' = Ic", a'b" — 6 V = fc'". 
Adding together the squares of the three equations in each horizon- 
tal row, in the last for example, we have, in virtue of the given condi- 
tions, (a"b"'—b"ti!"f + {a"'b' - h"'(^f + (o'i"— b'a"f=P. It is 
easy to see that this equation may bo put under the form 
(a-^ + a"^ + a'"^) [b'^ + 6"= + b"") — {a'b' + a"b" + a"'b"'r=K 
But, by the conditions (2), the first member of this equation is 1, 
therefore/— 1. Hence the truth of the first and fourth of the equa- 
tons announced; and, by proceeding in like manner vrith the other two 
ho zon al o s of equations above, we establish the truth of the two 
e g eq ations announced. 



( 59) Inacentralsurfaceofthesecondordertheaumofthesquares 
of any system of conjugate diametera ia equivalent to the sum of the 
squares of the principal diameters. 

Let A, B, C, represent the principal semi-diametera, and {x', y', z'), 
{x", y", a"), {x"', y'", z'"), the extremities of any syatero of semi- 
con-iugates A', B', C. Then the equation of a tangent plane through 

x' i/ zf 
the extremity of A', is (p. 252)— ja;-{--^t;-j- |:^3=1, and this plane 

isparalleltobothB'aiidC'(p. 220-1). Now the equations of B' are 

x" v" 

x=-^ z,y=~-,z, and that this line may be parallel to the plane, 

we must have the condition (187) "T?+ Rr + -ri^~ 0. 

Hence we have 

From the equation of the surface. From the equation of the tangent 



a -t- ™ -t- f,2 






j^a -r B. + c- 

A' ^ B" ^ C" 

«> T^ B" ^ C" 
,///a^^a 

. . . , /""-B" 



Consequently, (prop. 7), a:^ -|- a/*^ + a;'"' = 
Adding these equations, A^+B^j-f-C^ = A' + E^ + C- 
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(260.) In a centra! siirfece of the second order the sum of the 
sc[uareB of the fa ces of the parallelepiped whose edges are any system 
of semi-conjugate diameters, is equal to the aumof :iie squares of the 
feces of the rectangular parallelopiped whose edges are the semi-prin- 
cipal diameters ; also the volume of the former is equal to the volume 
of the latter. 

Since the conditions furnished by the equations of the surfiice and 
by the equations of the tangent planes at the extremities of the con- 
jugate diameters, as exhibited in. last proposition, agree with the con- 
ditions in prop. 7, a', &', c', being here replaced by -j-, ~- ,-77, Sec. 

we may derive from these conditions the equations announced in prop. 
8, which, in the present ci 



(y'z-'-z'y'r. 






(a'l" — x-*")* + (z"x"' — x"z"'f + (2"V — 3t"'0* = m? 
(:^y"~y'^^ z"' + {yV—z'y") :^" + («V'-i/s") y"^ = ABC. 

Now the first vertical row of terms in the three first equations ex- 
hibits the sum of the squares of the projections of the parallelogram 
whose contiguous sides are A', B'; the second vertical row is the sum 
oC the squares of the projections of the parallelogram whose sides are 
B', C, and the third row is the sum of the squares when the sides are 
A', C. Hence, by adding the three equations together, it follows 
(224) that the sum of the squares of the sides of flie parallelopiped 
whose edges are A') B', C, is equal to the sum of the squares of the 
aides of the parallelopiped whose edges are A, B, C. Again, the fet 
member of the fourth equation expresses the volume of the paiallelo- 
piped whose edges are A', B', C, (prop. 5, cor. 1) ; hence this paral- 
lelopiped is equal to that whose edges are A, B, C. 

Cor. From this theorem we may immediately infer that there can 
be but one system of rectangular conjugates except the surfece be d 
revolution. For, if A', B', C, could he mutually at right angles, aa 
well as A, B, C, then from these theorems, and the composition of 
equations, the equations (x -\- A') {x ■{■ B") (x + C) = and 
(x-if-A") ix-{-B") (k + C) = are identical ; hence theb- roots 
are the same; therefore A, B, C, are respectively equai to A', E', C, 
which (24S) is impossible, when the surface is not of revolution. 



(261.) In a central surface of the second oi-der the squares of the 
reciprocals rfany system of rectangular diameters are together equal 
to the squares of the reciprocals of the principal diameters. 

Let A, B, C, be the principal semi-diameters of the surface, and 
A^, B^, C„ any other semi-diameters mutually at right angles. Then 
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^ y= j= 

the equation of ihe surface is ■tb+ -^2-1-7^2 = 1- To transform this 

equation, so as to refer the surlace to another system of axea, we 
mu^t substitute for t, y, z, the values (A), p. (269), which gives 
/co.."X^ CO,.' Y 00..' Z \ /co£i' COS.' Y' co=' Z'\ 

^'^^ rF 7^''tV~^ "^ ~^ ' 

»"+f^"+-°'BJ"+°^")«"+P>9 + a» + RF = l, 

where P, Q,, R, are put to represent ceilain functions of the inclina- 
tions of the new axes to the oid. 

Now, to determine the lengths of the semi-diameters which coin- 
cide with these new axes, put successively, in this equation, z =■ 0, 
i/=:0;2=0, X =^ ; 3: =^ 0, y =; ; and there results 

J__ J_ _CQS.°X C OS.'Y CQB.^Z 

a^""A/~ A' "■"" B= + (? 

/= B/ = ~T' '" '"B^ '■ ~^~ 
1 1 eos.'X" , cos.''Y" , cos.'Z" 



Adding, £^+ -^+ -^ = ±+ l + -i 

because, by hypothesis, the two systems of axes are rectangular, ana 
(ISl) ihfc sum of the squares of the cosines of the inclinations of any 
straight lines to three rectangular axes is always unity. 



(262.) Three vectangulai planes constantly touch a central surface 
of the second order ; required the locus of their point of intersection. 
Let the equations of the surface and of a tangent plane at the point 

(--, M >4+i-+i-='' $+ «+$= 'i "». '»'*^ 

successively ^ = 0, 2=0; a: = 0, z = 0; ce = 0,f = (i; we have 
for the parts of the axes included between this plane and the origin, 

the values— n —7, —7. Hence, if p be the perpendicular from the 

*' y" z' 
origin upon the plane 

these three hnes, we h 



origin upon the plane, and a, B, y, denote the angles it makes with 
03.aA ''^ cos.i3Bf^ cos. yC^ 
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In a similar manner, if p', p", be perpendiculars from the oiigin upon 
two tangent planes at the points (i", y", £"), and (x"', y"', z"% and 
if the first make angles a.', ff', j', wiUi the axes ajid second a", ;8", 
y", we have A°cos.''a'-|-B'cos.^/3'+C''cos.'7'= p''; and 
A=cos.*a" + B'cos.^^"4.0'cos.V' = p"^- Now if the three tan. 
gent planes may be mutually rectangular, p, p', p", will be mutually 
rectangular ; so that the sum of the squares of the cosines which they 
make with the axis of a;, with the axis of y, and with the axis of 
z, is in either case equal to unity (181). Hence, by addition, A'-j-B* 
-|- C = p' -1- p'^ + p'". If R represent tile distance of the intersec- 
tion {x, y, X,) of the tangent planes from the origin, then R' = p" + 
fl" + p"^;butK= = 3^+f + z^; hence r' + ^' + s^^A'+B^+C' 
IS the equation of the locus of {x, y, s,) which is a sphere concentric 
ivith the proposed surface, and of which the radius is 
R= VSA' + E^ + C'J. 

PROPOSITION XIII. 

(263.) Chords are drawn to a surface of the second order so as all 
XI pass through a fixed point ; what is the locus of their middle points t 

Assume the fixed point for the origin, lot the axis of x pass through 
the centre of the surfece, and let the other two be parallel to the two 
diameters conjugate to this, then the equation of flie surface will be 
Ajt* 4- By" + Ci(^-|-F3r=G| and the equations of any chord through 
the origin are x = tttz, y-=nz substituting these values in the equa- 
tion of the surface, we have at the points common to both ( A-j-B)r+ 
Oit') a^ + Fms =. G, and half the sum of tlie two values of z given 
by tliis equation must be the e of the middle of the chord, that is, by 

the theory of equations, this a is a = a_i_r ^-t-c "a ' "'■' substitut- 
ing for trt and n the values x -i- z, y -i- z, 6S given by ihe equations 
of the chord, we have, after reduction, Aa* + Bi/* + Cx' + ^Far = 
for the equation of the locus, which is, therefore, a surface of the 
second order, similar to the proposed. If, in this equation, we make 
any two of the variables 0, we have for one value of the third ; thus 
showing that the surfece, if completed, would pass through the origin. 
The coordinates of the centre of the proposed aurfece are (242) 

F 
a/= -^ 1 Jf* ^ 0, z' =i 0, and these same coordinates satisfy the 

equation of the locus; hence the locus passes through the ceatre of the 
proposed surfiice, if it have a centre. If we subtract the equation of 
die locus from that of the proposed surface, there results \'Fx = G 

.: ^~-^', this therefore is the value of the abscissa x belonging to 

every point commori to both surfaces ; consequently the two surfeces 

intersect in a plane parallel to the plane of yz, and at the distance 

36 2A2 
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-=- from the fixed point. If this point be upon Ehe proposed siirfece, 
then G = ; hence, in that case, the two surfaces merely touch at 
that point. 

pao POSITION XIV. 

(264.) Planes passing through a fixed point cut a surface of the 
second order ; what is the locus of the centres of all the sections ? 

It is not difficult to perceive that the locus will be in this case the 
same as in last proposition, but we shall give an independent investi- 
gation. Assuming the same axes as before, we have, for the equa- 
tions of the auriace, and of any plane through the origin, 
A&^ -\.Bf -\-Cx' -\-Fx = G {1}, z = mx + ny (2). Substituting 
this value of z, in the &at equation, we have for the x, y, of the inter- 
section the equation (Am'-\-C)3?+2Amnxy -^Bf + Fx = . . (3). 

Let the a:, t;, of the centre of thisseetiffli bes/, j', 1^^". "f ''^^''"g"' 
be removed to this centre, x, y, must be changed into x-\-x',y-\-y', 
which changes (3) into (Am" + C) (x + ^)-f 2 Awn {x+x") iy+y') 
4- B {if -I- y^)' + F (a: + a:') = G. Now the origin being by hypo- 
thesis at the centre, the coefficients of x and y must vanish from this 
equation. These coefficients, without developing all the terms, are 
readily seen to be 2At»[i»i'4-»j') +2Ca/-|-F=0; 2A.n{mx'+»y^ 
+ 2B3/' 3= 0, that is, from equation (2), 2Am2' + 2Ca>' -|- F = | 
2An3'+2B/ = J 
t Cx' + 'F Bi(' 

. I m — — ■ ■■ ■ ~ ; n~ . These values of m and w, 

I As' Ar 

substituted in the value ot'z', (2), give Ks'^+By^-lt-Vx'^+iFx'—O 
for the equation of the locus, which is the same as that deduced in last 
prop., and tij which, therefore, the same remarks ^ply.* 



(265.) Three straight lines mutually at right angles meet in a 
point and constantly touch a surface of the second order ; what is the 
locus of the point? 

Let the equation of the surfece be Ax'''-\- By + Cs" = D, and let 
a/, y', z', be the coordinates of a point in the locus, then, if the origin 
be removed to this point, and the touching hnes be taken for axes, the 
equation of the surface will (230) be transformed into 

Acos.*X I 3r< + Acos.'X' i «= + Acos.^X" I 
B COS.' Y I B COS.' y B cos,' Y" 

C COS.' Z I C COS.' Z' I C COS.' Z" | 

"A very simple g-emnefricnf solution of this problem ia given in Uia Gentleman's 
Dlaiy for 1830, by Jtfr. T. S. Baxiis, of Bath, the able and ingenioas pruposer 
of the problem. We take tliis oppoitunity of recom men ding to the etud(>nt'fi 
attention the very instructive researches on Geimelnj ofthrte Dimirmons, which 
iJiis gcntloman has published in Leybonrn's Repository, Nos. 20 and 31. 
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z' + Acos.Xy I it^+Acos.X'2 



+Acoa,S'V I 2e + Pni + Q.xz + Ri/z = 'D-Ax'^-By'^ — Cz'' 

B COS. Y'y 

C COS. Z"s' I 
where P, Q,, R, are put foi brevity to represent certain functioDs of the 
cosines. Now, in order to deteimine the parts of the axes intercepte'l 
between the origin and the surface, we must put successively in this 
equations :0, s=0; a;=0, 2=0; 3^=0, ^=0; and there results 
(Acos.'X+ Bcos>Y+Cco9.= Z)a^ + 2(AooB.Xa^ + Bcoa, 

Yy' + C COS. Zs') X + D' = 0, 
(A cos,= X' + B COS." Y' + C cos.* Z')f+2 (A cos. X'a^' + B cos. 

Y'y' + C COS. Z V) y + IK = 0, 
(A COS.' X" + B COS.' Y" + C COS.' Z") 2' + 2 (A cos. X'V+B cos. 

Y'Y 4- C cos. Z"z') z + D' = 0, 
where D' is put for Ax^ -f Bj/" + Ca^ — D. These equations fur- 
nish two values for each of the quantities x, y, z, corresponding to the 
two points in which each axis cuts the surface ; but, if we introduce 
the conditions that each axis merely i<yuckes the surface, the two points 
coincide; and, therefore, in this case, the two roots of each equation 
become equal. Hence, by the theory of equations, 
ly (A COS.' X 4- B COS." Y + C cos.= Z) ^ (A cos. X a' + B cos. 

Yy' + Ccos.Z3'f 
D'(Acos.^X'+ Bcos.= Y')-fCcos.*Z') = (Acos. X'^ + Bcos. 

yy + Ccos.ZV)' 
D'(Acos.'X" + Bgos.'Y"+ Ccos.'Z") = (Acos. X'V -}-Bcos. 

Y'y+Ccos.Z'V)' 
Adding these equations together, we have, in virtue of the conditiona 
(1) and (3), p. 259, 60, D' {A + B + C) = A'a^ + By^ + (?z«, 
that is, (Aa^'^ + B/'^-fCz"— D) (A+B+CJ^AV'+By+C^s" 
whence A (B+C) j«-f B (A+C) 'f+O (A+B) z"=D(A+B+C) 
the equation of the locus, which is a surface of the second order con- 
centric with the proposed. 

PROPOSITION XVI. 

(267.) If N represent the normal at any point of the earth's sur- 
face, supposed to be an oblate spheroid, and if X denote the latitude or 
angle under the normal, and equatorial diameter 2A, prove that 

Vil-<"sm.'X!- 

PROPOSITION XVII. 

If N be produced to meet the polar diameter, show that the whole 



length, R, is 



-Vjl-^'^n-'M' 
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If P represent the perpendicular from the centre of an ellipsoid on 

1 ^5 i(i ^3 

a tiing'eiit plane, prove that —^t^ —^-\- -i-,-]- — ,. 

PROPOSITION XIX. 

If a conical surfece envelope a surface of the second order, prove 
that the curve of contact is of the second order. 

PROPOSITION XX. 

PajuUel plane.? cut a surface of the second order ; required the locus 
of the foci of the sections. 

PROPOSITION XXI. 

Given the position of two hghta of known intensities (m, n,) to de- 
termine the surface of which every point shall be eqoaEy illuminated 
by both lights, the law of intensity vaiymg inversely as the square of 
the distance. 



Before closing the present volume, we shall very briefly advert to 
a class of curves denominated curves of double curvature, a name by 
which ali lines are designated which cannot ba traced upon a plane 
but only upon a curve surface. The simplest analytical representa- 
tion of such a line is analogous to that already employed for the straight 
line in space, viz. by the cooibinaiion of the two equations denotulg 
the two surfaces which project the proposed line on two coordinate 
planes. In the case of die straight line, these projecting surfaces aie 
planes ; in bnes of double curvature Ihey are obviously cylindrical 
surfaces. The equations to a curve of double curvature are, therefore, 
those two combined which, taken separately, represent the two traces 
of the projecting cylinders. A Kne of double curvature generally pre- 
sents itself, in mathematical inquiries, as the intersection of two curve 
surfaces, and for these surfaces we are, for simplicity, to substitute 
the two interseciing cylinders of which we have just spoken. This 
is effected thus : Let one of the variables, as s, he eliminated from the 
equations of the two intersecting surfaces, and there will result a func- 
tion of ic and y as F : (s, y) = 0, and this represents the cylinder pro- 
jecting the intersection on the plane of 3?i^. In like manner, eliminate 
another variable as y, and we have/ : {x, a) = for the representative 
of the cylinder, projecting the same curve on the plane of a;s ; so that 
the equations sought are F : (a;, y) = 0, / ; (a, x) = 0. 

Suppose, for example, it were required to express the equations of 
the curve of double curvature formed by the intersection erf a sphei'e, 
which is pierced by a right cylinder, supposing the radius of the base 
to be equal to that of the sphere, aad that their surfeces are in contact. 
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Taking the centre of the sphere for the origin, the Une coinciding with 
the cyhndrical surface for the axis of z, and the pei-pendicolar to this 
touching the same suriace, for the axis of y, we have, since the given 
cylinder projects the curve of intersection on the plane of xy into a 
senacircle, this equation to the projection, viz. )/' = fx— a* . . , (1), 
which also expresses the relation hetween the x, y, of every point in 
the cylinder, and consequently belween the x, y, of every point on the 
sphere belonging to the intereection. The equation of this sphere is 
z ~{~ i^ -\- a:^ =: r ; hence the relation between the x, z of the interpec- 
Bon is (1], z' = r° — rse (2), which therefore, is the equation of the 
projection on the pleine of xz, consequently the proposed curve of 
double curvature is expressed analyticaJJy by the equations ( 1 ) and 
[2) combined, viz. ^ = rx — ^ 1 

If we had to determine the tangent line at any point in a curve of 
double curvature, we should first determine the two tangents through 
liie prcgeetions of that point, then perpendicular planra throngh these 
tangents would oliviously be in contact with the two projecting cylin- 
ders fhroughout the lengths of these cyUnders, and would each pass 
through the pi'oposed point in their intersection, and through no other; 
hence the intersection of these planes would he the linear tangent 
sought, and would, therefore, be analytically represented by the two 
equations, which, separately, represent the tangents to the projections. 
We cannot enter into further particulars respecting these curves here, 
since their full discussion requires the aid of the trans-jendental analy- 
sis ; but the preceding retnarks may serve to convey a notion of this 
class of lines and of the maimer of representing thent oy equations. 
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